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PEEFACE. 

The  following  work  is  designed  for  the  use  of  the 
higher  classes  of  Schools  and  the  junior  students  in  the 
Universities.  Although  the  book  is  complete  in  itself,  it 
is  expected  that  students  who  use  it  will  have  previously 
read  some  more  elementary  work  on  Algebra :  the  simpler 
parts  of  the  subject  are  therefore  treated  somewhat 
briefly. 

I  have  ventured  to  make  one  important  change  from 
the  usual  order  adopted  in  English  text-books  on  Algebra, 
namely  by  considering  some  of  the  tests  of  the  conver- 
gency  of  infinite  series  before  making  any  use  of  such 
series :  this  change  will,  I  feel  sure,  be  generally  approved. 
The  order  in  which  the  dififerent  chapters  of  the  book  may 
be  read  is,  however,  to  a  great  extent  optional. 

A  knowledge  of  the  elementary  properties  of  Deter- 
minants is  of  great  and  increasing  practical  utility ;  and 
I  have  therefore  introduced  a  short  discussion  of  their 
fundamental  properties,  founded  on  the  Treatises  of  Dostor 
and  Muir. 

No  pains  have  been  spared  to  ensure  variety  and  inte- 
rest in  the  examples.  With  this  end  in  view,  hundreds 
of  examination  papers  have  been  consulted ;  including,  with 
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very  few  exceptions,  every  paper  which  has  been  set  in 
Cambridge  for  many  years  past.     Amongst  the  examples  j 

will  also  be  found  many  interesting  theorems  which  have  "^ 

been  taken  from  the  diflferent  Mathematical  Journals. 

I  am  indebted  to  many  friends  for  their  kindness  in 
looking  over  the  proof-sheets,  for  help  in  the  verification 
of  the  examples,  and  for  valuable  suggestions.  My  especial 
thanks  are  due  to  the  following  members  of  Sidney  Sussex 
College :  Mr  S.  R.  Wilson,  M.A.,  Mr  J.  Edwards,  M.A., 
Mr  S.  L.  Loney,  M.A.,  and  Mr  J.  Owen,  B.A, 


CHARLES   SMITH. 


j 
0 


Gambbidge, 

December  12th,  1887. 
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CHAPTER    I. 


Definitions. 


^»  1.     Algebra,  like  Arithmetic,  is  a  science  which  treats 

of  numbers. 

In  Arithmetic  numbers  are  represented  by  figures 
which  have  determinate  values.  In  Algebra  the  letters  of 
the  alphabet  are  used  to  represent  numbers,  and  each 
letter  can  stand  for  any  number  whatever,  except  that  in 
any  connected  series  of  operations  each  letter  must  through- 
out be  supposed  to  represent  the  same  number. 

Since  the  letters  employed  in  Algebra  represent  any 
numbers  whatever,  the  results  arrived  at  must  be  equally 
true  of  all  numbers. 

2.  The  numbers  treated  of  may  be  either  whole 
numbers  or  fractions. 

All  concrete  quantities  such  as  values,  lengths,  areas, 
periods  of  time,  &c.,  with  which  we  have  to  do  in  Algebra, 
must  be  measured  by  the  nuvfiber  of  times  each  contains 
some  unit  of  its  own  kind.  Thus  we  have  lengths  of  4,  f , 
5i,  the  unit  being  an  inch,  a  yard,  a  mile,  or  any  other 
fixed  length.  It  is  only  these  numbers  with  which  we  are 
concerned,  and  our  symbols  of  quantity,  whether  figures  or 
letters,  always  represent  numbers.  On  this  account  the 
word  quantity  is  often  used  instead  of  numbe7\ 

3.  The  sign  +,  which  is  read  '  plus ',  is  placed  before  a 
number  to  indicate  that  it  is  to  be  added  to  what  has  gone 
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before.  Thus  6  +  3  means  that  3  is  to  be  added  to  6 ; 
6  +  3  +  2  means  that  3  is  to  be  added  to  6  and  then  2 
added  to  the  result.  So  also  a  +  b  means  that  the  number 
which  is  represented  by  b  is  to  be  added  to  the  number 
which  is  represented  by  a;  or,  expressed  more  briefly,  it 
means  that  b  is  to  be  added  to  a ;  again,  a-\-b-\-c  means 
that  6  is  to  be  added  to  a  and  then  c  added  to  the 
result. 

4.  The  sign  — ,  which  is  read  '  minus,'  is  placed  before 
a  number  to  indicate  that  it  is  to  be  subtracted  from  what 
has  gone  before.  Thus  a  —  b  means  that  6  is  to  be  subtracted 
from  a;  a  —  b  —  c  means  that  b  is  to  be  subtracted  from  a, 
and  then  c  subtracted  from  the  result ;  and  a  —  b  +  c  means 
that  b  is  to  be  subtracted  from  a,  and  then  c  added  to  the 
result. 

Thus  in  additions  and  subtractions  the  order  of  the 
operations  is  from  left  to  right. 

5.  The  sign  x,  which  is  read  'into,'  is  placed  between 
two  numbers  to  indicate  that  the  first  number  is  to  be 
multiplied  by  the  second.  Thus  a  x  6  means  that  a  is  to 
be  multiplied  by  b ;  also  axbxc  means  that  a  is  to  be 
multiplied  by  6,  and  the  result  multiplied  by  c. 

The  sign  x  is  however  generally  omitted  between  two 
letters,  or  between  a  figure  and  a  letter,  and  the  letters 
are  placed  consecutively.  Thus  ab  means  the  same  as 
a  X  6,  and  ^ab  the  same  as  5  x  a  x  6. 

The  sign  of  multiplication  cannot  be  omitted  between 
figures :  63  for  example  does  not  stand  for  6x3  but  for 
sia^y-three,  as  in  Arithmetic. 

Sometimes  the  x  is  replaced  by  a  point,  which  is 
placed  on  the  line,  to  distinguish  it  from  the  decimal 
point  which  is  placed  above  the  line.  Thus  axb  x  c, 
a.b.c  and  abc  all  mean  the  same,  namely  that  a  is  to 
be  multiplied  by  b  and  the  result  multiplied  by  c. 

6.  The  sign  -4-,  which  is  read  "divided  by"  or  "by," 
is  placed  between  two  numbers  to  indicate  that  the  first 
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number,  called  the  dividend,  is  to  be  divided  by  the 
second  number,  called  the  divisor.  Thus  a  -5-  6  means 
that  a  is  to  be  divided  by  b ;  also  a-^b-T-c  means  that 
a  is  to  be  divided  by  b,  and  the  result  divided  by  c; 
and  a-7-bxc  means  that  a  is  to  be  divided  by  b  and  the 
result  multiplied  by  c. 

Thus  in  multiplications  and  divisions  the  order  of  the 
operations  is  from  left  to  right. 

7.  When  two  or  more  numbera  are  multiplied  together 
the  result  is  called  the  continued  prodtict,  or  the  product ; 
and  each  number  is  called  a  factor  of  the  product. 

When  the  factors  are  considered  as  divided  into  two 
sets,  each  is  called  the  co-effidenty  that  is  the  co-factor 
of  the  other.  Thus  in  Zahx,  3  is  the  coefficient  of  abx, 
3a  is  the  coefficient  of  bxy  and  3a6  is  the  coefficient  of  x. 

When  one  of  the  factors  of  a  product  is  a  number 
expressed  in  figures,  it  is  called  the  numerical  coefficient 
of  the  product  of  the  other  factors. 

8.  When  a  product  consists  of  the  same  factor 
repeated  any  number  of  times  it  is  called  a  power  of  that 
factor.  Thus  a^  is  called  the  second  power  of  a,  aaa  is 
called  the  third  power  of  a,  aaaa  is  called  the  fourth 
power  of  a,  and  so  on.  Sometimes  a  is  called  the  first 
power  of  a. 

Special  names  are  also  given  to  aa  and  to  aaa ;  they 
are  called  respectively  the  square  and  the  cuhe  of  a. 

9.  Instead  of  writing  aa,  aaa,  etc.,  a  more  convenient 
notation  is  adopted  as  follows:  a'  is  used  instead  of  aa, 
(J?  is   used   instead   of  aaa,  and   a*  is   used  instead  of 

ojoaa ,  the  factor  a  being  taken  n  times;   the  small 

figure  placed  above  and  to  the  right  of  a  shewing  the 
number  of  times  the  factor  a  is  to  be  taken.  So  also 
a^6"  is  written  instead  of  aaabb,  and  similarly  in  other 
cases. 

The  small  figure,  or  letter,  placed  above  a  symbol  to 
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indicate  the  number  of  times  that  symbol  is  to  be  taken 
as  a  factor  is  called  the  index  or  the  exponent  Thus  a* 
means  that  the  factor  a  is  to  be  taken  n  times,  or  that 
the  nth  power  of  a  is  to  be  taken,  and  n  is  called  the 
index. 

When  the  factor  a  is  only  to  be  taken  once,  we  do 
not  write  it  a\  but  simply  a. 

10.  A  number  which  when  squared  is  equal  to  any 
number  a  is  called  a  square  root  of  a,  and  is  represented 
by  the  symbol  ^a,  or  more  often  by  V^:  thus  2  is  \/4* 
since  2'  =  4. 

A  number  which  when  cubed  is  equal  to  any  number 
a  is  called  a  cube  root  of  a,  and  is  represented  by  the 
symbol  IJa :  thus  3  is  4^27,  since  3*  =  27. 

In  general,  a  number  which  when  raised  to  the  nth. 
power,  where  n  is  any  whole  number,  is  equal  to  a,  is 
called  an  nth  root  of  a,  and  is  represented  by  the 
symbol  ^a. 

The  sign  V  was  originally  the  initial  letter  of  the 
word  radix.     It  is  often  called  the  radical  sign. 

11.  A  root  which  cannot  be  obtained  exactly  is 
called  a  surd,  or  an  irrational  quantity:  thus  V7  and 
5/4  are  surds. 

The  approximate  value  of  a  surd,  for  example  of  ^/7, 
can  be  found,  to  any  degree  of  accuracy  which  may  be 
desired,  by  the  ordinary  arithmetical  process;  but  we 
are  not  required  to  find  these  approximate  values  in 
Algebra:  for  us  V7  is  simply  that  quantity  which  when 
squared  will  become  7. 

12.  A  collection  of  algebraical  symbols,  that  is  of  letters, 
figures,  and  signs,  is  called  an  algebraical  expression. 

The  parts  of  an  algebraical  expression  which  are  con- 
nected by  the  signs  +  or  —  are  called  the  terms. 

Thus  2a-36a;  +  5cy'  is  an  algebraical  expression  con- 
taining the  three  terms  2a,  —  Sbxy  and  +  bcy^. 
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13.  When  two  terms  only  differ  in  their  numerical 
coefficients  they  are  called  like  terms.  Thus  a  and  3a  are 
like  terms ;  also  5a*5'c  and  3a'6"c  are  like  terms. 

14.  An  expression  which  contains  only  one  term  is 
called  a  monomial  expression;  and  expressions  which 
contain  two  or  more  terms  are  called  multinomial  expres- 
sions; expressions  which  contain  two  terms,  and  those 
which  contain  three  terms  are,  however,  generally  called 
binomial  and  trinomial  expressions  respectively.  Thus 
3a6'c  is  a  monomial,  a^  +  36'  is  a  binomial,  and  oi*  +  ba!  +  c 
is  a  trinomial  expression. 

15.  The  sign  =,  which  is  read  'equals',  or  *is  equal 
to',  is  placed  between  two  algebraical  expressions  to  denote 
that  they  are  equal  to  one  another. 

The  sign  >  indicates  that  the  number  which  precedes 
the  sign  is  greater  than  that  which  follows  it.  Thus  a>b 
means  that  a  is  greater  than  6. 

The  sign  <  indicates  that  the  number  which  precedes 
the  sign  is  less  than  that  which  follows  it.  Thus  a<b 
means  that  a  is  less  than  b. 

The  signs  + ,  ^  and  <C  are  used  respectively  for  is  not 
equal  to,  is  not  greater  than,  and  is  not  less  than. 

The  sign  *.•  is  written  for  the  word  because  or  since. 

The  sign  .*.  is  written  for  the  word  therefore  or  hence, 

16.  To  denote  that  an  algebraical  expression  is  to  be 
treated  as  a  whole,  it  is  put  between  brackets.  Thus 
(a-\-b)c  means  that  b  is  to  be  added  to  a  and  that  the 
result  is  to  be  multiplied  by  c ;  again  (a  —  6)  (c  +  d)  means 
that  b  is  to  be  subtracted  from  a,  and  that  d  is  to  be  added 
to  c,  and  that  then  the  first  result  is  to  be  multiplied  by 
the  second ;  so  also  (a  +  bf  (c  +  dy  means  that  the  cube  of 
the  sum  of  a  and  b  is  to  be  multiplied  by  the  square  of  the 
sum  of  c  and  d. 

Brackets  are  of  various  shapes:  thus,  (  ),  {  },  [  ]. 
Instead  of  a  pair  of  brackets  a  line,  called  a  vinculwm,  is 
often  drawn  over  the  expression  which  is  to  be  treated  as 
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a  whole:  thus  a  —  b  —  c  is  equivalent  to  a  —  ib  —  c),  and 
Ja  +  h  is  equivalent  to  \/(a  +  b).  It  should  be  noticed 
that  where  no  vinculum  or  bracket  is  used,  a  radical  sign 
refers  only  to  the  number  or  letter  which  immediately 
follows  it :  thus  »J2a  means  that  the  square  root  of  2  is  to 

be  multiplied  by  a,  whereas  J2a  means  the  square  root  of 
2a ;  also  sla-\-x  means  that  x  is  to  be  added  to  the  square 

root  of  a,  whereas  ,Ja  +  x  means  that  a?  is  to  be  added  to  a 
and  that  the  square  root  of  the  whole  is  to  be  taken. 

The  line  between  the  numerator  and  denominator  of 

a  fraction  acts  as  a  vinculum,  for  — ^ —  is  the  same  as 

o 

Note.  It  is  important  for  the  student  to  notice  that 
every  term  of  an  algebraical  expression  must  be  added  or 
subtracted  as  a  whoUy  as  if  it  were  enclosed  in  brackets. 
Thus,  in  the  expression  a+6c  —  d-re  +  /,  h  must  be 
multiplied  by  c  before  addition,  and  d  must  be  divided  by 
e  before  subtraction,  just  as  if  the  expression  were  written 
a  +  {he)  -  (d  -T-  e)  +/. 


EXAMPLES. 

1.  Find  the  numerical  values  of  the  following  expressions  in  each  of 
which  a=l,  6=2,  c=3,  and  d=4. 

(i)    6a+3(;-36-2(i,  (ii)    26a- 36c +  d, 

(iii)   a6  +  36c-5d,  (iv)    hc-ca-ah, 

(v)    a  +  6c  +  dand  (vi)    hcd-\-cda  +  dah  +  <ibc. 

Ans.  0,  12,  0,  1, 11,  60. 

2.  If  a =3,  6=1  and  c=2,  find  the  numerical  values  of 
(i      2a»-362-4c«,  (ii)     2a^b-Sb^c^ 

(iii)    ^c*-5&^  (iv)    a'+3ac2-3a2c-c», 

and      (v)    2a*l^c-Bh*c^a-2c*a^h. 

Ant.  19,  6,  0,  1,  0. 
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8.    Find  the  valnes  of  the  following  ezpreBsions  in  each  of  which  a=S, 
b=2,e=l  andd=0. 

(i)  (3a +  4(2)  (25 -3c), 

(ii)  2a«-(6a-3c»)d, 

(iu)  a»-6S_2(a-6+c)», 

(iv)  a(6a-.c2)  +  6(ca-d«)  +  d(aa-c2), 

(v)    8(a  +  6)2(c  +  d)-2(6+c)«(a+d), 

,      ,  .,     2a9       26«        2c'        2<P 

and     (vi) — -  + . 

^   '    b  +  c     c-\'a     b  +  d     a+b 

Atu.  9,  18,  3,  11,  21,  3. 

4.  Find  the  yalnes  of 

n/^^,  »j5^  +  c,  V(ftV  +  ^c*)  and  ^o^+iF+l?, 

when  a=5f  6=4,  c=3. 

Ans,  3,  13,  60,  5. 

5.  Shew  that  a^  -  b'^  and  (a  +  b)  (a  -  &)  are  equal  to  one  another  (i) 
-when  a=2,  6=1 ;  (ii)  when  a=6,  6=3 ;  and  (iii)  when  a=12,  6=5. 

6.  Shew  that  the  expressions 

a8-6»,  (a-6)(a2+a6+62),  (a-6)»+3a6(a-6), 

and  (a+6)»-3a6(a+6)-26» 

are  all  eqnal  to  one  another  (i)  when  a  =3,  6=2 ;  (ii)  when  a=5,  6=1 ; 
and  (iii)  when  a =6,  6=3. 


CHAPTER  II. 


Fundamental  Laws. 

17.  We  have  said  that  all  concrete  quantities  must 
be  measured  by  the  number  of  times  each  contains  some 
unit  of  its  own  kind.  Now  a  sum  of  money  may  be  either 
a  receipt  or  a  payment,  it  may  be  either  a  gain  or  a  loss ; 
motion  along  a  given  straight  line  may  be  in  either  of  two 
opposite  directions ;  time  may  be  either  before  or  after  some 
particular  epoch  ;  and  so  in  very  many  other  cases.  Thus 
many  concrete  magnitudes  are  capable  of  existing  in  two 
diametrically  opposite  states:  the  question  then  arises 
whether  these  magnitudes  can  be  conveniently  distin- 
guished from  one  another  by  special  signs. 

18.  Now  whatever  kind  of  quantity  we  are  consider- 
ing +  4  will  stand  for  what  increases  that  quantity  by 
4  units,  and  —4  will  stand  for  whatever  decreases  the 
quantity  by  4  units. 

If  we  are  calculating  the  amount  of  a  man's  property 
(estimated  in  pounds),  +  4  will  stand  for  whatever  increases 
his  property  by  £4,  that  is  +4  stands  for  £4  that  he 
possesses,  or  that  is  owing  to  him ;  so  also  —  4  will  stand 
for  whatever  decreases  his  property  by  £4,  that  is,  —  4  will 
stand  for  £4  that  he  owes. 

If,  on  the  other  hand,  we  are  calculating  the  amount 
of  a  man's  debts,  -^  4  will  stand  for  whatever  increases  his 
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debts,  that  is,  4*  4  will  now  stand  for  a  debt  of  £4 ;  so  also 
—  4  will  now  stand  for  whatever  decreases  his  debts,  that 
is,  —  4  will  stand  for  £4  that  he  has,  or  that  is  owing  to 
him. 

If  we  are  considering  the  amount  of  a  man's  gains,  +  4 
will  stand  for  what  increases  his  total  gain,  that  is,  +4 
will  stand  for  a  gain  of  4 ;  so  also  —  4  will  stand  for  what 
decreases  his  total  gain,  that  is,  —  4  will  stand  for  a  loss  of 
4.  If  however  we  are  calculating  the  amount  of  a  man's 
losses,  -f  4  will  stand  for  a  loss  of  4,  and  —  4  will  stand  for 
a  gain  of  4. 

Again,  if  the  magnitude  to  be  increased  or  diminished 
is  the  distance  from  any  particular  place,  measured  in 
any  particular  direction,  +  4  will  stand  for  a  distance  of 
4  units  in  that  direction,,  and  —  4  will  stand  for  a  distance 
of  4  units  in  the  opposite  direction. 

19.  From  the  last  article  it  will  be  seen  that  it  is  not 
necessary  to  invent  any  new  signs  to  distinguish  between 
quantities  of  directly  opposite  kinds,  for  this  can  be  done 
by  means  of  the  old  signs  +  and  — . 

The  signs  +  and  —  are  therefore  used  in  Algebra  with 
two  entirely  different  meanings.  In  addition  to  their 
original  meaning  as  signs  of  the  operations  of  addition  and 
subtraction  respectively,  they  are  also  used  as  marks  of 
distinction  between  magnitudes  of  diametrically  opposite 
kinds. 

The  signs  +  and  —  are  sometimes  called  signs  of 
affection  when  they  are  thus  used  to  indicate  a  quality  of 
the  quantities  before  whose  symbols  they  are  placed. 

The  sign  +,  as  a  sign  of  affection,  is  frequently  omitted; 
and  when  neither  the  +  nor  the  -  sign  is  prefixed  to  a 
term  the  +  sign  is  to  be  understood. 

20.  A  quantity  to  which  the  sign  +  is  prefixed  is 
called  a  positive  quantity,  and  a  quantity  to  which  the 
sign  —  is  prefixed  is  called  a  negative  quantity. 

The  signs  4*  and  —  are  called  respectively  the  positive 
and  negative  signs. 


10  FUNDAMENTAL  LAWS. 

Note.  Although  there  are  many  sims  used  in  algebra, 
the  name  sign  is  often  used  to  denote  the  two  signs  +  and 
—  exclusively.  Thus,  when  the  sign  of  a  quantity  is 
spoken  of,  it  means  the  +  or  —  sign  which  is  prefixed  to 
it ;  and  when  we  are  directed  to  change  the  signs  of  an 
expression,  it  means  that  we  are  to  change  +  and  — , 
wherever  they  occur,  into  —  and  +  respectively. 

21.  The  magnitude  of  a  quantity  considered  inde- 
pendently of  its  quality,  or  of  its  sign,  is  called  its  absolute 
magnitude.  Thus  a  rise  of  4  feet  and  a  fall  of  4  feet  are 
equal  in  absolute  magnitude ;  so  also  4-  4  and  —  4  are 
equal  in  absolute  magnitude,  whatever  the  unit  may  ba 

Addition. 

22.  The  process  of  finding  the  result  when  two  or  more 
quantities  are  taken  together  is  called  addition,  and  the 
result  is  called  the  svmi. 

Since  a  positive  quantity  produces  an  increase,  and  a 
negative  quantity  produces  a  decrease,  to  add  a  positive 
quantity  we  must  add  its  absolute  value,  and  to  add  a 
negative  quantity  we  must  subtract  its  absolute  value. 
Thus,  when  we  add  +  4  to  +  6,  we  get  -f  6  +  4 ;  and  when 
we  add  —  4  to  + 10,  we  get  +10  —  4. 

Hence  +   6  -f  (+  4)  =  +    6  +  4, 

and  +10 +  (-4)  =  +  10 -4. 

So  also,  when  we  add  +  6  to  +  a,  we  get  +  a  +  6 ;  and 
when  we  add  —  6  to  +  a,  we  get  +  a  —  6.     Hence 

+  a  +  (+  6)  =  +  a  +  6, 
and  +a  +  (-6)  =  +  a-6. 

We  therefore  have  the  following  rule  for  the  addition 
of  any  term  :  to  add  any  term  affix  it  to  the  expression  to 
which  it  is  to  be  added,  with  its  sign  unchanged. 

When  numerical  values  are  given  to  a  and  to  b,  the 
numerical  values  of  a  +  6  and  a— 6  can  be  found;   but 
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until  it  is  known  what  numbers  a  and  6  stand  for,  no 
further  step  can  be  taken,  and  the  process  is  considered 
to  be  algebraically  complete. 

23.  When  b  is  greater  than  a,  the  arithmetical 
operation  denoted  by  a  —  6  is  impossible.  For  example,  if 
a  =  3  and  6  =  5,  a  —  6  will  be  3  —  5,  and  we  cannot  take 
5  from  3.  But  to  subtract  5  is  the  same  as  to  subtract  3 
and  2  in  succession,  so  that 

3-5  =  3-3-2  =  0-2  =  -2. 

We  then  consider  that  —2  is  2  which  is  to  be  sub- 
tracted from  some  other  algebraical  expression,  or  that 
—  2  is  two  units  of  the  kind  opposite  to  that  represented 
by  2 ;  and  if  —  2  is  a  final  result,  the  latter  is  the  only 
view  that  can  be  taken. 

In  some  particular  cases  the  quantities  under  con- 
sideration may  be  such  that  a  negative  result  is  without 
meaning ;  for  instance,  if  we  have  to  find  the  population 
of  a  town  from  certain  given  conditions ;  in  this  case  the 
occurrence  of  a  negative  result  would  shew  that  the  given 
conditions  could  not  be  satisfied,  and  so  also  in  this  case 
would  the  occurrence  of  a  fractional  result. 

Subtraction. 

24.  Since  subtraction  is  the  inverse  operation  to  that 
of  addition,  to  subtract  a  positive  quantity  produces  a 
decrease,  and  to  subtract  a  negative  quantity  produces  an 
increase.  Hence  to  subtract  a  positive  quantity  we  must 
subtract  its  absolute  value,  and  to  subtract  a  negative 
quantity  we  must  add  its  absolute  value.  Thus,  to 
subtract  +4  from  +10,  we  must  decrease  the  amount  by 
4  ;  we  then  get  +10  —  4. 

Also  to  subtract  —  4  from  +  6,  we  must  increase  the 
amount  by  4 ;  we  then  get  +6  +  4. 

Hence        +10-(+4)  =  + 10-4  =  +   6, 

and  +   6-(-4)  =  +   6  +  4=  +  10. 
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So  also,  in  all  cases 

a  —  (+  6)  =  a  —  6, 
and  a  —  (—  6)  =  a  +  J. 

We  therefore  have  the  following  rule  for  the  subtraction 
of  any  term: — to  subtract  any  terra  affix  it  to  ike  expression 
from  which  it  is  to  be  subtracted  but  with  its  sign  changed. 

25.  We  have  hitherto  supposed  that  the  letters  used 
to  represent  quantities  were  restricted  to  positive  values ; 
it  would  however  be  very  inconvenient  to  retain  this 
restriction.  In  what  follows  therefore  it  must  always  be 
understood,  unless  the  contrary  is  expressly  stated,  that 
each  letter  may  have  any  positive  or  negative  value. 

Since  any  letter  may  stand  for  either  a  positive  or  for 
a  negative  quantity,  a  term  preceded  by  the  sign  -f  is  not 
necessarily  a  positive  quantity  in  reality ;  such  terms  are 
however  still  called  positive  terms,  because  they  are  so  in 
appearance ;  and  the  terms  preceded  by  the  sign  —  are 
similarly  called  negative  terms. 

26.  On  the  supposition  that  b  was  a  positive  quantity, 
it  was  proved  in  Articles  22  and  24,  that 

a  +  (+  6)  =  a  +  6.........(i) 

a  +  (-b)  =  a-b (ii)   .  ... 

a  -  (+  6)  =  a  -  b (iii)  ^ ^    ^* 

and  a  —  (-  6)  =  a  +  b (iv) 

We  have  now  to  prove  that  the  above  laws  being  true 
for  all  positive  values  of  6  must  be  true  also  for  negative 
values. 

Let  b  be  negative  and  equal  to  —  c,  where  c  is  any 
positive  quantity ;  then 

+  6  =  +  (-  c)  =  -  c, 
and  —  6  =  —  (—  c)  =  +  c. 

Hence,  putting  —  c  f or  +  6,  and  +  c  for  —  6  in  (i),  (ii). 
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(iii),  (iv),  it  follows  that  these  relations  are  true  for  all 
negative  values  of  b,  provided 

a  +  (--  c)  =  a  —  c, 

a  +  (+  c)  =  a  +  c, 

a  —  (—  c)  =  a  -^  c, 

and  a  —  (+  c)  =^  a  —  c, 

are  true  for  all  positive  values  of  c ;  and  this  we  know  to 
be  the  case. 

Hence  the  laws  expressed  in  (A)  are  true  for  aU  values 
of  6. 

27.  Def.  The  difference  between  any  two  quantities 
a  and  h  is  the  result  obtained  by  subtracting  the  second 
from  the  first. 

The  algebraical  difference  may  therefore  not  be  the 
same  as  the  arithmetical  difference,  which  is  the  result 
obtained  by  subtracting  the  less  from  the  greater.  The 
symbol  a  -  6  is  sometimes  used  to  denote  the  arithmetical 
difference  of  a  and  6. 

Def.  One  quantity  a  is  said  to  be  greater  than  another 
quantity  b  when  the  algebraical  difference  a  —  6  is  positive. 

From  the  definition  it  is  easy  to  see  that  in  the  series 
1,  2,  3,  4  &c.,  each  number  is  greater  than  the  one  before 
it ;  and  that,  in  the  series  —  1,  --2,  —  3,  —  4,  &c.,  each 
number  is  less  than  the  one  before  it. 

Thus  7,  6,  0,  —  5,  —  7  are  in  descending  order  of 
magnitude. 

EXAMPLES. 

Ex.  1.  Find  the  sum  of  (i)  5  and  -  4,  (ii)  -  5  and  4,  (iii)  5,-3  and 
-  6  and  (iv)  -  3,  4,  -  6  and  6.  Am,   1,  - 1,  -  4,  0. 

Ex.  2.  Subtract  (i)  3  from  -4,  (ii)  -4  from  3,  and  (iii)  -a  from 
-6.  Ans,    -7,  7,  -6  +  a. 

Ex.  3.  A  barometer  feU  *01  inches  one  day,  it  rose  '015  inches  on 
the  next  day,  and  fell  again  *01  inches  on  the  third  day.  How 
much  higher  was  it  at  the  end  than  at  the  beginning? 

Ans.    -  '006  inches. 

Ex.  4.  A  thermometer  which  stood  at  10  degre^  centigrade,  fell 
20  degrees  when  it  was  put  into  a  freezing  mixture :  what  was 
the  final  reading  ?  Am.    - 10. 
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Ex.  6.    Find  the  value  of  a  -h  +  c  and  of  -a  +  6-c,  when  a=l, 
6=-2andc  =  3.  Aru,  6,  -6. 

Ex.  6.    Find  the  value  of  -a-\-h-c  when 

a=l,  6=  -  2,  c=  - 1 ;  also  when 

a=-2,  6=-l,  c=-3.  Ans,    -2,4. 

Ex.  7.    Find  the  value  of  a  -  ( -  6)  +  ( -  c)  when 

a= -3,  6  =  -  2,  c= -1.  Ans,    -4. 

Ex.  8.    Find  the  value  of  -  a  +  (- b)-{-c)  when 

a= -2,  6= -3,  c= -5.  Ans.  0. 

Ex.  9.    Find  the  value  of  -  ( -  a)  +2>  -  ( -  c)  when 

a= -1,  6= -2,  c= -3.  Jrw.    -6. 


Multiplication. 

28.  In  Arithmetic,  multiplication  is  first  defined  to  be 
the  taking  one  number  as  many  times  as  there  are  units  in 
another.  Thus,  to  multiply  5  by  4  is  to  take  as  many 
fives  as  there  are  units  in  four.  As  soon,  however,  as 
fractional  numbers  are  considered,  it  is  found  necessary  to 
modify  somewhat  the  meaning  of  multiplication,  for  by  the 
original  definition  we  can  only  multiply  by  whole  numbers. 
The  following  is  therefore  taken  as  the  definition  of 
multiplication  :  "  To  multiply  one  numher  by  a  second  is  to 
do  to  the  first  what  is  done  to  unity  to  obtain  the  second" 

Thus  4  is  1  +  1  +  1  +  1; 

.-.  5  X  4  is  5  +  5  +  6  +  5. 

Again,  to  multiply  f  by  |,  we  must  do  to  ^  what  is 

done  to  unity  to  obtain  f ;  that  is,  we  must  divide  f  into 

four  equal  parts  and  take  three  of  those  parts.     Each  of 

6 
the  parts  into  which  f  is  to  be  divided  will  be  = — j ,  and 

5x3  53 

by  taking  three  of  these  parts  we  get  = — - .     Thus  17  x  t 

_  5x3 
■"7x4* 
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So  also,     (-  5)  X  4  =  (-  6)  +  (-  6)  4-  (  -  6)  +  (  -  6) 

=  _5_5_5-.5 

=  -20. 

With  the  above  definition,  multiplication  by  a  negative 
quantity  presents  no  difficulty. 

For  example,  to  multiply  4  by  —  5.  Since  to  subtract 
.  5  by  one  subtraction  is  the  same  as  to  subtract  5  units 
Successively, 

.'.  4  X  (—  5)  =  —  4  -  4  -  4  —  4  —  4 
=  -20. 

Again,  to  multiply  —  5  by  —  4.     Since 

-4=-l-l-l-l; 

...  (-5)x(-4)  =  -(-5)-(-5)-(-5)-(-6) 

=  +  5  +  5  +  5  +  5  [Art.  26] 

=  +  20. 

We  can  proceed  in  a  similar  manner  for  any  other 
numbers,  whether  integral  or  fractional,  positive  or  nega- 
tive. 

Hence  we  have  the  following  rule : 

To  find  the  product  of  any  two  quantities,  multiply  their 
absolute  values,  and  prefix  the  sign  +  if  both  factors  be 
positive  or  both  negative,  and  the  sign  —  if  one  factor  be 
positive  and  the  other  negative. 

Thus  we  have 

(+a)  X  (+6)  =  +  a6 (i)   ^ 

(-  a)  X  (+  6)  =  -  ah (ii) 

(+  a)  X  (-  6)  =  -  ah (iii) 

(-  a)  X  (-  6)  =  +  ab (iv)  j 

The  rule  by  which  the  sign  of  the  product  is  determined 
is  called  the  Law  of  Signs.  This  law  is  sometimes 
enunciated  briefly  as  follows :  Like  signs  give  +,  and  unlike 
signs  give  — . 


(B). 
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29.  The  fkctoni  of  a  product  may  be  taken  in 
any  order.  It  is  proved  in  Arithmetic  that  when  one 
number,  whether  integral  or  fractional,  is  multiplied  by  a 
second,  the  result  is  the  same  as  when  the  second  is  multi- 
plied by  the  first. 

The  proof  is  as  follows :  when  the  numbers  are  integers, 
a  and  b  suppose,  write  down  a  series  of  rows  of  dots, 

Sutting  a  dots  in  each  row ;  and  take  b  rows,  writing  the 
ots  under  one  another  as  in  the  following  scheme : 

Jib  Jk  JiL  JIL  JiL  Jk 

w     w    9    »    »     9 a  ma  row 


«     »     «     4^     «     » 


6  rows. 

Then  the  whole  number  of  the  dots  is  a  repeated  b 
times,  that  is  axb.  Now  consider  the  columns  instead 
of  the  rows :  there  are  clearly  6  dots  in  each  columu,  and 
there  are  a  columns ;  thus  the  whole  number  of  dots  is  b 
repeated  a  times,  that  is  6  x  a.  Hence,  when  a  and  b  are 
integers,  ab  =  ba. 

When  the  numbers  are  fractions,  for  example  ^  and  |, 

we  prove  as  in  Art  28  that  =  x  7  =  = — 2,  •    And,  by  the 

,  rr    '  ^  5x3     3x5    ,  6     3     3     5 

above  proof  tor  mtegers,  = — -.  =  - — = ;  hence  7  >^  7  =  t  x  7- 

Hence  we  have  ab  =  ba,  for  all  positive  values  of  a  and 
6 ;  and  the  proposition  being  true  for  any  positive  values  of 
a  and  b,  it  must  be  true  for  all  values,  whether  positive  or 
negative ;  for  from  the  preceding  Article  the  absolute  value 
of  the  product  is  independent  of  the  signs,  and  the  sign 
of  the  product  is  independent  of  the  order  of  the  factors. 

Hence  for  all  values  of  a  and  b  we  have 

ab  =  ba (i). 

If  in  the  above  scheme  we  put  c  in  place  of  each  of  the 
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dots;  the  whole  number  of  the  c's  will  be  ab;  also  the 
number  of  c  s  in  the  first  row  will  be  a,  and  this  is  repeated 
b  times.  Hence,  when  a  and  b  are  integers,  c  repeated  ab 
times  gives  the  same  result  as  c  repeated  a  times  and  this 
repeated  b  times.  So  that  to  multiply  by  any  two  whole 
numbers  in  succession  gives  the  same  result  as  to  multiply 
at  once  by  their  product;  and  the  proposition  can,  as 
before,  be  then  proved  to  be  true  without  restriction  to 
whole  numbers  or  to  positive  values.  Thus,  for  all  values 
of  a,  b  and  c,  we  have 

axbx  c  —  ax(bc) (ii). 

By  continued  application  of  (i)  and  (ii)  it  is  easy  to 
shew  that  the  factors  of  a  product  may  be  taken  in  any 
order,  however  many  factors  there  may  be.     Thus 

abc  =  cab  =  cbay  &c., (C). 

30.  Since  the  factors  of  a  product  may  be  taken  in 
any  order,  we  are  able  to  simplify  many  products.  For 
example : 

3ax4a  =  3x4xaxa  =  12a*, 

(-  3a)  X  (-  46)  =  +  3a  X  46  =  3  X  4  X  a  X  6  =  12  a6, 

(aby  =  abxab  =  axaxbxb=^  a^b*, 

(V2a)'  =  V2a  x  V2a  =  V2  x  V2  x  aa  =  2a'. 

Although  the  order  of  the  factors  in  a  product  is 
indifferent,  a  factor  expressed  in  figures  is  always  put  first, 
and  the  letters  are  usually  arranged  in  alphabetical  order. 

31.  Since  a'  =  aa,  and  a'  =  aaa ;  we  have 


So  also 


a^  xa^  =  aax  aaa  =  a"  =  a^*\ 


a^  X  a*  =  aaa  x  aaaa  =  a'  =  a^^*. 


and  a*  xa  =  aaaa  x  a  =  a'^=^  a*^\ 

In  the  above  examples  we  see  that  the  index  of  the 
product  of  two  powers  of  the  same  letter  is  equal  to  the  sum, 
of  the  indices  of  the  factors.    We  can  prove  in  the  following 

3.  A.  2 
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manner  that  this  is  true  whenever  the  indices  are  positive 

integers : 

since  by  definition 

a"*  =  aaaa'. . .  to  m  factors, 
and  a"  =  aaaa  ...  to  n  factors ; 

.'.  a^  xa''  =  (aaa ...  to  m  factors)  x  (aaa  • . .  to  n  factors) 
=  aaa  ...  to  (m  +  w)  factors, 
=  a"*"**,  by  definition ; 
hence  a'^xa''  =  a'^^ (D). 

The  law  expressed  in  (D)  is  called  the  Index  Law. 

82.  Since  (- a)  x  {-a)  =  +  a''  =  (+  a)  (+  a)  [Art.  28], 
it  follows  conversely  that  the  square  root  of  a*  is  either 
+  a  or  —  a:  this  is  written  /^a*  =  ±  a,  the  double  sign  being 
read  '  plus  or  minus.* 

Thus  there  are  two  square  roots  of  any  algebraical 
quantityy  which  are  equal  in  absolute  magnitude  but 
opposite  in  sign. 

EXAMPLES. 

1.  Multiply    2a  by  -46,  a^by  -a'  and  -2a«6  by  -3a63. 

Am,   -Qab,  -a*,  6a*M. 

2.  Multiply 

-2xy2  by  -3y22,  3aa%  by  -5a^xy^,  and  Sa*bc*x  by  12a6*ca;». 

Ana.   6{cy*«,  -15a^a^,  36a»6ScV. 

3.  Multiply 

7a*68c2  by  -Sa^b^c'^,  and  -2ab^ixfiy^  by  -^a^b^x^y^. 

Am.   -21a768c»,  8a*&«xV« 

4.  Find  the  values  of  ( -  a)2,  ( -  a)\  ( -  a)*  and  ( -  af. 

Am.  a^,  -a^  a*,  -a*. 

5.  Find  the  values  of  ( -  ab)^  (a^)*  and  ( -  3a6V)8. 

^n«.   a^b^y  a»b\  -27a^b^cK 

6.  Shew  that  the  successive  powers  of  a  negative  quantity  are 

alternately  positive  and  negative. 

7.  Find  the  cubes  of  2a%  -  3a6»c«,  and  of  -  2a*ba?y^. 

Am.  8a«&»,  -27<i»6«c»  and  -8a«6»a!»y6. 
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8.  Find  the  values  of  (-a)»x(-6)»,  of  ( - 2a6«)» x ( - 3a«6)»,  and 

of  ( -  Sabcy  X  (2a%f. 

Anx.   -aSfr*,  216a»&»,  72a86»c". 

9.  Find  the  value  of  3a6c-2a^&c>+4cS  when  a =2,  6=-l,  and 

c=-2. 

Ans.  12. 

10.    Find    the  value   of   2a'6c-36^cd+4c^da-6cPa6,  when  a=-l, 
5=  -2,  c=  -3  and  d=  -4. 

iln«.   -U8. 

Division. 

33.  Division  is  the  inverse  operation  to  that  of  multi- 
plication ;  so  that  to  divide  a  by  6  is  to  find  a  quantity  c 
such  that  c  X  6  =  a. 

Since  division  is  the  inverse  of  multiplication  and 
multiplications  can  be  performed  in  any  order  [Art.  29],  it 
follows  that  successive  divisions  can  be  performed  in  any 
order.    Thus  a-7-6-rC  =  a-7-c-T-6. 

It  also  follows  from  Art.  29  that  to  divide  by  two 
quantities  in  succession  gives  the  same  result  as  to  divide 
at  once  by  their  product.  Thus  a-r6-rc  =  a-r  (6c),  which 
is  usually  written  a  -r-  he. 

Not  only  may  a  succession  of  divisions  be  performed 
in  any  order,  but  divisions  and  multiplications  together 
may  be  performed  in  any  order.     For  example 

ax6-7-c  =  a-7-cx6. 

For  a  =  a  -r-  c  X  c ; 

.'.  axh  =  a-i-cxcy.h 

=  a-T-cxhxc\  [by  Art.  29] 

therefore,  dividing  each  by  c,  we  have 

ax6-^c  =  a-^cx6. 

Hence  we  get  the  same  result  whether  we  divide  the 
product  of  a  and  h  by  c,  or  divi3e  a  by  c  and  then  multiply 
by  h,  or  divide  6  by  c  and  then  multiply  by  a. 

84.  The  operation  of  division  is  often  indicated  by 
placing  the  dividend  over  the  divisor  with  a  line  between 

2-^2 
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them  :  thus  j-  means  a  -f-  6.     Sometimes  a/b  is  written  for 
Y .     When  a  -^  6  is  written  in  the  fractional  form  t  ,  a  is 

0  0 

called  the  numerator,  and  b  the  denominator. 

1 

Since  -  =  1  -^  c, 

c 

-XC  =  l-f-CXC  =  l. 

c 

Also  ax-xc  =  ax(-xc)  =  axl=a, 

c  \c       J 

Therefore,  dividing  by  c, 

1 
a  X  -==a  -7-  c, 
c 

so  that  to  divide  by  any  quantity  c  is  the  same  as  to  multi- 
ply by  the  quantity  - . 

c 

Hence  ax6^c  =  a-T-cxJ, 

can  be  written, 

axbx~  =  ax-xb, 
c  c 

in  which  form  it  is  seen  to  be  included  in  Art.  29  (C). 

35.  Since  a*  xa*  =  a^  and  a^  xa^  =  a*°;  we  have  con- 
versely a**  -7-  a'  =  a",  and  a}^  -r-  a®  =  a^. 

And,  in  general,  when  m  and  n  are  any  positive  integers 
and  m  >  w,  we  have 

for  by  Art.  31 

Hence  if  one  power  of  any  quantity  be  divided  by 
a  lower  power  of  the  same  quantity,  the  index  of  the 
quotient  is  equal  to  the  difference  of  the  indices  of  the 
dividend  and  the  divisor. 
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Hence  a^b^-i-a^h  =  a'  x  6'  4-  a'-4-  6  =  a**  -^  a*  x  J'-f-  6  =  a'6, 
and  a'b'c'^a'bY^a'b\ 

36.  We  have  proved  in  Art.  28  that 

ax  (—  6)  =  —  a6 ; 
.'.     (-  ab)  -r  (—  6)  =  a,  and  (—  db)  -^  a  =  —  6 ; 
we  have  also  proved  that 

(-  a)  (-6)  =  +  ab  =  (+a)  (+  6) ; 
.'.     (+  ah)  '7-{—a)  =  —  b,  and  (+  a6)  -;-  (+  a)  =  +  6. 

Hence  if  the  signs  of  the  dividend  and  divisor  are 
alike,  the  sign  of  the  quotient  is  + ;  and  if  the  signs  of 
the  dividend  and  divisor  are  unlike,  the  sign  of  the  quo- 
tient is  —  ;  we  therefore  have  the  same  Law  of  Signs  in 
division  as  in  multiplication. 

Thus  -  aW  -J-  aft'  =  -  a»6*, 

2 
and  -  2a'6c^ -^ -  3a*6c'  =  ^a<f. 

EXAMPLES. 

1.  Divide  10a  by  -  2a,  MV^  by  -  2a6»,  and  -  7a»6»c*  by  -  Sa^b»eK 

Aru,   -6,  -Tttt,  -^a'bcK 

2.  Divide  -^aJ^Vifi  by  4a8&c',    -ea^*  by  Za?y,  and  -Ba^bhiY  by 

-  2a6  V/. 

8.    Multiply  -  2a5&c*'  by  -  3a6V  and  divide  the  result  by  8a'6«c*. 

Am,  -joitl^c, 
4 

37.  The  fundamental  laws  of  Algebra,  so  far  as 
monomial  expressions  are  concerned,  are  those  which  were 


22 
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marked  A,  B,  C,  D  in  the  preceding  articles,  and  which  are 
collected  below  : 


+  (+a) 

+  (-«) 

-(+«) 
-(-a) 

(+  «)  (+  b) 
(+  a)  (-  h) 
(-  «)  (+  6) 
(-  a)  (-  6) 
a6c  =  cba 


+  a 

—  a 
•—a 

+  a 

+  a6  ^ 

—  ab 

—  ah 
-{■ab 

cab  =  &c. 


(A). 


(B), 


a"»  a"  =  a*^*. 


■(C), 
,(D). 


It  should  be  remarked  that  the  laws  expressed  in  (A), 
(B),  (C)  have  been  proved  to  be  true  for  all  values  of  a  and 
6 ;  but  both  m  and  n  are  supposed  in  (D)  to  be  positive 
integers. 

Multinomial  Expressions. 

38.  We  now  proceed  to  the  consideration  of  multi- 
nomial expressions. 

We  first  observe  that  any  multinomial  expression  can 
be  put  in  the  form 

a  +  b  +  c  +  &c., 

where  a,  b,  c,  &c.,  may  be  any  quantities,  positive  or  nega- 
tive. 

For  example,  the  expression  Sx*y  —  |  xj^  —  Txyz,  which 
by  (A)  is  the  same  as  ^o^y-^-i—^xy^J  +  i—Txyz),  takes 
the  required  form  if  we  put  a  for  3i?y,  6  for  —  |  xy^,  and  c 
for  (—  Tocyz), 

It  therefore  follows  that  in  order  to  prove  any  theorem 
to  be  true  for  any  algebraical  expression,  it  is  only  necessary 
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to  prove  it  for  the  expression  a  +  6  +  c  +  &c.,  where  a,  6,  c,  &c. 
are  supposed  to  have  any  values,  positive  or  negative. 

39.  It  follows  at  once  from  the  meaning  of  addition 
that  the  sum  of  two  or  more  algebraical  quantities  is  the 
same  in  whatever  order  they  are  added.  For  example,  to 
find  how  much  a  man  is  worth,  we  can  take  the  diflferent 
items  of  property,  considering  debts  as  negative,  in  any 
order. 

Thus  a'\'h-\-c  =  c-\'a'\-h='h-\-c  +  a  =  &c (E). 

The  laws  [0]  and  [E]  are  together  called  the  Com- 
mutative Law,  which  may  be  enunciated  in  the  following 
form:  Additions  or  MvUiplications  mxiy  he  made  in  any 
order. 

40.  Since  additions  may  be  made  in  any  order,  we  have 
a  +  (6  +  c  +  dI+  ...)  =  (6  +  c  +  rf+  ...)  +  a  (from  E) 

=  a  +  &  +  c  +  d  +  ...  (from  E). 

Hence,  to  add  any  algebraical  expression  as  a  whole  is 
the  same  as  to  add  its  terms  in  succession. 

Since  the  expression  +a  —  6  +  c  —  d  may  be  written  in 
the  form  +  a  +  (—  6)  +  c  +  (—  d),  we  have 

+  {-h  a  -  6  +  c  -  d}  =  +  {+  a  +  (-  6)  +  c  +  (-  d)} 

=  +  a-i-(~6)+c+(-d). 

When  we  say  that  we  can  add  the  terms  of  an  expres- 
sion in  succession,  it  must  be  borne  in  mind  that  the 
term^  include  the  prefixed  signs. 

41.  Since  subtraction  and  addition  are  inverse  opera- 
tions, it  follows  from  the  preceding  that  to  subtract  an 
expression  as  a  whole  is  the  same  as  to  subtract  the  terms 
in  succession.     Thus 

a-  {b  +  c  +  d+...)  =  a  —  b-o  —  d'-... 
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42.  If  c  be  any  positive  integer,  a  and  6  having  any 
values  whatever,  then 

(a  +  6)  c  =  (a  +  6)  +  (a  +  6)  +  (a  +  6)  +  ...  repeated  c  times 
=  a  +  6  +  a  +  64-a  +  6+...  [Art.  40] 
=  a  +  a  +  a+  ,..  repeated  c  times 
+  6  +  6  +  6  +  . . .  repeated  c  times 
=  ac  +  6c. 
Hence,  when  c  is  a  positive  integer,  we  have 

(a  +  b)c  =  ac  +  bc (F). 

Since  division  is  the  inverse  of  multiplication,  it  follows 
that  when  d  is  any  positive  integer 

And  hence 

(a  +  b)  xc-^d  =  {{a  +  b)xc}'Td 

=  (ac  +  bc)  ^  d  =  ac  -^  d  +  be  -7-  d, 

c  c  c 

that  is  (a  +  6)x-^  =  ax-^H-6x-^. 

Thus  the  law  expressed  in  (F)  is  true  for  all  positive 
values  of  c ;  and  being  true  for  any  positive  value  of  c,  it 
must  also  be  true  for  any  negative  value.     For,  if 

(a  +  b)c  =  ac+  be, 

then  (a  +  6)  (—  c)  =  —  (a  +  6)  c  =  —  ac  —  6c 

=  a  (  -  c)  +  6  (  —  c). 

Hence  for  all  values  of  a,  b  and  c  we  have 

{a^^c^ac-^-bc (F). 

Thus  the  product  of  the  sum  of  any  two  algebraical 
quantities  by  a  third  is  the  sum  of  the  products  obtained 
by  multiplying  the  quantities  separately  by  the  third. 

The  above  is  generally  called  the  Distributive  Law. 
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43.  Since       (a  -}-  6)  -i-  c  =  (a  +  6)  x  - 

c 

1       L       1  r 

=  ax-+6x-  =  a-?-c  +  6H-c, 
c  c 

we  see  that  the  quotient  obtained  by  dividing  the  sum  of 
any  two  algebraical  quantities  by  a  third  is  the  sum  of  the 
quotients  obtained  by  dividing  the  quantities  separately  by 
the  third. 

44.  From  Art.  40  it  follows  that 

a  +  b  +  c  +  d  +  e  +  ,..={a  +  b)'\-c  +  (d  +  e)+,.. 

=  a  +  (6  +  c  +  d)  +  e  +  ...  =  &c., 

so  that  the  tenns  of  an  expression  may  be  grouped  in  any 
manner. 

Again,  from  Art.  29,  it  follows  that 

(ibcde ...  =a{bc)(de) ...  =  a{bcd)e ...  =&c., 

so  that  the  factors  of  a  product  may  be  grouped  in  any 
manner. 

These  two  results  are  called  the  Associative  Law. 

46.  We  have  now  considered  all  the  fundamental  laws 
of  Algebra,  and  in  the  succeeding  chapters  we  have  only  to 
develope  the  consequences  of  these  laws. 


CHAPTER  III. 


Addition.    Subtraction.    Brackets. 


Addition. 

46.  We  have  already  seen  that  any  term  is  added  by 
writing  it  down,  with  its  sign  unchanged,  after  the  expres- 
sion to  which  it  is  to  be  added;  and  we  have  also  seen 
that  to  add  any  expression  as  a  whole  gives  the  same 
result  as  to  add  all  its  terms  in  succession.  We  therefore 
have  the  following  rule : — to  add  two  or  more  algebraical 
eoDpressions,  write  down  all  the  terms  in  stbccession  with 
their  signs  unchanged. 

Thus  the  sum  of  a  —  26  +  3c  and  —  4d!  ~  5e  +  6/  is 

a  -  26  +  3c  -  4d  -  5e  +  6/ 

47.  If  some  of  the  terms  which  are  to  be  added  are 
'like'  terms,  the  result  can,  and  must,  be  simplified  before 
the  process  is  considered  to  be  complete. 

Now  two  'like'  terms  which  have  the  same  sign  are 
added  by  taking  the  arithmetical  sum  of  their  numerical 
coefficients  with  the  common  sign,  and  affixing  the  com- 
mon letters. 

For  example,  to  add  2a  and  5a  in  succession  gives  the  same  result, 
whatever  a  may  be,  as  to  add  7a ;  that  is,  +2a+5a=  +7a.  Also,  to 
subtract  2a  and  5a  in  succession  gives  the  same  result  as  to  subtract 
7a;  that  is,  -  2a  -  5a=  -  7a, 
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Also  two  'like'  terms  whose  signs  are  different  are 
added  by  taking  the  arithmetical  difference  of  their 
numerical  coefficients  with  the  sign  of  the  greater,  and 
affixing  the  common  letters. 

For  example,     +  6a  -  3a  =  +  2a + 3a  -  3a=  +  2a, 
also  +3a-5a= +3a-3a-2a= -2a. 

Thus,  when  there  are  several  'like'  terms  some  of 
which  are  positive  and  some  negative,  they  can  all  be 
reduced  to  one  term. 

Ex.  1.    Add  2a  +  5b  to  a- 65, 

The  sum  is  a-6b+2a  +  5b 

=  a  +  2a-66  +  66 
=3a-6. 

Ex.2.    Add  3a2-5a6+76',  - 4a2 - 2a6  +  363 

and  2a«  +  6a6-862. 

The  sum  is  3a2  -  5db  +  7h^  -  4a«  -  2a6  +  362  ^  2a^  +  5^5  _  86«. 

The  tenns  3a2,  -  ^a^,  and  +  ^a^  can  be  combined  mentally;  and  we 
have  a^.     Similarly  we  have  -  2a6  and  +  26^. 

Thus  the  required  sum  is  a^  -  2ah + 26^. 

Subtraction. 

48»  We  have  already  seen  that  any  term  may  be  sub- 
tracted by  writing  it  down,  with  its  sign  changed,  after  the 
expression  from  which  it  is  to  be  subtracted ;  and  we  have 
also  seen  that  to  subtract  any  expression  as  a  whole  gives 
the  same  result  as  to  subtract  its  terms  in  succession.  We 
therefore  have  the  following  rule :  To  subtract  any  alge- 
braical eaypression,  write  down  its  terms  in  succession  with 
all  the  signs  changed. 

Thus,  if  a  —  26  +  8c  be  subtracted  from  2a  —  36  —  4c, 
the  result  will  be  2a  —  36  —  4c  —  a  +  26  —  3c  =  a  —  6  —  7c. 

49.  The  expression  which  is  to  be  subtracted  is  some- 
times placed  under  that  from  which  it  is  to  be  taken,  'like' 
terms  being  for  convenience  placed  under  one   another; 
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and  the  signs  of  the  lower  line  are  changed  men^oZ/y  before 
combining  the  'like'  terms. 

Thns  the  previous  example  would  be  written  down  as  under : 

2a-36-4c 
a  -26+3c 
a  -  6  -7c 

As  another  example,  if  we  have  to  subtract  3a&-5ac  +  e'  from 
a'  -  5db  +  2a<;  -  25^,  the  process  is  written 

a^-6ah  +  2ac-2b^ 

Sab  -  5ac  +  <? 

a^-8ab  +  lac-2b^-e^  ' 


Brackets. 

50.  To  indicate  that  an  expression  is  to  be  added  as  a 
whole,  it  is  put  in  a  bracket  with  the  +  sign  prefixed. 
But,  as  we  have  seen  in  Art.  46,  to  add  any  algebraical 
expression  we  have  only  to  write  down  the  terms  in  suc- 
cession with  their  signs  unchanged. 

Hence,  when  a  bracket  is  preceded  by  a  +  sign,  the 
bracket  may  be  omitted. 

Thus         +  (2a-  56  +  7c)  =  +  2a  -  56  +  7c. 

Hence  also,  any  number  of  terms  of  an  expression  may 
be  enclosed  in  brackets  with  the  sign  +  placed  before  each 
bracket.     Thus 

3a-26  +  4c-d  +  e-/=3a-26  +  (4c-d!  +  6-/)  = 
3a  +  (~  26  +  4c)  -  d  +  (6 -/). 

When  the  sign  of  the  first  term  in  a  bracket  is  +  it 
is  generally  omitted  for  shortness,  as  in  the  preceding 
example. 

51.  To  indicate  that  an  expression  is  to  be  subtracted 
as  a  whole,  it  is  put  in  a  bracket  with  the  —  sign  prefixed. 
But,  as  we  have  seen  in  Art.  48,  to  subtract  any  alge- 
braical expression  we  have  only  to  write  down  the  terms 
in  succession  with  all  their  signs  changed. 
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Hence,  when  a  bracket  is  preceded  by  a  —  sign,  the 
bracket  may  be  omitted,  provided  that  the  signs  of  all  the 
terms  within  the  bracket  are  changed.     Thus 

a-(2b-c  +  d)=a-2b  +  c-d. 

Hence  also,  any  number  of  terms  of  an  expression  may 
be  enclosed  in  a  bucket  with  the  sign  -  prefixed,  provided 
that  the  signs  of  all  the  terms  which  are  placed  in  the 
bracket  are  changed.     Thus 

a-26  +  3c-d  =  a-(26-3c  +  d)=a-26-(-8c  +  d). 

52.  Sometimes  brackets  are  put  within  brackets :  in 
this  case  the  different  brackets  must  be  of  different  shapes 
to  prevent  confusion. 

Thus  a  —  [26  —  {3c  —  (2d  -  e)}] ;  which  means  that  we 
are  to  subtract  from  26  the  whole  quantity  within  the 
bracket  marked  { },  and  then  subtract  the  result  from  a ; 
and,  to  find  the  quantity  within  the  bracket  marked  { j, 
we  must  subtract  e  from  2d,  and  then  subtract  the  result 
from  3c. 

When  there  are  several  pairs  of  brackets  they  may  be 
removed  one  at  a  time  by  the  rules  of  Arts.  50  and  51. 

Thus  a-[6  +  {c-(d-e)}] 

=  a  —  [6  +  {c  —  d  +  e}] 
=  a  —  [b  +  c  —  d-\-e] 
=  a  —  6  —  c  +  d  —  e. 


EXAMPLES  I. 

1.  Add  3x  -  5y,  5x  -  2y  and  7y  -  4:X, 

2.  Add  3x-'6y  +  2z,  6x-7y-5z  and  6y  -  «-  10a;. 

3.  Add  |a-^6  +  x^,  i6-^c+  ^a  and  ^c- Ja  + J6. 

4.  Add  a^-a'  +  ay  a* -  a  +  1  and  a*-  a^-  1. 

5.  Add  ic'-Sa^-Ty"  and  3y*  +  4icy - aj". 
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6.  Add  m'  -  3mn  +  2»',  3n*  -  m'  and  5mn  -  3n*  +  2wi*. 

7.  Add  3a'  -  2ac  -  2a6,  26"  +  36c  +  3ab  and  c'  -  2ac  -  2bc. 

8.  Add  |««6  -  5ab'  +  76^  2a»  - 1  a«6  +  6ah'  and  36»  -  2a^ 

9.  Subtract  3a  -  46  +  2c  from  a  +  6  -  2c. 

10.  Subtract  «  +  «  6  -  «  c  from  c  -  ^  a  -  ^  6 . 

11.  Subtract  3x'  -  4a;  +  2  from  4a:j'  -  5a;  -  7. 

12.  Subtract  5a*  -  3a»6  +  4a"6'  from  56*  -  36"a  +  4a V. 

13.  What  is  the  difference  between  -  3a;*  -  5a?y  +  4^  and 
-5a;»  +  2a^-3y'? 

14.  "What  must  be  added  to  26c  —  3ca  —  4a6  in  order  that 
the  sum  may  be  6c  +  ca  1 

15.  What  must  be  added  to  3a*  -  26*  +  3c*  in  order  that 
the  sum  may  be  6c  +  ca  +  a6  ? 


16.  Simplify  3a;  -  {2y  +  (5a;  -  3a;  +  y)}. 

17.  SimpUfy  x-[3y  +  {3z-  x-2y}  +  2a;]. 

18.  Simplify  y  -  2a;  —  {«  —  a;  —  y  —  a;  +  »}. 


19.  Simplify  a  —  [a-6  —  {a-64-c  —  a  —  6  +  c- c?}]. 

20.  Simplify  2a;  -  [3a;  -  9y  -  {2a;  -  3y  -  (a;  +  by)]\ 

21.  Simplify  a  -  [3a  +  c  -  {4a  -  (36  -  c)  +  36}  -  2a]. 

22.  Subtract  a;  —  (3y  —  «)  from  y  —  {2x  —  z-y}. 


23.  Subtract  2m  —  (3m  -2n  —  m)  from  2n  -  (3n  -  2m  -  n), 

24.  Find  the  value  of 

{a  -  (6  -  c)Y  +  {6  -  (c  -  a)}*  +  {c  -  (a  -  6)}*  when 
a  =  -l,  6  =  -2,  c  =  -3. 

25.  Find  the  value  of 

{a«  -  (6  >  c)*}  -  {6*  -  (c  -  a)*}  -  {c*  -  (a  -  6)*}  when 

a  =  l,  6  =  2,  c  =  -3. 
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Multiplication. 


53.  Product    of    monomial    ezpressionB.      The 

multiplication  of  monomial  expressions  was  considered  in 
Chapter  II.,  and  the  results  arrived  at  were : 

(i)  The  factors  of  a  product  may  be  taken  in  any 
order. 

(ii)  The  sign  of  the  product  of  two  quantities  is  + 
when  both  factors  are  positive  or  are  both  negative ;  and 
the  sign  of  the  product  is  —  when  one  factor  is  positive 
and  the  other  negative. 

(iii)  The  index  of  the  product  of  any  two  powers  of 
the  same  quantity  is  the  sum  of  the  indices  of  the  factors. 

From  (i),  (ii)  and  (iii)  we  can  find  the  continued 
product  of  any  number  of  monomial  expressions. 

Thus  { -  2a%<^)  X  { -  Sa^b^c)  =  +  2a^b<^  x  Sa^b%  from  (ii), 
=2x3xa2.a«.6.6«.c8.c,  from  (i), 

=  6a''6%*,  from  (iii). 

Again,  ( -  Sa^ft)  ( -  5ab^)  ( -  7a*lP)  =  { +  3a»6  .  5ab^ }  ( -  la^b^) 
=  -3  .  6 .7. a2 .  a .  a*.  6  .  68 .  52=  ^ lOSa^ft*. 

54.  Product  of  a  multinomial  expression  and  a 
monomial.  It  was  proved  in  Art.  42  that  the  product 
of  the  sum  of  any  two  algebraical  quantities  by  a  third  is 
equal  to  the  sum  of  the  products  obtained  by  multiplying 
the  two  quantities  separately  by  the  third. 
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Thus  {x  +  y)z  =  xz  +  yz (i). 

Since  (i)  is  true  for  all  values  of  x,  y  and  z,  it  will  be 
true  when  we  put  (a  +  6)  in  place  of  x ;  hence 

{{a  +  h)-\-y}z={a-\-h)  z-\- yz 

=  az  +  bz-\-  yz, 
.*.  (a  +  b  +  y)z  =  az  +  bz  +  yz. 

And  similarly 

(a  +  b  +  c-\-  d+  ,..)  z^az+bz  -{-  cz  +  dz+  ..,, 

however  many  terms  there  may  be  in  the  expression 

a  +  b  +  c  +  d-\- ... 

Thus  the  product  of  any  multinomial  expression  by  a 
monomial  is  the  sum  of  the  products  obtained  by  multiplying 
the  separate  terms  of  the  multinomial  expression  by  the 
monomial, 

55.    Product   of  two  multinomial  escpressions. 

We  now  consider  the  most  general  case  of  multiplication, 
namely  the  multiplication  of  any  two  multinomial  ex- 
pressions. 

We  have  to  find 

and,  from  Art.  38,  this  includes  all  possible  cases. 

Put  M  iox  x  +  y  -\-z  •\- .,,]  then,  by  the  last  article, 
we  have 

(a  +  6  4- c  +  ...) -^=  aJf  +  6if  +  cJlf  + ... 

=  Ma  +  Mb'{-Mc-\- ... 

^{x-\-y'\'Z-\-,,,)a-\'(x'{-y-^z-\-.,.)b 

+  (^  +  y +  ^  +  ...)c+  ... 
«aaj  +  a2/+a5+  ...  ■{■bx-\-by-\rbz'\-  .,.-\-cx-^cy-\'Cz+  .., 

Hence       {a-{'b-\-c-\-  ...)(a?  +  y  +  ^  +  ...) 


MULTIPLICATION.  33 

Thus  the  product  of  any  two  algebraical  expressions  is 
equal  to  the  sv/m  of  the  products  obtained  by  multiplying 
every  term  of  the  one  by  every  term  of  the  other. 

For  example 

(a  +  b)  (c  -^  d)  =  ac  +  ad  +  bc  +  bd ; 
also 

(3a  +  56)  (2a  +  36)  =  (3a)  (2a)  +  (3a)  (36)  +  (56)  (2a) 

4-  (56)  (36)  =  6a"  +  9a6  +  10a6  +  156*  =  6a'  +  19a6  +  156'. 

Again,  to  find  (a  —  6)  (c  —  d),  we  first  write  this  in  the 
form  {«  +  (— 6)}  {c  +  (— d)},  and  we  then  have  for  the 
product 

ac  +  a  (-d)  +  (-  6)  c  +  (-  6)  (-  d) 

=  ac  —  ad  —  6c  +  6d. 

In  the  rule  given  above  for  the  multiplication  of  two 
algebraical  expressions  it  must  be  borne  in  mind  that  the 
terms  include  the  prefixed  signs. 

56.     The  following  are  important  examples  : — 

I.  (a  +  6)'  =  (a  +  6)  (a  +  6)  =  aa  +  a6  +  6a  +  66; 

.-.  (aH-6)'  =  a»-}-2a6  +  6'. 

Thus,  the  square  of  the  sum  of  any  two  quantities  is 
equal  to  the  sum  of  their  squares  plus  twice  their  product 

II.  (a  -  6)'  =  (a  -  6)  (a  -  6)  =  aa  +  a  (-  6)  +  (-  6)  a 

+  (-?^)(-6)=a'-a6-a6  +  6'; 
.-.  (a~6)'  =  a'-2a6  +  6^ 

Thus,  the  square  of  the  difference  of  any  two  quantities 
is  equal  to  the  sum  of  their  squares  minus  twice  their 
product 

III.  (a  +  6)  (a  -  6)  =  aa  +  a  (-  6)  +  6a  +  6  (-  6) 

=  a'  —  a6  +  a6  —  6' ; 

.-.  (a  +  6)(a-6)=a'-6'. 

Thus,  the  product  of  the  sum  amd  difference  of  any 
two  quantities  is  equal  to  the  difference  of  their  squares. 

S.  A.  3 
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57.  It  is  usual  to  exhibit  the  process  of  multiplication 
in  the  following  convenient  form : 

a*  +  2ab  -  6» 
g*  -  2ab  +  V 

a*  +  2a'6  -  a'6» 

-  2a'b  -  4a'6*  +  2a6» 
a'b'  +  2ab'  -  6* 

a*  -  4a^6''  +  4a6«  -  b\ 

The  multiplier  is  placed  under  the  multiplicand  and  a 
line  is  drawn.  The  successive  terms  of  the  multiplicand, 
namely  a^,  +  2a6,  and  —  6*,  are  multiplied  by  a',  the  first 
term  on  the  left  of  the  multiplier,  and  the  products  a*, 
+  2a^b  and  —  a*6^  which  are  thus  obtained  are  put  in  a 
horizontal  row.  The  terms  of  the  multiplicand  are  then 
multiplied  by  —2ab,  the  second  term  of  the  multiplier, 
and  the  products  thus  obtained  are  put  in  another  hori- 
zontal row,  the  terms  being  so  placed  that  '  like '  terms 
are  under  one  another.  And  similarly  for  aJl  the  other 
terms  of  the  multiplier.  The  final  result  is  then  obtained 
by  adding  the  rows  of  partial  products;  and  this  final  sum 
can  be  readily  written  down,  since  the  different  sets  of 
*  like '  terms  are  in  vertical  columns. 

The  following  are  examples  of  multiplication  arranged 
as  above  described : 

a+6  a  +  h  a^+ab  +  h^ 

a+b  a-b  a -b 

a^  +  ab  a^  +  ab  a^  +  a^b  +  ab^ 

+  ab  +  b^  -ah-V^  -M-aJy^-b^ 


a^  +  2ab  +  l^  a^         -b^  a»  -6» 

a  +  b  +  c  3x^'-xi/+2y^ 

a  +  b  +  c  Sx^  +  xy-2y^ 

a^  +  ab  +  ac  9a?*  -  3a;8y  +  Gaj^^a 

+  ab        +b^+bc  +3iA-  xhj^+2ayy 


+ac       +bc  +  c^  -6x^2+2a^8_4y4 

a^  +  2ab  +  2ac  +  b^  +  2bc  +  c^  9^  -   x^y^  +  4:xy^-^y^ 

68.     If  in  an  expression  consisting  of  several  terms 
which  contain  different  powers  of  the  same  letter,  the  term 
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which  contains  the  highest  power  of  that  letter  be  put 
first  on  the  left,  the  term  which  contains  the  next  highest 
power  be  put  next,  and  so  on ;  the  terms,  if  any,  which  do 
not  contain  the  letter  being  put  last;  then  the  whole 
expression  is  said  to  be  arranged  a^ording  to  descending 
powers  of  that  letter.     Thus  the  expression 

a"  4-  a*6  4-  at*  +  6" 

is  arranged  according  to  descending  powers  of  a.  In  like 
manner  we  say  that  the  expression  is  arranged  according 
to  ascending  powers  of  6. 

59.  Although  it  is  not  necessary  to  arrange  the  terms 
either  of  the  multiplicand  or  of  the  multiplier  in  any  particu- 
lar order,  it  will  be  found  convenient  to  arrange  hoik  ex- 
pressions either  according  to  descending  or  according  to 
ascending  powers  of  the  same  letter :  some  trouble  in  the 
arrangement  of  the  different  sets  of  'like'  terms  in  vertical 
columns  will  thus  be  avoided. 

60.  Definitions.  A  term  which  is  the  product  of  n 
letters  is  said  to  be  of  n  dimensions,  or  of  the  nth  degree. 
Thus  Zahc  is  of  three  dimensions,  or  of  the  third  degree ; 
and  5a'6*c,  that  is  5a,axibbc,  is  of  six  dimensions,  or  of 
the  sixth  degree.  Thus  the  .degree  of  a  term  is  found  by 
taking  the  sum  of  the  indices  of  its  factors. 

The  degree  of  an  eaypression  is  the  degree  of  that  term 
of  it  which  is  of  highest  dimensions. 

In  estimating  the  degree  of  a  term,  or  of  an  expression, 
we  sometimes  take  into  account  only  a  particular  letter,  or 
particular  letters:  thus  aa?  +  6a;  +  c  is  of  the  second  degree 
in  X,  and  aa^y  +  ba)y'+  cx^  is  of  the  third  degree  in  x  and  y. 
An  expression  which  does  not  contain  x  is  said  to  be  of 
wo  degree  in  oj,  or  to  be  independent  of  x. 

When  all  the  terms  of  an  expression  are  of  the  same 
dimensions,  the  expression  is  said  to  be  homogeneous. 
Thus  a*  +  3a'6  —  56'  is  a  homogeneous  expression,  every 
term  being  of  the  third  degree ;  also  ao^  +  hxy  +  cy*  is  a 
homogeneous  expression  of  the  second  degree  in  x  and  y. 

3—2 
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61.  Product  of  homogeneous  expressions.    The 

product  of  any  two  homogeneous  expressions  must  be 
homogeneous ;  for  the  different  terms  of  the  product  are 
obtained  by  multiplying  any  term  of  the  multiplicand 
by  any  term  of  the  multiplier,  and  the  number  of  dimen- 
sions in  the  product  of  any  two  monomials  is  clearly 
the  sum  of  the  number  of  dimensions  in  the  separate 
quantities;  hence  if  all  the  terms  of  the  multiplicand 
are  of  the  same  degree,  as  also  all  the  terms  of  the 
multiplier,  it  follows  that  all  the  terms  of  the  product 
are  of  the  same  degree;  and  it  also  follows  that  the 
degree  of  the  product  is  the  sum  of  the  degrees  of  the 
factors. 

The  fact  that  two  expressions  which  are  to  be  multi- 
plied are  homogeneous  should  in  all  cases  be  noticed  ;  and 
if  the  product  obtained  is  not  homogeneous,  it  is  clear 
that  there  is  an  error. 

62.  It  is  of  importance  to  notice  that,  in  the  product 
of  two  algebraical  expressions,  the  term  which  is  of  highest 
degree  in  a  particular  letter  is  the  product  of  the  terms 
in  the  factors  which  are  of  highest  degree  in  that  letter, 
and  the  term  of  lowest  degree  is  the  product  of  the  terms 
which  are  of  lowest  degree  in  the  factors :  thus  there  is  only 
one  term  of  highest  degree  and  one  term  of  lowest  degree. 

63.  Detached  Coefficients.  When  two  expressions 
are  both  arranged  according  to  descending,  or  to  ascending, 
powers  of  some  letter,  much  of  the  labour  of  multiplication 
can  be  saved  by  writing  down  the  coefficients  only. 

Thus,  to  multiply  3a?*  —  x  +  2  by  305*  +  2a?  —  2,  we  write 

3-1  +  2 

3  +  2-2 

9-3  +  6 
6-2  +  4 
-6+2-4 


9+3-2+6-4 
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The  highest  power  of  x  in  the  product  is  os^,  and  the 
rest  follow  in  order.     Hence  the  required  product  is 

When  some  of  the  powers  are  absent  their  places  must 
be  supplied  by  O's. 

Thus,  to  multiply  x^—2a^+os—S  by  x*  +  a^  —x  —  S, 
we  write 

1+0-2+1-3 
1  +  1+0-1--3 

1+0-2+1-3 
1+0-2+1-3 

-1-0+2-1+3 
-3-0  +  6-3  +  9 

1+1-2-2-5-1+5+0+9 

Hence  the  product  is 

a^-hx' --20^-2^-  5^*  -  fic"  +  5^"  +  9. 

This  is  generally  called  the  method  of  detached 
coefficients. 

64.  We  now  return  to  the  three  important  cases  of 
multiplication  considered  in  Art.  56,  namely, 

(a  +  by  =  a''  +  2ab  +  V (i), 

(a-6y  =  a»-2a6  +  6^ (ii), 

(a  +  6)(a-6)  =  a«-5» (iii). 

A  general  result  expressed  by  means  of  symbols  is 
called  a  formula. 

Since  the  laws  from  which  the  above  formulae  were 
deduced  were  proved  to  be  true  for  all  algebraical 
quantities  whatever,  we  may  substitute  for  a  and  for  h 
any  other  algebraical  quantities,  or  algebraical  expressions, 
and  the  results  will  still  hold  good. 


38  MULTIPLICATION. 

We  give  some  examples  of  results  obtained  by  substi- 
tution. 

Put  —  6  in  the  place  of  b  in  (i) ;  we  then  have 

{a  +  (-6)}«  =  a'  +  2a(-6)  +  (-6n 
that  is  (a  -  by  =  a'  -  2ab  +  b\ 

Thus  (ii)  is  seen  to  be  really  included  in  (i). 
Put  ^2  in  the  place  of  b  in  (iii) ;  we  then  have 

[We  here,  however,  assume  that  all  the  fundamental 
laws  are  true  for  surds:  this  will  be  considered  in  a 
subsequent  chapter.] 

Put  6  +  c  in  the  place  of  b  in  (i) ;  we  then  have 

{a  +  (6  +  c)}'  =  a'  +  2a(6  +  c)  +  (6  +  c)'; 
.-.  (a  +  6  +  c)'  =  a*  +  2a&  +  2ac  +  6''+26c  +  c* (iv). 

Now  put  —  c  for  c  in  (iv),  and  we  have 
{a4-6  +  (-c)}'  =  a«  +  2a6  +  2a(-c)  +  6*  +  26(-c)  +  (-c)"; 
.-.  (a  +  b-cy  =  a''  +  2ab-2ac  +  b^-2bc-hc\ 

Put  6  +  c  in  the  place  of  b  in  (iii) ;  we  then  have 
{a  +  (6  +  c)){a-(6  +  c)}  =  a'-(6  +  c)*  =  a'-(6'  +  26c  +  0; 
.-.  (a  +  6  +  c)  (a  -  6  -  c)  =  a'-  6'  -  26c  -  c\ 

The  following  are  additional  examples  of ,  products 
which  can  be  written  down  at  once. 

(a2  +  262)  (^2  _  262)  ^  (^2)s  _  (262)2= ^^  _  454, 
(a»  +  ^36^)  (a2  -  ^362)  =  {a^)^  -  (^36«)2 = a^  -  36*. 
(a-6  +  c)(a  +  6-c)={a-(6-c)}  {a+{b-c)}=a^-{b-c)K 

(a2  +  06  +  62)  (a^  -  a6  +  68)  =  {(a2  +  62)  +  a6}  {(a2  +  62)  -  a6} 

=  (a2  +  62)2  _  (a6)2  =  a*  +  a%^  +  61 

(i^  +  x^  +  x+l){a^-T^  +  x-l)  =  {{a^  +  x)  +  {x^  +  l)}{{iii?  +  x)-{aP  +  l)] 
=  (x'  +  a;)2-(iB2  +  l)2=a;«  +  2x*  +  a;2-(aj*  +  2a!2  +  l)=a56+a^-SB2_x. 
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65.    Square  of  a  multinomial  expression.    We 

have  found  in  the  preceding  Article,  and  also  by  direct 
multiplication  in  Art.  57,  the  square  of  the  sum  of  three 
algebraical  quantities;  and  the  square  of  the  sum  of 
more  than  three  quantities  can  be  obtained  by  the  same 
methods.  The  square  of  any  multinomial  expression  can 
however  best  be  found  in  the  following  manner. 

We  have  to  find 

(a  +  6  +  c  +  d+...)(a  +  6  +  c  +  d  +  ...). 

Now  we  know  that  the  product  of  any  two  algebraical 
expressions  is  equal  to  the  sum  of  the  partial  products 
obtained  by  multiplying  every  term  of  one  expression  by 
every  term  of  the  other.  If  we  multiply  the  term  a  of 
the  multiplicand  by  the  term  a  of  the  multiplier,  we 
obtain  the  term  a'  of  the  product:  we  similarly  obtain 
the  terms  6',  c',  &c.  We  can  multiply  any  term,  say  6, 
of  the  multiplicand  by  any  different  term,  say  rf,  of  the 
multiplier;  and  we  thus  obtain  the  term  bd  of  the 
product.  But  we  also  obtain  the  term  bd  by  multipljdng 
the  term  d  of  the  multiplicand  by  the  term  b  of  the 
multiplier,  and  the  term  bd  can  be  obtained  in  no  other 
way,  so  that  every  such  term  as  bd,  in  which  the  letters 
are  different,  occurs  tmce  in  the  product.  The  required 
product  is  therefore  the  sum  of  the  squares  of  all  the 
quantities  a,  6,  c,  &c.  together  with  twice  the  product 
of  every  pair. 

Thus,  the  square  of  the  swm  of  a/ay  number  of  cHgebrai- 
cai  quantities  is  equal  to  the  sum  of  their  squares  together 
with  twice  the  product  of  every  pair. 

For  example,  to  find  (a  +  &  +  c)'. 

The  squares  of  the  separate  terms  are  a^,  b\  c'. 

The  products  of  the  different  pairs  of  terms  are  a&,  oc  and  be. 

Hence  {a  +  h+c)^=a^-\-b^  +  c^+2ab+ 2ac+ 26c. 

Similarly, 

(a  +  26-3c)2=a2+(26)2  +  (-3c)2+2a(26)  +  2a(-3c)  +  2(26)(-3c) 
=  a^ + 46«  +  9c2  +  4a6  -  6ac  -  126c. 
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And 

(a-6  +  c-d)2=aH(-6)2+c2  +  (-d)2  +  2a(-6)  +  2ac  +  2a(-d) 
+  2(-b)c  +  2{-b)(-d)  +  2c{-d)  =  a'^  +  b^  +  c^  +  dP-2db  +  2ac 
-2ad-2bc  +  2bd-2cd. 

After  a  little  practice  the  intermediate  steps  shonld  be  omitted 
and  the  final  result  written  down  at  once.  To  ensure  taking  twice 
the  product  of  every  pair  it  is  best  to  take  twice  the  product  of  each 
term  and  of  every  term  which  follows  it. 

66.  Continued  Products.  The  continued  product 
of  several  algebraical  expressions  is  obtained  by  finding 
the  product  of  any  two  of  the  expressions,  and  then 
multiplying  this  product  by  a  third  expression,  and  so  on. 

For  example,  to  find  {x+a)  (x+b)  (x  +  c),  we  have 

x  +  a 

x+b 


a?+ax 
+  bx+ab 


iii^+(a  +  b)x+ab 
X  +c 

a?  +  (a  +  b)  s^  +  abx 
•{■c^  +  {a  +  b)  cx  +  abc 


ix?+{a  +  b  +  c)  x^  +  (ab  +  ac  +  be) x-{- abc 

In  the  above  all  the  terms  which  contain  the  same  powers  of  x  are 
collected  together :  it  is  frequently  necessary  to  arrange  expressions 
in  this  way. 

Again,  to  find    (x^ + a^)^  (x + a)*  (x  -  a)K 

The  factors  can  be  taken  in  any  order;  hence  the  required  product 
=  [(x-a){x  +  a){ix^  +  a^f=[(ic^-a^)(x^+a^)]^=(x*-a^)^=x»-2ah*+a^ 

67.  We  have  proved  in  Art.  65  that  the  product  of 
any  two  multinomial  expressions  is  the  sum  of  all  the 
partial  products  obtained  by  multiplying  any  term  of  one 
expression  by  any  term  of  the  other. 

To  find  the  continued  product  of  three  expressions  we 
must  therefore  multiply  each  of  the  terms  in  the  product 
of  the  first  two  expressions  by  each  of  the  terms  in  the 
third;  hence  the  continued  product  is  the  sum  of  all  the 
partial  products  which  can  be  obtained  by  multiplying 
together  any  term  of  the  first,  any  term  of  the  second,  and 
any  term  of  the  third. 
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And  similarly,  the  continued  product  of  any  number  of 
expressions  is  the  sum  of  all  the  partial  products  which 
can  be  obtained  by  multiplying  together  any  term  of  the 
first,  any  term  of  the  second,  any  term  of  the  third,  &c. 

For  example,  if  we  take  a  letter  from  each  of  the  three 
factors  of 

(a  +  l)(a  +  b)  (a  +  6), 

and  multiply  the  three  together,  we  shall  obtain  a  term 
of  the  continued  product;  and  if  we  do  this  in  every 
possible  way  we  shall  obtain  all  the  terms  of  the  continued 
product. 

Now  we  can  take  a  every  time,  and  we  can  do  this  in 
only  one  way;  hence  a'  is  a  term  of  the  continued 
product. 

We  can  take  a  twice  and  b  once,  and  this  can  be  done 
in  three  ways,  for  the  b  can  be  taken  from  either  of  the 
three  binomial  factors ;  hence  we  have  3a*6. 

We  can  take  a  once  and  b  twice,  and  we  can  do  this 
also  in  three  ways ;  hence  we  have  3a6". 

Finally,  we  can  take  b  every  time,  and  this  can  be  done 
in  only  one  way ;  hence  we  have  6*. 

Thus  the  continued  product  is 

a»  +  Sa%  +  Sab'  +  6^ 

that  is  (a  +  6)»  =  a'  +  3a'6  +  Sab'  +  b\ 

The  continued  product  {os  +  a)  (a?  +  b)  (os  +  c)  can  simi- 
larly be  written  down  at  once. 

For  we  can  take  oo  every  time :  we  thus  get  a?'. 

We  can  take  two  x*s  and  either  a  or  6  or  c :  we  thus 
have  x'a,  a?b  and  x'c. 

We  can  take  one  x  and  any  two  of  a,  6,  c :  we  thus 
have  xahy  xac,  and  xbc. 

Finally,  if  we  take  no  x%  we  have  the  term  abc. 
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Thus,  arranging  the  result  according  to  powers  of  x,  we 
have 

{x  +  a)  (a?  +  6)  (a?  +  c)  =  a?'  +  a;'  (a  +  6  +  c)  +  a? {ah •\-aC'\'hc) 

+  abc. 

68.  Powers  of  a  binomial  We  have  already  found 
the  square  and  the  cube  of  a  binomial  expression;  and 
higher  powers  can  be  obtained  in  succession  by  actual 
multiplication.  The  method  of  detached  coefficients  should 
be  used  to  shorten  the  work. 

The  following  should  be  remembered 

(a  +  6)»  =  a»  +  2a5  +  6", 
{a+hf  =  a'  +  3a*6  +  3a6"  +  6", 
and  {a  +  hf  =  a*  +  4a'6  +  6a»6»  +  4a6'  -I-  6*. 

To  find  any  power,  higher  than  the  fourth,  of  a  binomial 
expression  a  formula  called  the  Binomial  Theorem  should 
be  employed :  this  theorem  will  be  considered  in  a  subse- 
quent chapter. 
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1.  Multiply  2x  —  a  by  x—  2a. 

2.  Multiply  3aj  -  ^  by  ^  -  3. 

3.  Multiply  x'  +  x+l  by  x-1, 

4.  Multiply  af-Qcy  +  y'  by  x  +  y. 

6.  Multiply  l+aj  +  a^  +  a?"  by  a?-l. 

6.  Multiply  X*  +  of y  +  a^y' +  xy^  +  y*  by  y-x, 

7.  Multiply  af-x+2  by  aj"  +  aj-2. 

8.  Multiply  1  +  aa;  +  a V  by  1  -  oa;  +  a V. 

9.  Multiply  ic*  +  fic*  +  1  by  cc*  -  aj"  +  1. 
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10.  Multiply  3a^-xy  +  2y'  hj  Zy'-cci/-^  2aj*. 

11.  Multiply  x*-5af  +  1  by  2aj'  +  5a;  +  1. 

12.  Multiply  2a^  -  5a^y  +  ^^  by  y»  +  5a^  +  2iB". 

13.  Multiply  3a"  -  2a'b  +  3a^*  -  36»  by  2a»  +  5a'6  -  4a6*  +  6". 
14  Multiply  2aV  -  3aVy"  +  6y«  by  aV  +  4aay*  -  2/. 

15.  Multiply  2a  -  3a*  +  5a"  -  7a*  by  1  -  2a«  +  6a*. 

16.  Multiply  a*  -  ah  —  ac  -h  b'  —  he  -\-  c'  by  a  +  6  +  c. 

17.  Multiply  7?  +  y*  +  7?  —  yz  —  zx  —  xy  by  a?  +  y  +  «. 

18.  Multiply  4a»  +  96' +  c»  +  3^c  +  2ca - 6aft  by  2a  +  3&-c. 

19.  Multiply  together  a;*  +  1,  «*  +  1  and  a"  -  1. 

20.  Multiply  together  x*  +  16y*,  a;*  +  4^*,  x  +  2y  and  a;  -  2y. 

21.  Multiply  together  (x  -  yf,  {x  +  yf  and  {a?  +  2^)'. 

22.  Multiply  together  (a*  +  1)",  (a;  +  1)"  and  {x  -  1)". 

23.  Multiply  together  a*-aj+l,  a;'  +  aj+l  and  a?*  +  a*  +  1. 

24     Multiply    together    a*-2a6  +  46*,    a"  +  2a6  +  46'    and 
a*  +  4aV+166^ 

25.  Find   the  squares  of    (i)   a +  26 -3c,  (ii)  a* -oft +  6', 
(iii)  hc-^ca  +  ahy  (iv)  1  -  2a;  +  3a;*,  and  (v)  a?"  +  a;*  +  a?  +  1. 

26.  Find  the  cubes   of   (i)  a  +  6  +  c,  (ii)  2a  -  36  -  2c  and 
(iii)  1+05  +  35*. 

27.  Simplify 

(»  + y +  «)'- (- a;  +  2/ +  »)*  +  (a;- y  +  «)*- (a;  +  2/ -«)*. 

28.  Shew  that 

{x-\-y){x  +  z)-x^  =  {^^'z){y  +  x)-'i^  =  (z-\-x){z  +  y)-^. 

29.  Shew  that 

{y  +  %Y  +  {z  +  xY^{x  +  yy-7?-y''-^  =  (x-\-y-\-z)\ 
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30.  Simplify  {a;  («  +  a)  —  a  (a?  —  a)}  {x(x  —  a)-a(x  +  a)}. 

31.  Shew  that 

(y-»)' +  («-«)'+(«-y)'  =  3  (y -«)(«-«)  (a -y). 

32.  Shew    that    a"  +  6"  =  (a  +  hf  -  Zab  (a  +  6),    and     that 

33.  Shew  that  (a*  +  aw/ +  y")' -  4a^  (oj' +  y*)  =  (a?"  -  a?y  +  y*)'. 

34.  Shew  that  (y +  »)"  +  («  + a?)' +  (aj  +  y)*  + 2  (a;  +  y)  («  +  «) 
+  2  (y  +  «)  (y  +  a;)  +  2  («  +  aj)  (2;  +  y)  =  4  (a?  +  y  +  2)*. 

35.  Shew  that  (a"  +  h')  (c'  +  (f )  =  (oc  +  6c?)'  +  («(;-  be)'. 

36.  Shew  that,  ifa;  =  a  +  ci,y  =  6  +  c?,  and  «  =  c  +  d;  then  will 
a*  +  y*  +  «•  -  y«  -  «r  -  ajy  =  a*  +  6'  +  c'  -  5c  -  ca  -  06. 

37.  Shew  that,  if  a?  =  6  +  c,  y  =  c  +/i,  and  z  =  a  +  b;  then  will 
a"  +  y*  +  «■  -  y«  —  2505  -  ajy  =  a*  +  6*  +  c'  —  6c  —  ca  —  aft. 

38.  Shew  that  2  (a  -  6)  (a-  c)  +  2  (6  -c)  (6  -  a) 

+  2(c-a)(c-6)  =  (6-c)'  +  (c-a)'  +  (a-6)'. 

39.  Shew  that  («•  +  y«  +  «")  (a"  +  6*  +  c")  -  (oa?  +  6y  +  C2j)* 
=  {bz  -  cy)'  +  (cX'-  az)'  +  (ay  —  bx)'. 

40.  Shew  that,  if  a;  =  a"  -  6c,  y  =  6*  —  ca, «  =  c*  —  a6 ;  then  will 
aa;  +  6y  +  c«  =  (a:  +  y  4  «)  (a  +  6  +  c),  and  6c  (»"  —  y«)  =  ca{y'  —  zx) 
=  06  (sj*  —  ajy). 

41.  Find  the  value  of  {x  -  af  +  (a?  -  6)^  +  (a:  -  c)** 

—  3  (a;  ~  a)  (a;  -  6)  (ar  —  c)  when  3a;  =  a  +  6  +  c. 

42.  Shew  that  (a'  +  6"  +  c')" 

=  (6"  +  cy  +  (a6  +  acy  +  (ab  -  ac)'  +  a* 

=  (6c  +  ca  +  06)'  +  (a*  -  6c)"  +  (6"  -  ca)'  +  (c"  -  ab)'. 

43.  Shew     that     (of  +  xy  +  y')  (a"  +  06  +  6*)  =  (ax  -  6y)* 
+  (ax  —  6y)  (ay  +  6aj  +  6y)  +  (ay  +  6aj  +  6y)'. 
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41     Shew    that    1  +  a"  +  6"  +  c"  +  6V  +  i^a''  +  a'6*  +  aVc" 
=  (1  -  6c  -  ca  -  a6)*  +  (a  +  6  +  c  -  aftc)'. 

45.  Shew   .that     (a"  +  6' +  c'' +  c^7  =  (a"  +  6' -  c»  -  c^)* 
+  4(ac  +  6(Q»  +  4(a(^-6c)^ 

46.  Shew  that 

(i)  (a+2)»^4(a+l)V6a'-4(a-l)«  +  (a~2)"  =  0. 

(ii)  (a  +  2)  (6  +  2)  -  4  (a  +  1)  (6+  1)  +  6  a«> 

-4(a-l)(6-l)+(a-2)(6-2)  =  0. 

47.  Shew  that 

(i)  (a  +  2)«  -  4  (a  +  1)"+  6a"-  4  (a-  1)'  +  (a-2)«  =  0. 

(ii)  (a  +  2)(6  +  2)(c+  2)-4(a+l)(6  +  l)(c  +  l)  +  6a6c 

-  4  (a  - 1 )  (6  -  1 )  (c  -  1 )  +  (a  -  2)  (6  -  2)  (c  -  2)  =  0. 


CHAPTER  V. 


Division. 


69.  Division   by  a  monomial  expression.    We 

have  already  considered  the  division  of  one  monomial 
expression  by  another.  We  have  also  seen  (Art.  43)  that 
the  quotient  obtained  by  dividing  the  sum  of  two  alge- 
braical quantities  by  a  third  is  the  sum  of  the  quotients 
obtained  by  dividing  the  quantities  separately  by  the 
third;  and  we  can  shew  by  the  method  of  Art  54  that 
when  any  multinomial  expression  is  divided  by  a  monomial 
the  quotient  is  the  sum  of  the  quotients  obtained  by 
dividing  the  separate  terms  of  the  multinomial  expression 
by  that  monomial. 

Thus  (a*a?  —  Sax)  -7-ax  =  a*x  -r-dx  —  Sax  -7-ax  =  a  —  S. 

And  (Uaf-Bax"  -  2a*a?)  -r-  Sx  =  12a^-f-  3a?  -  5  o^-j-  3;» 
—  2a*x  -i-Sx  =  4ia^  —  ^ax  —  §a'. 

70.  Division  by  a  multinomial  expression.    We 

have  now  to  consider  the  most  general  case  of  division, 
namely  the  division  of  one  multinomial  expression  by 
another. 

Since  division  is  the  inverse  of  multiplication,  what 
we  have  to  do  is  to  find  the  algebraical  expression  which, 
when  multiplied  by  the  divisor,  will  produce  the  dividend. 

Both  dividend  and  divisor  are  first  arranged  according 
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to  descending  powers  of  some  common  letter,  a  suppose  ; 
and  the  quotient  also  is  considered  to  be  so  arranged. 
Then  (Art.  62)  the  first  term  of  the  dividend  will  be  the 
product  of  the  first  term  of  the  divisor  and  the  first  term 
of  the  quotient;  and  therefore  the  first  term  of  the 
quotient  wiU  he  found  by  dividing  the  first  term  of  the 
dividend  by  the  first  term  of  the  divisor.  If  we  now 
multiply  the  whole  divisor  by  the  first  term  of  the 
quotient  so  obtained,  and  subtract  the  product  from  the 
dividend,  the  remainder  must  be  the  product  of  the 
divisor  by  the  sum  of  all  the  other  terms  of  the  quotient ; 
and,  this  remainder  being  also  arranged  according  to 
descending  powers  of  a,  the  second  term  of  the  quotient 
wiU  be  found  as  before  by  dividing  the  first  term  of  the 
remainder  by  the  first  term  of  the  divisor.  If  we  now 
multiply  the  whole  divisor  by  the  second  term  of  the 
quotient  and  subtract  the  product  from  the  remainder,  it 
is  clear  that  the  third  and  other  terms  of  the  quotient  can 
be  found  in  succession  in  a  similar  manner. 

For  example,  to  divide  d>a^  4-  8a'6  +  4a5'  +  6'  by  2a  +  6. 

The  arrangement  is  the  same  as  in  Arithmetic. 

2a  +  6)8a»  +  8a"6  +  4a6»  +  6'(4a'  +  2ah  +  V 

8a'  -f  4a^6 

4a*6  +  4a6"  +  J» 
4a'6  +  2a6' 

2aV  +  V 
2a6'  -h  V 

The  fi/rst  term  of  the  quotient  is  8a'  -^  2a  =  4a*. 
Multiply  the  divisor  by  4a"  and  subtract  the  product  from 
the  dividend:  we  then  have  the  remainder  4a*6  +  4a6* H-  6'. 
The  second  term  of  the  quotient  is  4a'6  -i-  2a  =  2a6. 
Multiply  the  divisor  by  2a6,  and  subtract  the  product 
from  the  remainder :  we  thus  get  the  second  remainder 
2a6*  +  V.  The  third  term  of  the  quotient  is  2a6*  -r-  2a  =  6*. 
Multiply  the  divisor  by  6',  and  subtract  the  product  from 


^ 
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2a6'  +  6',  and  there  is  no  remainder.  Since  there  is  no 
remainder  after  the  last  subtraction,  the  dividend  must  be 
equal  to  the  sum  of  the  different  quantities  which  have 
been  subtracted  from  it;  but  we  have  subtracted  in 
succession  the  divisor  multiplied  by  4a",  by  +  2a6,  and 
^y  +  ^'  >  we  have  therefore  subtracted  altogether  the 
divisor  multiplied  by  (4a'  +  2ah  +  6*).  And,  since  the 
divisor  multiplied  bv  4a'  +  2a6  +  6'  is  equal  to  the 
dividend,  the  required  quotient  is  4a'  +  2ab  -f  b*. 

The  dividend  and  divisor  may  be  arranged  according 
to  ascending  instead  of  according  to  descending  powers  of 
the  common  letter,  as  in  the  last  example  considered  with 
reference  to  the  letter  b ;  but  the  dividend  and  the  divisor 
must  both  be  arranged  in  the  same  way. 

71.     The  following  are  additional  examples : 

Ex.  1.    Divide  a*  -  a^b  +  2a^b^  -ab^+h*  by  a^  +  ft^. 

a^+b*)a*-a^b-\-2a^b^-ab^+b*{a^-db  +  1)» 
a*         +ag&8 

-  a^b  -  ab^ 

+  a%^  +  6* 

+  a^b^  +b* 

Ex.  2.    Divide  a* + a^l^ + 6*  by  a^-ab  +  bK 

a2-a6  +  62)a4          +a^b^         +b*{a^+ab  +  J^ 
a*-.aib  +  a%^ 

+  a^b  +M 

+  a^b^-ab^  +  b^ 

In  this  example  the  terms  of  the  dividend  were  placed  apart,  in 
order  that  *like'  terms  might  be  placed  under  one  another  without 
altering  tiie  order  of  the  terms  in  descending  powers  of  a.  The 
subtractions  can  be  easily  performed  without  placing  'hke'  terms 
under  one  another ;  but  the  arrangement  of  the  terms  according  to 
descending  (or  ascending)  powers  of  the  chosen  letter  should  never 
be  departed  from. 

Ex.  3,    Divide  a»  +  6»+c*-3a6c  by  a  +  6+c. 
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a^  +  a^b  +  a^c 

-  a^b  -  a^c  -Sabc  +  b^-{-c^ 

-  a%  -  ab^  -  ahc 


-a»c  +  a62-2a6c  +  6>  +  c« 
-a^c  -ahc  -oc' 

+  ab^ +&»  +  6gc 

-  abc  +  oc'  -  b'^c  +  c* 

-  abc  -  b'^c  -  6c* 

^ac^  +  bc^  +  c^ 
^ac^  +  bc^  +  c^ 

Where,  as  iu  the  above  example,  more  than  two  letters  are 
inyolved,  it  is  not  sufficient  to  arrange  the  terms  according  to 
descending  powers  of  a ;  but  b  also  is  given  the  precedence  over  c. 

By  using  brackets,  the  above  process  may  be  shortened.    Thus 

a+6  +  c)a»-3a6c  +  6«  +  c8(a*-a(6  +  c)  +  (62-5c+c3) 

a^  +  a^(b  +  c)  

-a2(6  +  c)-3a6c  +  6»  +  c3 

'-a^\b^-c)-a{b  +  cY 


a(62-6c  +  c2)  +  b3  +  c8 
a(6^-&c  +  c2)  +  68  +  c8 

72.  The  method  of  detached  coeflScients  may  often  be 
employed  in  Division  with  great  advantage.  For  example, 
to  divide 

2a;»  -  7aj' +  5a;*  +  Sa?'*  -  3aj'' -h  4»  -  4  by  2ic' -  3^*  +  a?  -  2, 
we  write — 
2-3  +  1-2)2-7  +  5  +  3-3  +  4-4(1-2-1  +  2 

2-3+1-2 


-4+4+5-3+4- 
-4+6-2+4 

-4 

-2  +  7- 
-2  +  3- 

-7  +  4- 
-1  +  2 

-4 

4- 
4- 

-6  +  2- 
-6  +  2- 

-4 
-4 

The  first  term  of  the  quotient  is  x^  and   the   other 
powers  follow  in  order :  thus  the  quotient  is 

a!*-2a;'-a?+2. 
S.  A.  4 
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73.  Extended  definition  of  Division.  In  the  pro- 
cess of  division  as  described  in  Art.  70,  it  is  clear  that 
the  remainder  after  the  first  subtraction  must  be  of  lower 
degree  in  a  than  the  dividend;  and  also  that  every  re- 
mainder must  be  of  lower  degree  than  the  preceding 
remainder.  Hence  by  proceeding  far  enough  we  must 
come  to  a  stage  where  there  is  no  remainder,  or  else 
where  there  is  a  remainder  such  that  the  highest  power 
of  a  in  it  is  less  than  the  highest  power  of  a  in  the 
divisor,  and  in  this  latter  case  the  division  cannot  be 
exactly  perfprmed. 

It  is  convenient  to  extend  the  definition  of  division  to 
the  following :  To  divide  A  by  B  is  to  find  an  algebraical 
expression  C  such  that  B  x  G  is  either  equal  to  A,  or  differs 
from  A  by  an  expression  which  is  of  lower  degree,  in  some 
particular  letter,  than  the  divisor  B. 

For  example,  if  we  divide  a'  -f-  3a6  +  46'  by  a  +  6,  we 
have 

a  +  b)a'  +  3ab  +  W{a  +  2b 
a'  +  ab 

~2aF+W 
2ab  +  W 


Thus  (a*  +  3a6  +  46*)  -r-  (a  +  6)  =  a  +  26,  with  remainder 
26';  that  is  a'  +  3a6 +  46'  =  (a  +  6)  (a  + 26)  + 26'.  We 
have  also,  by  arranging  the  dividend  and  divisor  dif- 
ferently, 

6  +  a)46'  +  3a6  +  a'(46-a 
46'  +  4a6 

—  a6  +  a' 

—  a6  —  a' 


+  2a' 

Hence  a  change  in  the  order  of  the  dividend  and 
divisor  leads  to  a  result  of  a  diflterent  form.  This  is,  how- 
ever, what  might  be  expected  considering  that  in  the  first 
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case  we  find  what  the  divisor  must  be  multiplied  by  in 
order  to  agree  with  the  dividend  so  far  as  certain  terms 
which  contain  a  are  concerned,  and  in  the  second  we  find 
what  the  divisor  must  be  multiplied  by  in  order  to  agree 
with  the  dividend  so  far  as  certain  terms  which  contain  h 
are  concerned. 

When  therefore  we  have  to  divide  one  expression  by 
another,  both  expressions  being  arranged  in  the  same 
way,  it  must  be  understood  that  this  arrangement  is  to  be 
adhered  to. 

•  74.  Del  A  relation  of  equality  which  is  true  for  all 
values  of  the  letters  it  contains,  is  called  an  identity. 

The  following  identities  can  easily  be  verified,  and 
should  be  remembered : 

(a?  +  2ax  -\-a^-^{x  +  a)=x-\-a. 
(a?"  —  2flW7  +  a')  -r  (a?  —  a)  =  a?  —  a. 
{a?  '-a*)-7-  {x  ±a)  =  xT  a- 
{o^Ta^)  -r-{x^a)  =  a?  ±ax-\-  a\ 
(x^  —  a*)  -T-{xTa)=a^±aa?  +  a'x ± a\ 
(x^  +  a V  +  a^)  -i-(x*T€ix  +  a^)=a?  ±ax  +  a\ 
{a?-\-  y*  +  ^—  ^xyz)  •¥{x  +  y  +  z)=  a?+  y*+  z^—yz  —  zx  —  xy. 


1. 

Divide 

2. 

Divide 

3. 

Divide 

4. 

Divide 

5. 

Divide 

6. 

Divide 

EXAMPLES   III. 

Q?  —  9y*  by  a;  +  3y. 
a;*-  16y*  by  03*  —  41/'. 
27a:'  +  64/  by  4y  +  Sa;. 
3a^  -  4ay  -  4y*  by  2y  -  x, 
l-5«*+4aj*  by  \-x. 
od^  —  bxy^  +  4y*  by  a:  —  y. 


4—2 
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7.  Divide     l-6a^  +  5ic«  by  l-2a;  +  ar'. 

8.  Divide     w"  -  ^mr^  +  5w®  by  m*  —  2mw  +  w'. 

9.  Divide     1  -  7aj«  +  6a;^  by  (1  -  a;)'. 

10.  Divide  1  -  a:^  by  1  -  a:*. 

11.  Divide  1  +  a;  -  8a^  +  19a;« -  15a;*  by  1  +  3a;-  53:*. 

12.  Divide  4  -  9a;'  +  1 2a;«  -  4a;'  by  2  +  3a;  -  2a;". 

13.  Divide  4a;*  -  9a;*2/«  +  ^xy""  -  y"  by  2a;*  ^-^o^-  y\ 

14.  Divide  a;*  -  3a;*  +  3a;  +  y^  -  1  by  a;  +  y  -  1. 

15.  Divide  aP  +  x*y  +  afy^  +  a;y  +  a;y*  +^  by  x^  +  xy  +  j/', 

16.  Divide 

ot^-6x*y  +  7x^i/^-a^y^-4:xy*-h2y^  by  x^  -  Sx'y  +  Sxy' -  y^, 

17.  Divide     a*  -  26"  -  6c*  +  ab-ac  +  7bc  by  a  -  6  +  2c. 

18.  Divide     a*  +  26*  -  3c*  +  6c  +  2ac  +  3a6  by  a  +  6-c. 

19.  Divide 

Qa^  +  46*  -  a»6  +  1 3a6"  +  2a*6*  by  2a*  +  46*  -  3a6. 

20.  Divide     x*  +  y*'-z*  +  2xy  +  2«*- 1   hj  a^ +  y' -z^+h 

21.  Divide     a»  -  3a*6  +  Sab''  -  6»  -  c»  by  a  -  6  -  c. 

22.  Divide     a«  +  86»  -  c»  +  6a6c  by  a  +  26  -  c. 

23.  Divide 

a»  +  86"  +  27c"  -  18a6c  by  a*  +  46*  +  9c*  -  66c  -  3ca  -  2a6. 

24.  Divide     27a«  -  86'  -  27c»  -  54a6c  by  3a  -  26  -  3c. 

25.  Divide     acx^  +  (ad  —  be)  a;*  —  (ac  +  bd)  x  +  bc  by  ax-  b, 

26.  Divide 

2a*a;*  -  2  (6  -  c)  (36  -  4c)  2/*  +  a6a;y  by  aa;+2(6-c)y. 

27.  Divide 

9a*6"  -  12a*6  +  36«  +  2a"6*  +  4a«  -  1  la6*  by  36"  +  4a"  -  2a6*. 

28.  Divide  x^  ■¥  y^  hj  x  +  y;  and  from  the  result  vjrite  dovm 
the  quotient  of  (a;  +  y)"  +  »"  by  x  +  y  +  z. 

29.  Divide   o(?  —  y^  by  x—y;   and   hence  ivrite   dovm  the 
quotient  of  (x  +  yY  —  8«"  by  x-\-y  —  2z. 
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Factors. 


75.  Definitions.  An  algebraical  expression  which 
does  not  contain  any  letter  in  the  denominator  of  any  term 
is  said  to  be  an  integral  expression :  thus  J  a'6  —  J  6'  is  an 
integral  expression. 

An  expression  is  said  to  be  integral  with  respect  to  any 
particular  letter,  when  that  letter  does  not  occur  in  the 


x^  X 


denominator  of  any  term :  thus  — I r  is  intecfral  with 

•^  a      a  +  o  ° 

respect  to  x. 

An  expression  is  said  to  be  rational  when  none  of  its 

terms  contain  square  or  other  roots. 

76.  In  the  present  chapter  we  shall  shew  how  factors 
of  algebraical  expressions  can  be  found  in  certain  simple 
cases. 

We  shall  only  consider  rational  and  integral  expressions; 
and  by  the  factors  of  an  expression  will  be  meant  the 
rational  and  integral  expressions  which  exactly  divide  it. 

77.  Monomial  Factors.  When  some  letter  is 
common  to  all  the  terms  of  an  expression,  each  term,  and 
therefore  the  whole  expression,  is  divisible  by  that  letter. 

Thus  2ax  +  x^=x(2a  +  x), 

ax  +  a^x^  =  aa;  (1  +  ax), 
and  2a«62a; + Sa^fe^y = a%^  {2ax + 3&y). 

Such  monomial  factors,  if  there  be  any,  are  obvious  on 
inspection. 
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78.  Factors  found  by  comparing  with  known 
identities.  Sometimes  an  algebraical  expression  is  of  the 
same  form  as  some  known  result  of  multiplication :  in  this 
case  its  factors  can  be  written  down  at  once. 

Thus,  from  the  known  identity 

a9-63=(a+6)(a-6), 
we  hftve 

aa-46a=a»-(26)«  =  (a  +  26)(a-26), 

a2-2  =  aa-(V2)^  =  (a  +  V2)(a-V2), 
a*  -  16ft* = (a2)2  -  (46«)a  =  (a« + 46«)  {a^  -  468) 

=  (aa  +  462)(a  +  26)(a-26), 
and        a»  -  9al)^=a  (a«  -  9h^) =a(a  +  36)  (a  -  86). 

Again,  from  the  identity 

a»  +  6»  =  (a  +  6)(a2-a6  +  62), 
we  have 

aS  +  868=a8+(26)8=(a+26){a2-a(26)  +  (26)2} 
=  (a+26)(a»-2a6  +  462), 
8a» + 2766=  (2a)»  +  (362)» = (2a  +  36«)  {(2a)« -  (2a)  (362)  ^.  (352)2 j 
=  (2a + 362)  (4^2  _  6^52  +  954)^ 

and  a9  +  a^=(a»)8+(«8)8=(a8+jc8)(a«-a3as+aj«) 
=  (a  +  x)  (a*  -  ax  +  a^^)  (a*  -  a'x'  +  «•). 

And,  from  the  identity 

o»-6'=(a-6)(a2  +  a6  +  63), 
we  have 

a'68--  a%'=(a6-2  xy)  (a^ft^  +  g  a6a:y4- j  o^y*). 

The  following  are  additional  examples  of  the  same 
principle : 

(i)  (a  +  6)2-(c  +  d)«={(a  +  6)  +  (c  +  d)}  {(a  +  6)-(c+d)} 

=  (a+6  +  c  +  d)(a  +  6-c-d). 
(ii)    4a26«-(a2+6«-c2)2={2a6  +  (a«+62-c2)}{2a6-(a2+6'-c2)}; 

and,  since 

2a6  +  a2  +  62-c2=(a+6)2-c2=(a  +  6  +  c)(a+6-c), 
and        2a6-a2-62  +  c«=c2-(a-6)2=(c  +  a-6)(c--a  +  6), 

we  have  finally 

4a262-(a«+62-c2)2=(a+6  +  c)(6  +  c-a)(c  +  a-6)(a  +  6-c). 
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(iii)     (a+26)»-(2a  +  6)» 

=  {(a  +  26)-(2a  +  6)}  { (a  +  26)«  +  (a  +  26)  (2a  +  6)  +  (2a  +  6)'} 
=  (6-a)(7a2  +  13a6  +  762). 

79.    Factors  of  a^  +  px  +  q  found  by  inspection. 

From  the  identity 

(x  +  a)  (x  '\-  b)  =  a^  +  (a  +  b)  X  +  ab, 

it  follows  conversely  that  expressions  of  the  form 

a^  +px  +  q 

canfagmetimoa,  if  n^always,  be  expressed  as  the  product 
of  two  factors  of  theTorm  x  +  a,  x+b. 

We  shall  presently  give  a  method  by  which  two  factors 
o{  a^  +  px  +  q  o{  the  form  x-\-a  and  x-\-b  can  always  be 
found ;  but  whenever  a  and  6  are  rational,  the  factors  can 
be  more  easily  found  by  inspection.  For,  if  (x  +  a){x  +  6), 
that  is  a^-^^a+b)  x-h  ab,  is  the  same  as  ^  H-po? -f  g,  we 
must  have  a-hb=p  and  ab  =  q.  Hence  a  and  b  are  such 
that  their  sum  is  p,  and  their  product  is  q. 

For  example,  to  find  the  factors  of  a^+7x  + 12.  The  Caotors  wiU 
be  2;  +  a  and  x  +  b,  where  a  +  b=7  and  ah  =  12.  Hence  we  mast  find 
two  numbers  whose  product  is  12  and  whose  smn  is  7:  pairs  of 
nmnbers  whose  product  is  12  are  12  and  1,  6  and  2,  and  4  and  3 ;  and 
the  sum  of  the  last  pair  is  7.     Hence  a;*  +  7a; + 12  =  (a? + 4)  (x + 3). 

Again,  to  find  the  factors  of  a;^-7a;+10.  We  have  to  find  two 
numbers  whose  product  is  10,  and  whose  sum  is  -7.  Since  the 
product  is  + 10,  the  two  numbers  are  both  positive  or  both  negative ; 
and  since  the  sum  is  -  7,  they  must  both  be  negative.  The  pairs  of 
negative  numbers  whose  product  is  10  are  - 10  and  - 1,  and  -  5 
and  -  2 ;  and  the  sum  of  the  last  pair  is  -  7.  Hence  o^  -  7a;  + 10= 
(x  -5){x-  2). 

Again,  to  find  the  factors  of  a;^+Sa;-18.  We  have  to  find  two 
numbers  whose  product  is  - 18  and  whose  sum  is  3.  The  pairs  of 
numbers  whose  product  is  - 18  are  - 18  and  1,-9  and  2,-6  and  3, 
-  3  and  6,-2  and  9  and  - 1  and  18 ;  and  the  sum  of  6  and  -  3  is  3. 
Hence  a;3 + 3a?  - 18 = (a;  +  6)  (a;  -  3). 

It  should  be  noticed  that  if  the  factors  o{x*+px  +  q  be 
x-\-a  and  x  +  b,  the  factors  ota^+pay  +  qi^  will  be  x  +  ay 
and  x  +  by;  also  the  factors  of  {x  +  yy+p(x-\-y)z-\-q^ 
will  be  aJ  +  y  +  a^  and  x  +  y  +  bz. 
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Hence  from  the  above  we  have 

x*+7xy  +  12y^={x  +  ^y)(x  +  Sy), 
x'+3iBy«-18y*=(x  +  6y«)  (a;-3y«), 
(a  +  6)'-7(a  +  6)x  +  10x«=(a  +  6-5a;)  (a  +  6-2x), 
and  x*''5x*  +  ^={x^)»-5x^  +  i  =  {x^-4){^-l) 

=  (x  +  2){x-2)(x  +  l)(x-l). 


EXAMPLES  IV. 

Find  the  factors  of  the  following  expressions : 

1.  a* -166*.  2.     16aj*-81a*6*. 

3.  16 -(3a -26)".  4.     4.y'-{2z-xy, 

6.  20aV-45aay.  6.     36aV-4aVy*. 

7.  (3a»  -  6»)«  -  (a»  -  36»)».        8.     (5a«  -  SbJ  -  (3a«  -  56»)*. 
9.  (5i»»  +  2a;  -  3)«  -  (»« -  2a;  -  3)». 

10.  (3iB'  -  4aj  -  2)'  -  (3a;»  +  4a?  -  2)". 

11.  32a»6'  -  46".  12.     (a'-.26c)"  -  86V. 
13.  a"-2a-8.                         14.     aj  +  12-a;«. 

15.  l-18a;-63a;».  16.     8a -4a" -4. 

17.  a»6  -  4a'6'  +  3a6».  18.     a*6  +  5a«6*  -f  4a»6'. 

19.  (6  +  cy  -  6a  (6  +  c)  4-  5a". 

20.  9(a  +  6)"-6(a  +  6)(c  +  ^)  +  (c  +  c^)". 

21.  a;* -29a;" +  100.  22.     100a;*- 29a;"y'  +  y\ 
23.  a;*  -  8a;"y"2j"  +  1 6y V.  24.     9a'  -  10a*6"  +  a"6*. 
25.  a;"  -  2aa;  -  6"  +  2a6.  26.     a;"  +  2a;y  -  a"  -  2ay. 

27.  4(a64.c(^"-(a"  +  6"-c"-c?')". 

28.  4(a;y-a6)"-(a;"4-y"-a"-6")". 
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80.  Factors  of  general    quadratic  expression. 

We  proceed  to  shew  how  to  find  the  factors  of  any 
expression  of  the  second  degree  in  a  particular  letter,  x 
suppose. 

The  most  general  quadratic  expression  in  a?  is 
aa?  +  6a?  +  c,  where  a,  h  and  c  do  not  contain  x. 

The  problem  before  us  is  to  find  two  factors  which  are 
rational  and  integral  with  respect  to  x,  and  are  therefore 
each  of  the  first  degree  in  x,  but  which  are  not  necessarily, 
and  not  generally,  rational  and  integral  with  respect  to 
arithmetical  numbers  or  to  any  other  letters  which  may 
be  involved  in  the  expressioD. 

The  factors  of  aa?  ^hx^-  c  can  be  found  by  changing 
it  into  an  equivalent  expression  which  is  ike  difference  of 
two  squares. 

We  first  note  that  since  a?'  +  2cw?  +  a*  is  a  perfect  square, 
in  order  to  complete  the  trinomial  square  of  which  a?  and 
2cw?  are  the  first  two  terms,  we  must  add  the  square  of  a, 
that  is,  we  must  add  the  square  of  half  the  coefficient 
ofx. 

Yot  example,  a;'+5x  is  made  a  perfect  square,  namely  (^  +  o)  » 
by  the  addition  of  f  ^  j  ;  also  x^-jpxm  made  a  perfect  square,  namely 
(x  -  ly  by  the  addition  of  ^  -  |y  =  ^ . 

81.  To  find  the  factors  of  aa?  +  Ja?  +  c. 


aa?  +  hx-\-c  =  a[a?-\--  a?  +  -). 

\       a        aj 


Now  a?-\--x\%  made  a  perfect  square,  namely  ( ^  +  s- )  > 
by  the  addition  of  f^j  =T-i.  And,  by  adding  and 
subtracting  j-j  to  the  expression  within  brackets,  we  have 

4C( 
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a        4a 


fca*     4a^     aj 


=«{(-4)'-(v"^)]- 

Hence  as  the  difference  of  any  two  squares  is  equal  to 
the  product  of  their  sum  and  diflference,  we  have 

ax^  +  bos  +  c 


=  a  ix+  ^r-  + 


V       4a«    Ir"^  2a'"  V 


'6*  —  4ac 


2a     V       4a*    j  I        2a      v       4<** 
Thus  the  required  factors  have  been  found. 

Ex.  1.    To  find  the  factors  ofac^+^x+S. 

=  (a;  +  3)(a;  +  l). 
Ex.  2.    To  find  the  factors  otix^-Bx  +  S. 

Ex.  3.    To  find  the  factors  of  3a^  -  4*  + 1. 

'>^--*'=»("-l-4)H--l"(i)"-(l)'4} 
■M(-l)'^'('-l4)(-l-i)-»(-.-)'-'- 

Ex.  4.     To  find  the  factors  of  «• + 2aaj  -  6»  -  2ab. 

a?  +  2aaj-6a-2a6=a;2  +  2aaj  +  a2-a«-6«-2ai  =  (a:+a)2-(a  +  6)« 
=  {aj  +  a+(a  +  &)}  {x+a-{a+b)]  =  (x+2a  +  b){x-b). 

82.^   Instead  of  working  out  every  example  from  the 
beginning,  we  may  use  the  formula 
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aa?  +  6a!  +  c 

and  we  should  then  only  have  to  substitute  for  a,  6  and  c 
their  values  in  the  particular  case  under  consideration. 

Thns  to  find  the  factors  of  Sa:^  -  4^  + 1.    Here  a=3,  &=-4,c=l. 

„  /V'-Aac  /16-12  /I      1      ^, 

Hence  ^-^^,      =  V^O"  =  V^'^'    *^^  expression  is 

therefore  equivalent  to  3  {^-q  +  q  )  (*  ~  »  ~  u)  =  ^(*  ~  o)  (*-!)• 

83.    We  have  from  Art  81 
cw?"  -k-hx  +  c 

Now,  for  particular  values  of  a,  6,  c,  — TZi~  ^^7  ^ 
positive,  zero,  or  negative. 

I.   Let  — j-ji —  be  positive.     Then  the  two  factors  of 

aa^+bx  +  c  will  be   rational  or  irrational   according   as 

6'  -  4ac .        .        .         _-.    . 

— 7-1 —  IS  or  IS  not  a  perfect  square. 

IL    Let  — .  ,     be  -g^ero.    Then 

Hence  cw?*  +  6a?  +  c  is  a  perfect  square  in  x,  if  6"  —  4ac  =  0. 

^  III.  Let  — 7-s —  ^^  negative.    Then  no  positive  or  nega- 
tive quantity  can  be  found  whose  square  will  be  equal  to 

o  *"  ^ac 

— y-i — I  for  all  squares,  whether  of  positive  or  of  negative 

quantities,  are  positive. 
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Expressions  of  the  form  J  —  a,  where  a  is  positive,  are 
called  imaginary,  and  positive  or  negative  quantities  are 
distinguished  from  them  by  being  called  real. 

We  shall  consider  imaginary  quantities  at  length  in  a 
subsequent  chapter :  for  our  present  purpose  it  is  suflBcient 
to  observe  that  they  obey  all  the  fundamental  laws  of 
Algebra ;  and  this  being  the  case,  the  formula  of  Art.  81 
will  hold  good  when  6'  —  4ac  is  negative. 

Note.  For  some  purposes  for  which  the  factors  of 
expressions  are  required,  the  only  useful  factors  are  those 
which  are  altogether  rational:  on  this  account  irrational 
and  imaginary  factors  are  often  not  shewn.  Thus,  for 
example,  the  factorisation  of  oc^  —  S  is  for  many  purposes 
complete  in  the  form  (x  —  2)  (x^  +  2x+  4),  the  imaginary 
factors  of  a?'  +  2a?  +  4,  namely 

0?  +  1  +  ^/^  and  x  +  l-  J^S, 
not  being  shewn. 

84.  We  have  in  Art.  81  shewn  how  to  resolve  any 
expression  of  the  second  degree  in  a  particular  letter  into 
two  factors  (real  or  imaginary)  of  the  first  degree  in  that 
letter. 

It  should  be  noted  that  the  factors  of  the  most  general 
expression  of  the  third  degree,  or  of  the  fourth  degree,  can 
be  found,  although  the  methods  are  beyond  the  range  of 
this  book ;  expressions  of  higher  degree  than  the  fourth 
cannot  however,  except  in  a  few  special  cases,  be  resolved 
into  factors. 

85.  Factors  found  by  re-arrangement  and 
grouping  of  terms.  The  factors  of  many  expressions 
can  be  found  by  a  suitable  re-arrangement  and  grouping 
of  the  terms. 

For  example 

=  (l  +  aa;)(l+a;)(l-aj); 
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or  we  may  write  the  ezprefision  in  the  form 

1  -  x^  +  <ix  -  aa^=l  -  x'  +  ax  (1  -  x'), 
and  the  factors  l-x^^l  +  ax  are  obvious. 

For  the  best  arrangement  or  grouping  no  general  rule 
can  be  given  :  the  following  cases  are  however  of  frequent 
occurrence  and  of  great  importance. 

I.  When  one  of  the  letters  occurs  only  in  the  first 
power,  the  factors  often  become  obvious  when  the  expression 
IS  arranged  according  to  powers  of  that  letter. 

Ex.  1.    To  find  the  factors  of  ab  +  be  +  cd  +  da. 

Arranged  according  to  powers  of  a  we  have  a{b  +  d)-\-bc  +  cdy 
which  is  at  once  seen  tohe  a{b-\-d)  +  c{b  +  d)  =  {a+ c)  {b  +  d), 

Ex.  2.     To  find  the  factors  of  x^  +  (a  +  6  +  c)  a;  +  a6  +  ac. 

The  expression  =ia{x+b  +  c)+x'^-¥bx  +  cx={a+x){x-\-b  +  c). 

Ex.  3.     To  find  the  factors  otaafi+x  +  a+l, 

aa?  +  x  +  a  +  l  =  a(a^  +  l)  +  x+l  =  {x  +  l){a[ix^-x  +  l)  +  l}. 

Ex.  4.    To  find  the  factors  of  a»  +  2a6  -  2ac  -  ^  +  2bc. 

The  given  expression  is  of  the  first  degree  in  c ;  we  therefore  write 
it  in  the  form  a^  +  2ab -db^-2c(a-b) 

=  (a-&)(a  +  36)-2c(a-6)  =  (a-6)(o  +  36-2c). 

II.  When  the  expression  is  of  the  second  degree  with 
respect  to  any  one  of  the  letters;  factors,  which  are  rational 
and  integral  in  that  letter,  can  be  found  as  in  Art.  81. 

Ex.  1.    Find  the  factors  of  a^  +  36^  -  c^  +  26c  -  4a6. 

Arranging  according  to  powers  of  a,  we  have 

a«-4a6  +  362-c2  +  26c=a2-4tt&  +  462-462  +  363-ca-|-26c 

=  (a-26)a-(6-c)2={(a-2&)  +  (6-c)}{(a-26)-(6"C)} 

=  (a-6-c)(a-36  +  c). 

Ex.  2.    Find  the  factors  of  a^  -  62  »  c"  +  d«  -  2  (ad  -  6c). 

The  expression 

=  a2-2ad-6a-c«  +  (?'  +  26c 
=a2-2ad+d«-63-c2  +  26c=(a-d)2-(6~c)3 

=  (a-d+6-c)  (a-d-6  +  c). 
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Ex.  3.    Find  the  factors  of  a^  +  2ab-ac-3h^  +  5bc  -  2c^. 
The  expression 

=a«+a(26-c)-36«  +  6&c-2c« 

=  fa+ — 2~^)^  -  ^  {462  -  45c  +  c«  + 126«  -  206c  +  Sc^} 

=  (a  +  36-.2c)(a-6  +  c). 

Ex.  4.     Find  the  factors  of  sc* + a;*  -  2ax  +  l-aK 
Arranging  according  to  powers  of  a,  we  have 

^-{(a+xY-(l  +  a^*}=-{a  +  x  +  l  +  x^){a+x-l-x^). 

m.  When  the  expression  contains  only  two  powers  of 
a  particular  letter  and  one  of  those  powers  is  the  square  of 
the  other,  the  method  of  Art.  81  is  applicable. 

Ex.  1.     To  find  the  factors  of  a;*  .  iqjA  ^  9. 

a;*-10a;S+9=ar*-10a;2  +  26-25  +  9=(a;2-5)2-16 
=  (a;2-5+4)(a;a-5--4)  =  (iB»-9J(ie2-l)  =  (a;  +  3)(a;-3)(a;  +  l)(x-l), 

or  a;*-  10x2+9=  (ar«  +  3)2 -  16x^ 
=  (a;2+3  +  4a;)(a;2  +  3-4a;)=s(aj  +  3)(a;  +  l)(a;-3)(a;-l). 

Ex.  2.    To  find  the  factors  of  a:*  +  a;^ + 1. 

Two  real  quadratic  factors  can  be  found  as  follows : 
a:4+a?«  +  l  =  (a;2  +  l)2-a;2  =  (aJJ+l  +  a;)(arJ  +  l-a;). 
Ex.  3.    To  find  the  factors  of  a;«  -  28a^  +  27. 

««- 28jB3+27=aj8- 2808+142- 142+27=(a!3- 14)2- 132 
=  (a?-l)(»»-27)  =  (aj-l)(a;-3)(a;2+fl.  +  l)(ai2  +  3a5+9). 

In  this  case,  and  also  in  Ex.  1,  two  factors  can  be  seen  by 
inspection,  as  in  Art.  79. 
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Ex.  4.     To  find  the  factors  of  a*  +  h*  +  c*-  2l^c^  -  2c^a^  -  2a^l^, 
Arranging  according  to  powers  of  a,  we  have 

a*  -  2a»  (&«  +  c«)  +  6*  +  c*  -  2bl^c^ 

=  a*-  2a«  (6«  +  c^)  +  (b^  +  c^f  -  (6^  +  c^Y  +  6*  +  c*  -  2l^(^ 

=  {a^ - (62  +  c2)}2 - 462c2=  (a2 -h^-c^- 26c)  (a^ - 62 - c«  +  2fcc) 

=  {a2-(6  +  c)2}{a2-(6-c)2} 

=  (a  +  6  +  c)(a-6-c)(a-6  +  c)(a  +  6-c). 

IV.  Two  factors  of  aP^'  +  hP  +  c,  where  P  is  any 
expression  which  contains  a?,  can  always  be  found  by  the 
method  of  Art.  81 ;  for  we  have 

aP^  +  hP  +  c  

Ex.  1.    To  find  the  factors  of  (x* + a;)^ + 4  (a;^ + a;)  - 12. 
Since  pa+4P-12=(P-2)(P+6), 

the  given  expression  =  (x*  +  a;  -  2)  (a;^  +  a? + 6) 

=  (a;  +  2)(a;-l)(a;2+a;+6), 

the  factors  of  a;2+a;  +  6  being  imaginary  [see  Art.  83,  Note]. 

Ex.  2.    To  find  the  factors  of  (x^'{'X-{-  4)2  +  8a;  (x2 + a;  +  4)  +  16a?. 

The  given  expression     =  { (a;* + a;  +  4)  +  3x}  { (a;2 + x  +  4)  +  5a;} 

=  (x'  +  4x+4)  (x2  +  6x+4) 
=  (x  +  2)2(x2  +  6x  +  4). 

Ex.  3.     To  find  the  factors  of 

2(x2+6x  +  l)2+6(x2  +  6x+l)(x2  +  l)+2(x2+l)2. 

Since  2P2+6PQ  +  2Q2=(P  +  2g)  {2P+Q), 

the  given  expression 

=  {(x2  +  6a.  +  i)  +  2(x2+l)}{2(x2  +  6x  +  l)  +  a;2  +  l} 
=  (3x2  +  6x  +  3)  (3x2  +  12a;  +  3) 

=  9(x+l)2(x2+4x+l). 
Ex.  4.    To  find  the  factors  of  (x2 + x  + 1)  (x2 + x  +  2)  - 12. 

The  given  expression     =  (x2  ^  -j;)^ + 3  (x2  +  x)  - 10 

=  (x2  +  x-2)(x2  +  a;  +  6) 
=  (x  +  2)(x-l)(x2  +  x  +  6). 
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EXAMPLES   V. 

Find  the  factors  of  the  following  expressions 

1.  x^  +  ooj'  —  x  —  a, 

2.  etc  —  bd  -  ad  +  be. 

3.  ac»  +  6^  -  a^' -  6c'. 

4.  acx^  +  (be  +  ad)  xy  +  bdxf. 

5.  aca;®  +  bcoi?  +  ac^a;  +  bd, 

6.  (a  +  fe/  +  (a  +  cy-(c  +  c^"-(6  +  c/)». 

7.  a*  +  a*6  -  a6"  -  6*. 

8.  a*-a'6-a5»  +  6*. 

9.  aV-a"-6»+l. 

10.  a;y-a;V-y«*  +  »*. 

11.  a3y«*  —  ic'a  — y*«+ 1. 

12.  cc*  +  aj'y  +  a»'  +  y*". 

13.  cc  (a;  +  «)  -  2/  (y  +  «). 

14.  a* -7a;"- 18. 

15.  aj*-23a;»  +  l. 

16.  a;*  -  Uo'y*  +  2/*. 

17.  a;^  +  a;*+l. 

18  a;*-2(a«  +  fc«)a;«  +  (a«-67. 

19.  a;*-4ajy»»  +  42/V. 

20.  a?"-  2  (a  +  6)  a;  - ai>  (a- 2)  (6  +  2). 

21.  aj^  +  6a;*  +  oaj  +  aft. 

22.  (1  +  yf  -  2a;«  (1  +  y")  +  «*(!-  y)\ 

23.  a;"-2/'- 3«" -  2a;«  +  4y«. 
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24.  2y*  -  5xy  +  2aj'  -  ay  -  aa;  -  a'. 

25.  a*  -  35«  -  3c'  +  106c  -  2ca  -  2ab. 

26.  2a'  ^lab--  226'  -  5a  -  366  +  3. 

27.  l  +  (6-a')a;'-a6a;». 

28.  l-2aa;-(c-a")  7^  +  acx\ 

29.  a'(6-c)4.6"(c-a)  +  c>-6). 

30.  6'c  +  6c'  +  c'a  +  ca'  +  a'6  +  a6'  +  2a6c. 

31.  a'6 -  a6'  +  a'c -ok? -  2abc  +  6'c  +  6c*. 

32.  aj" (a +  l)-a;y(aj-y)(a-6)  4.^^(6  +  1). 

33.  aa:  (/  +  6*)  +  6y  (6a:'  +  a'y). 

34.  2a;'  -  ix'y  -afzi-  2ajy'  +  2a^«  -  y'z, 

35.  xyz  (oc^  +  j/^  +  ^)  -  3/ V  -  zV  -  xSf. 

36.  x"  -  2a;'a'  -  2aj'6'  +  a*  +  6*  -  2a'6'. 

37.  (aj'  +  a;)'- 14  (a^  +  a;)  + 24. 

38.  (a.'' +  4a;  +  8)' +  3a;  (a;' +  4a;  +  8)  +  23:*. 

39.  (a;  +  1)  (a;  +  2)  {x  4-  3)  (a;  +  4)  -  24. 

40.  (aj  +  l)(aj4  3)(a;  +  6)(a;  +  7)  +  15. 

86.  Theorem.  The  expression  a?'*  — a**  is  divisible  by 
x  —  a,  for  all  positive  integral  values  of  n. 

It  is  known  that  x  —  a,  a?  —  a^  and  a? —  a?  are  all 
divisible  by  a;  —  a. 

We  have  ^**  -  a**  =  a?**  -  oa?**"'  4-  cw?""'  -  a" 

=  x"^^  (a;  -  a)  +  a  (a;""^  -  a"'^. 

Now  if  X  —  a  divides  a;**"*  —  a**'^  it  will  also  divide 
aP'^  {x''a)  +  a  {oT'^  -  a"'^),  that  is,  it  will  divide  a;**  -  a". 

Hence,  if  x  —  a  divides  oT^  —  oT^  it  will  also  divide 
a;^-a". 

S.  A.  6 
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But  we  know  that  x  —  a  divides  a?'  —  a' ;  it  will  therefore 
also  divide  a?*  —  a*.  And,  since  x  —  a  divides  a?*  —  a*  it  will 
also  divide  a?  —  a*.     And  so  on  indefinitely. 

Hence  a?*  —  a**  is  divisible  by  x  —  a,  when  n  is  any 
positive  integer. 

87.  Since  a;**  +  ct'*  =  a;"- a'*  +  2a**  it  follows  from  the 
last  Article  that  when  a?"  +  a**  is  divided  by  a:  —  a  the 
remainder  is  2a",  so  that  a?"  +  a"  is  never  divisible  by  a?  —  a. 

If  we  change  a  into  —  a^x-^a  becomes  x  —  {—a)=^x-\-a\ 
also  a?"  —  a"  becomes  a?**  —  (—  a)**,  and  of  —  (—  a)**  is  of  +  a" 
or  a?"  —  a**  according  as  n  is  odd  or  even. 

Hence,  when  n  is  odd 

a;"  +  a**  is  divisible  by  a?  +  a, 
and  when  n  is  even 

a?"  —  a**  is  divisible  by  a;  +  a. 

Thus,  n  being  any  positive  integer, 

x  —  a  divides  a;"  —  a"  always, 
a;  —  a       „       a?"  +  a"  never, 
a?  +  a       „       a?"  —  a**  when  n  is  even, 
and  x  +  a       „       aj^  +  a"  when  n  is  odd. 

The  above  results  may  be  written  so  as  to  shew  the 
quotients:  thus 

^ -^^^^  =  a:;**"*  +  a;**"*  a  +  a;*^  a' + +  a**"*, 

x  —  a 

a?  +  a 

the  upper  or  lower  signs  being  taken  on  each  side  of  the 
second  formula  according  as  n  is  odd  or  even. 

88.  Theorem.  If  any  rational  and  integral  expres- 
sion which  contains  x  varnish  when  a  is  put  for  x,  then  will 
x  —  a  he  a  factor  of  the  expression. 
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Let  the  expression,  arranged  according  to  powers  of  x, 
be 

cw?"  +  6a;""' +  ca?"'"4- 


Then,  by  supposition, 

aa"  +  6a""' +  ca*'"*+ =0. 

Hence  cwc^  +  fta?""* +Ci»""*+  

=  Gw;*  +  6a?"-'  +  ca?*""  4- -(aa"  +  6a*"'  +  ca*"*+...) 

=  a  (a^  -  a")  +  6  (a;"-' -  a"-')  +  c  (a;"""  ~  a"-»)  + 

But,  by  the  last  Article,  a?" -a",  a?""'  -a""',  a;"-'-a""», 
&c.  are  all  divisible  by  a;  —  a. 

Hence  also  aoT  +  6a?""'  +  caT'^-^ is  divisible  by 

a?  — a. 

The  proposition  may  also  be  proved  in  the  following 
manner. 

Divide  the  expression  aa?"  +  6a?""'  +  cx'*'^  + by  a;  —  a, 

continuing  the  process  until  the  remainder,  if  there  be  any 
remainder,  does  not  contain  x ;  and  let  Q  be  the  quotient 
and  R  the  remainder. 

Then,  by  the  nature  of  division, 

aa?"  +  6a?""' +  ca?""*-f =  Q{x-a)-\-R, 

and  this  relation  is  true  for  all  values  of  x. 

Now  since  R  does  not  contain  a?,  no  change  will  be 
made  in  R  by  changing  the  value  of  x :  put  then  a?  =  a,  and 
we  have 

oa"  +  6a""' -f  ca""»  + =  Q(a^  a) +R  =  R~^0 

Hence,  if  any  expression  rational  and  integral  in  x 
be  divided  by  x  —  a,  the  remainder  is  equal  to  the  result 
obtained  by  putting  a  in  the  place  ofxin  the  expression. 

It  therefore  follows  that  the  necessary  and  sufficient 
condition  that  an  expression  rational  and  integral  in  a? 
may  be  exactly  divisible  by  a?  —  a  is  that  the  expression 
should  vanish  when  a  is  substituted  for  a?. 

5—2 
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Ex.  1.    Find  the  remainder  when  a?-4a^+2iB  divided  by  as  -  2. 
The  remainder  =2'-4.2«  +  2=  -6. 

Ex.  2.    Find  the  remainder  when  x?  -  2a*a5+  a'  is  divided  by  a?  -  a. 

The  remainder  is  a^  -  2a'  +  a' = 0,  so  that  a?  -  2a^x  +  a'  is  divisible 
by  aj  -  a. 

Ex.3.    Shew  by  substitution  that  x-1,  x-B,  x+2  and  a; +4  are 
factors  of  aJ*  -  23x«  -  18a; + 40. 

Ex.  4.    Shew  by  substitution  that  a  -  &  is  a  factor  of 

a'(&-c)  +  6'(c-a)  +  c'(a-6). 

Put  a=b  and  the  expression  becomes  a'  {a-c)  +  a*  (c  -  a),  which 
is  clearly  zero :  this  proves  that  a  -  6  is  a  factor. 

Ex.  5.     Shew  that  a  is  a  factor  of 

(a  +  6  +  c)»-(-a+6  +  c)»-(a-6  +  c)'-(a  +  6-c)». 

89.  We  have  proved  that  a?  —  a  is  a  factor  of  the  ex- 
pression tM5**  +  6a?""*  +  CA'**"' + ,  provided  that  the  ex- 
pression vanishes  when  a  is  put  for  x. 

If  the  division  were  actually  performed  it  is  clear  that 
the  first  term  of  the  quotient,  which  is  the  term  of  the 
highest  degree  in  x,  would  be  aaf^~^.  Hence  the  given  ex- 
pression is  equivalent  to 

(a? -a)  (a^'^  +  Scc ). 

Now  suppose  that  the  given  expression  also  vanishes 

when  a?  =  /3;  then  the  product  of  a;  — a  and  oa;**"*  + 

will  vanish  when  x  =  ^\  and  since  x  —  a  does  not  vanish 

when  x  =  fi,   it   follows   that   aa?""* -f must  vanish 

when  x  =  $.  Hence  a?  —  yS  is  a  factor  of  ax^"^  +  &c.;  and, 
if  the  division  were  performed,  it  is  clear  that  the  first 
term  of  the  quotient  would  be  aa?"~^ 

Hence  the  original  expression  is  equivalent  to 

(a?  -  a)  (a?  - /3)  (oa?"-' +  &c ). 

Similarly,  if  the  original  expression  vanishes  also  for 
the  values  y,  S,  &c.  of  x,  it  must  be  equivalent  to 

(a?-a)  (a;-/3)(a?-7)  (x-8) (aa?«-''  +  &c ), 
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where  r  is  equal  to  the  number  of  the  factors  a?— a, 
x  —  ^,  &c. 

If  therefore  the  given  expression  vanish  for  n  values 
a,  I3y  7  &c.  there  will  be  n  factors  such  as  a?  —  a,  and  the 
remaining  factor,  cm?*"*"  +  &c.  will  reduce  to  a ;  and  hence 
the  given  expression  is  equivalent  to 

a(x  —  a)  (a?  — ^)  (a?  — 7) 

90.  Theorem.  An  expression  of  the  nth  degree  in  x 
carmot  vanish  for  more  than  n  values  of  x. 

For  if  the  expression 

aoj**  +  6^"""^  +  ca?**"' + 

vanish  for  the  n  values  a,  ^,  7 ,  it  must  be  equivalent 

to 

a  {x'-a){x  —  0)(x  —  7) 

If  now  we  substitute  any  value,  k  suppose,  diflferent 
from  each  of  the  values  a,  /8,  7,  &c. ;  then,  since  no  one  of 
the  factors  A?  —  a.  A;  —  /8,  &c.  is  zero,  their  continued  product 
cannot  be  zero,  and  therefore  the  given  expression  cannot 
vanish  for  the  value  x  =  k,  except  a  itself  is  zero. 

But,  if  a  is  zero,  the  original  expression  reduces  to 

6af*^*  +  CO?**"* 4- ,  and  is  of  the   {n—lf"  degree;   and 

hence  as  before  it  can  only  vanish  for  n  —  1  values  of  a?, 
except  6  is  zero.     And  so  on. 

Thus  an  expression  of  the  nth.  degree  in  x  cannot 
vanish  for  more  than  n  values  of  x,  eoccept  the  coefficients  of 
all  the  powers  of  x  are  zero;  and  when  all  these  coefficients 
are  zero,  the  expression  will  clearly  vanish  for  all  values 
of  x, 

91.  Theorem-  If  two  expressions  of  the  nth  degree 
in  X  be  equal  to  one  another  for  more  than  n  values  of  x, 
they  will  he  equal  for  all  values  of  x. 

If  the  two  expressions  of  the  Ttth  degree  in  x 

a^** -h  6a?""^  +  ex**'' + , 

and  px""  ■\- qaf"^  +  raP~^  + , 
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be  equal  to  one  another  for  more  than  n  values  of  x,  it 

follows  that  their  difference,  namely  the  expression 

» 

will  vanish  for  more  than  n  values  of  os. 

Hence,  by  Art.  90,  the  coefficients  of  all  the  different 
powers  of  x  must  be  zero. 

Thus       a  —  p  =  0,  b  —  q  =  0,  c  —  r  =  0,  &c. 
that  is,  a  =^,  b  =  q,  c  =  r,  &c. 

Hence,  if  two  expressions  of  the  nth  degree  in  x  are 
equal  to  one  another  for  more  than  n  values  of  a?,  the 
coefficient  of  any  power  of  x  in  one  expression  is  equal  to  the 
coeffixyient  of  the  same  power  of  x  in  the  other  expression. 

When  any  two  expressions,  which  have  a  limited 
number  of  terms,  are  equal  to  one  another  for  all  values 
of  the  letters  involved,  the  above  condition  is  clearly 
satisfied,  for  the  number  of  values  must  be  greater  than  the 
index  of  the  highest  power  of  any  contained  letter. 

Hence  when  any  two  expressions,  which  have  a 
limited  number  of  terms,  are  equal  to  one  another  for  all 
values  of  the  letters  involved  in  them,  we  may  equate  the 
coefficients  of  the  different  powers  of  any  letter, 

92.  Cyclical  order.  It  is  of  importance  for  the 
student  to  attend  to  the  way  in  which  expressions  are 
usually  arranged.  Consider,  for  example,  the  arrange- 
ment of  the  expression  hc-\-ca-\-  ah.  The  term  which  does 
not  contain  the  letter  a  is  put  first,  and  the  other  terms 
can  be  obtained  in  succession  by  a  cyclical  change  of  the 
letters,  that  is  by  changing  a  into  6,  b  into  c  and  c  into  a. 
In  the  expression  a*  (6  —  c)  +  6'  {c  —  a)  +  c'  (a  —  6)  the  same 
arrangement  is  observed ;  for  by  making  a  cyclical  change 
in  the  letters  of  a*  (6  —  c)  we  obtain  6'  (c  —  a),  and  another 
cyclical  change  will  give  c^  (a  —  b).  So  also  the  second  and 
third  factors  of  (b  —  c)(c  —  a)  (a  —  b)  are  obtained  from  the 
first  by  cyclical  changes. 
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93.  Symmetrical  expressions.  An  expression  which 
is  unaltered  by  interchanging  any  pair  of  the  letters  which 
it  contains  is  said  to  be  a  symmetrical  expression.  Thus 
a'{'b  +  c,bc-]-ca  +  ah,  a'  +  6'  +  c*  —  3a6c  are  symmetrical 
expressions. 

It  is  clear  that  the  product  of  two  symmetrical 
expressions  is  symmetrical,  for  if  neither  of  two  factors 
is  altered  by  an  interchange  of  two  letters  their  product 
cannot  be  altered  by  such  interchange. 

It  is  also  clear  that  the  quotient  of  two  symmetrical 
expressions  is  a  symmetrical  expression. 

Expressions  which  are  unaltered  by  a  cyclical  change 
of  the  letters  involved  in  them  are  called  symmetrical 
expressions,  although  they  may  not  satisfy  the  condition 
of  being  unaltered  by  an  interchange  of  any  two  of  the 
letters.  For  example,  the  expression  (6  —  c){c  —  a)  [a  —  b) 
is  considered  to  be  a  symmetrical  expression  since  it  is 
unaltered  by  changing  a  into  b,  b  into  c  and  c  into  a ;  but 
by  interchanging  two  of  the  letters  a  result  is  obtained 
which  differs  in  sign  from  the  original  expression. 

Ex.  1.    Find  the  factors  of  a^  (6  -  c)  +  Ifi  (c-a)  +  c^  (a  -  h). 

If  we  put  &=<;  in  the  expression 

a»(6-c)  +  62(c-a)+c2(a-6) (i) 

it  is  easy  to  see  that  the  result  is  zero. 

Hence  6  -  c  is  a  factor  of  (i),  and  we  can  prove  in  a  similar 
manner  that  c-a  and  a-h  are  factors. 

Now  (i)  is  an  expression  of  the  third  degree ;  it  can  therefore  only 
have  three  factors. 

Hence  (i)  is  equal  to 

L(h-c){c-a){a-h) (ii), 

where  L  is  some  number ,  which  is  always  the  same  for  all  values  of 
a,  hy  c. 

By  comparing  the  coefficients  [See  Art.  91]  of  a?  in  (i)  and  (ii)  we 
see  that  L=  -1. 

We  can  also  find  L  by  giving  particular  values  to  a,  h  and  c. 
Thus,  let  a=0,  6=1,  c  =  2 ;  then  (i)  is  equal  to  -2,  and  (ii)  is  equal 
to  2Ii,  and  hence  as  before  L=  - 1. 
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Ex.  2.    Find  the  factors  of  a»  (6  -  c)  +  6»  (c  -  a) + c«  (a  -  6). 

As  in  the  preceding  example,  (6  -  c),  {e  -  a)  and  {a-h)  are  all 
factors  of 

a«(6-c)+6»(c-a)  +  c»(a-6) (i). 

Now  the  given  expression  is  of  the  fourth  degree ;  hence,  besides 
the  three  factors  already  found,  there  must  be  one  other  factor  of 
the  first  degree,  and  this  factor  must  be  symmetrical  in  a,  &,  c,  it 
must  therefore  hea  +  b+c. 

Hence  the  given  expression  must  be  equal  to 

L(b-c){e-a){a-b)(a+b  +  c) (ii), 

where  L  is  a  number. 

By  comparing  the  coefficients  of  a^  in  (i)  and  in  (ii)  we  see  that 
Xi  =  - 1 ;  hence 

a^{b-c)  +  b^{c-a)  +  c^{a-b)=-(b-c){c-a){a-b){a+b  +  e). 

We  can  also  find  L  by  giving  particular  values  to  a,  b,  and  e. 

Thus,  let  a=0,  5=1,  c=2;  then  (i)  is  equal  to  -6  and  (ii)  is 
equal  to  62/,  so  that  L=  -1. 

We  may  also  proceed  as  follows: 

Arrange  the  expression  according  to  powers  of  a ;  thus 

a»(6-c)-a(63-c»)  +  6c(&«-c2). 

It  is  now  obvious  that  &  -  c  is  a  factor,  and  we  have 
(6-c)  {a»-a(b^  +  bc  +  e^  +  bc(b-{-c)} 
=  (6-c){62(c-o)  +  6(c2-ac)  +  a«-a(j2} 

=  (6  -  c)  (c  -  o)  {6«  +  6c  -  a^  -  oc }  =  -  (6  -  c)  (c  -  a)  (a  -  6)  (a  +  6  +  c) . 

Ex.  3.    Find  the  factors  of  ft^c*  (b-c)  +  c^a^  {c-a)  +  a^b^  {a  -  6). 
By  putting  &=c  in  the  expression 

lPc^(b-c)  +  c^a?{c-a)  +  a^^{a-b) (i), 

it  is  easy  to  see  that  the  result  is  zero ;  hence  6  -  c  is  a  factor  of  (i). 

So  also  c-a  and  a-b  are  factors. 

The  given  expression  being  of  the  fifth  degree,  there  must  be, 
besides  the  three  factors  6  -  c,  c  -  a^  a  -by  another  factor  of  the 
second  degree ;  also,  since  this  factor  must  be  symmetrical  in  a,  b,  c, 
it  must  be  of  the  form  L  (a^  +  b^  +  c^)  -f  3f  (be  +  ca+ ab). 

Thus  (i)  is  equal  to 
(6-c)  [c-a)  [a-b)  {La*  +  Lb^-{-Lc^  +  Mbc  +  Mca+Mab}...{u). 

Equating  coefficients  of  a*  in  (i)  and  in  (ii)  we  see  that  L  =  0; 
and  then  equating  coefficients  of  &'c^  we  see  that  M=  -1.  Hence 
(i)  is  equal  to 

-  (6  -c)  (c  -  o)  (a  -  b)  {))c  +  ca-\'ab)» 
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We  may  also  prooeed  as  follows. 

Knowing  that  b-CtC-a,  and  a  -  &  are  factors,  it  is  easy  to  group 
the  terms  so  as  to  shew  the  snccessiye  quotients. 

Thus  (i)  is  equal  to 

6V(6-c)  +  aM&'-c')-a'(&»-c») 

=  (b-c)  {68c«  +  a^{b  +  c)-  a^  (b^+be  +  c^) 

=  {b-c){h^{c^'a^)  +  a^b{a-c)  +  a^c{a-c)} 

=  {b-c){c-a){h'(c  +  a)-a'^b-a^c} 

={b-c)(c-a)  {(6»-a»)c  +  fe»a-a26} 

=  -  (6  -  c)  (c  -  o)  (a  -  b)  (bc  +  ca  +  ab). 


EXAMPLES  VI. 

Find  the  factors  of  the  following  expressions : 
1.     (y  -  «)' +  (2;  -  a;)' +  (a;  -  y)^ 

2.   (y-zy  +  iz-xy  +  ix-yy. 

3.  a'  (b'  -  c')  +  6*  (c«  -  a')  +  c*  {a'  -  b'). 

4.  a(b-cy  +  b{c-ay  +  c{a-by, 

5.  a{b-cy  +  b{c-ay  +  c(a-by. 

6.  bc(b  —  c)  +  ca(c'-a)  +  ab  {a  —  b). 

7.  6V  (6  -  c)  +  cV  (c-a)  +  a^'b'  (a  -  6). 

8.  a*  (6  -  c)  +  6*  (c  -  a)  +  c*  (a  -  6). 

9.  a*  {b-c)  +  b"  (c  -  a)  +  c*  (a  -  6). 

10.  (a  +  6  +  c)»-(6  +  c-a)»~(c  +  a-J)"-(a  +  6-c)^ 

11.  (a+6  +  cy-(6  +  c-a)*-(c  +  a-6)*-(a  +  6-c)*. 

12.  a{b  +  c-ay  +  b{c  +  a-by  +  c{a  +  b-  cy 

+  (6  +  c  -  a)  (c  +  a  -  6)  (a  +  6  -  c) . 

13.  a*  (6  +  c  -  a)  +  6'  (c  +  a  -  6)  +  c'  (a  +  6  -  c) 

—  (6  +  c  —  a)  (c  +  a  -  6)  (a  +  6  -  c). 
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14.  (b  +  c-a)(c  +  a-h)(a  +  h-c)  +  a(a-b  +  c){a  +  b'~c) 

+  6  (a  +  6  -  c)  (-  a  +  6  +  c)  +  c  (-  a  +  6  +  c)  (a  -  6  +  c). 

15.  (b-c){a-b  +  c){a  +  b-c)+(c-a){a  +  b-c){'^a  +  b  +  c) 

+  (a-b)  {-a+  b  +  c)  {a-b  +  c). 

16.  {x  +  y  +  zy-af-y^-  z\ 

17.  (iB  +  y  +  »)*-a;*-y*-»'. 

18.  (6-c)(6  +  c)"  +  (c-a)(c  +  a)"  +  (a-6)(a+6)". 

19.  (b-c){b  +  cy  +  (c-a){c  +  ay  +  (a'-b)(a-\-by. 

20.  (6  -c)  (b  +  cy  +  {c-a){c  +  ay  +  (a-6)(a  +  6)*. 

21.  a^  +  b'  +  €^  +  6abc -  a (a-b)  {a - c)  "  b  {b - c)  (b -a) 

-c(c  —  a){c~  by 

22.  a" (a  +  6)  (a  +  c) (b-c)  +  b'(b  +  c)(b  +  a)  (c-^a) 

-\-c'(c  +  a)  (c  +  b)(a-  6). 

23.  (y  +  z)(z  +  x)  (a;  +  y)  +  ooyz. 

24.  a'{b  +  cy  +  b'  (c  +  a)'  +  c'{a  +  by  +  ahc{a  +  b  +  c) 

+  (a*  +  b'  +  c')  {be  +  ca-h  ah), 

25.  (aJ  +  y  +  «)*  -  (y  +  «)*  -  (2;  +  a)*  -  (a;  +  y)*  +  oj*  +  y*  +  z*. 

26.  a"(6  +  c-2a)  +  6"(c  +  a-26)  +  c'(a  +  6-2c) 

+  2(c"-a")(c-6)  +  2(a'-6«)(a-c)  +  2(6'-c')(^-«)- 

27.  {b  +  c-a-<^'(6  -  c)  (a  -  c?)  +  (c  +  a  -  6  -  c?)*(c  -  o)  (6  -c?) 

+  (a  +  6  -  c  -  c?)*  (a  -  6)  (c  -  (^. 

28.  Shew  that 

1 2  {(a;  +  2/  +  2;)'"  -  (y  +  «)*"  -  (2  +  a;)'"  -  (a;  +  y)*"  +  a;*"  +  y""  +  »*"} 
is  divisible  by 

(a;  +  y  +  »)*  -  (y  +  «)*  -  («  +  a;)*  -  (a;  +  y)*  +  a;*  +  y*  +  «j*. 

29.  Shew  that 

a^  {b  +  c-ay  +  V  {c  +  a-  by  +  c'  (a  +  6  -  c)*  +  ahc  (a*  +  6*  +  c*) 
+  (a*  +  6'  +  c'  -  6c  —  ca  -  06)  (6  +  c  —  a)  (c  +  a  -  6)  (a  +  6  -  c) 

=  2ahc  (be  +  ca  +  ab). 
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30.  Shew  that 

(6_c)«  +  (c-a)«  +  (a-.6)«-9(6-c)'(c-a)»(a-6)' 

=  2(a-6)»(a-c)»  +  2(6-c)»(6-a)»+2(c-a)»(c-6)*. 

31.  Shew  that 

=  3  (a  +  5  +  c  +  c?)  (a"  +  6*  +  c*  +  d^). 

32.  Keduce  to  its  simplest  form 

4  {a*  +  a6  +  ft")'  -  (a  -  6)"  (a  +  26)»  (2a  +  h)\ 

33.  Shew  that 

a*(6«  +  c«-a»)»+6*(c'  +  a'-6')'  +  c*(a»  +  6"-c7 

is  divisible  by 

a*  +  6*  +  c^  -  26'c»  -  2c"a"  -  2a'6'. 

34.  Eresolve  into  quadratic  factors 

i{cd  (a»  -  6»)  +  o6  (c»  -  ^)}»  +  {(a»  -  6')  (c*  -</»)-  4a^c;}*. 

35.  Shew  that 

(y*  -«*)  (1  +  flcy)  (1  +  a»)  +  (»*  -  aj')  (1  +  yz)  (1  +  ya;)  + 
(a;*  —  y")  (1  +  20?)  (1  +  zy)  =  (y  —  «)  («  —  a:)  (a;  —  y)  {xyz  -\-  x  +  y  ■\-  z). 

36.  Find  the  factors  of 

a\h  -  c){c  - d){d-h)''h\c^d)  (d-  a)  (a-c)  + 

c'^(d-a){a^b){b-d)-d'{a-b){b-e)(c-a). 

37.  Find  the  factors  of 

b'c'd^{b-c){c'-d){d-b)^c'd'a'(c-d){d-a){a^c)  + 
d^a'b'  {d  ^a){a'  b)  (b-d)-  a'b'c'  (a  -  6)  (6  -  c)  (c  -  a). 


CHAPTER  VIL 

Highest  Common  Factors.    Lowest  Common 

Multiples. 

94.  A  Common  Factor  of  two  or  more  integral  alge- 
braical expressions  is  an  integral  expression  which  will 
exactly  divide  each  of  them. 

The  Highest  Common  Factor  of  two  or  more  integral 
expressions' is  the  integral  expression  o{  highest  dimensions 
which  will  exactly  divide  each  of  them. 

It  is  usual  to  write  H.C.F.  instead  of  Highest  Common 
Factor. 

95.  The  highest  common  factor  of  monomial 
expressions.  The  highest  common  factor  of  two  or  more 
monomial  expressions  can  be  found  by  inspection. 

Thus,  to  find  the  highest  common  factor  of  a^lr^c  and  a*hk^. 

The  highest  power  of  a  which  will  divide  both  expressions  is 
a';  the  highest  power  of  5  is  6^;  and  the  highest  power  of  c  is  c; 
and  no  other  letters  are  common.    Hence  the  h.o.f.  is  a^l^c. 

Again,  to  find  the  highest  common  factor  of  a'6V,  a*6'  and  aJ^hc^, 

The  highest  power  of  a  which  will  divide  all  three  expressions 
is  a' ;  the  highest  power  of  h  which  will  divide  them  all  is  h ;  and  c 
will  not  divide  all  the  expressions.    Hence  the  h.c.f.  is  a%. 

From  the  above  examples  it  will  be  seen  that  the 
H.C.F.  of  two  or  more  monomial  expressions  is  the  product 
of  each  letter  which  is  common  to  all  the  eocpressions  taken 
to  the  lowest  power  in  which  it  occurs. 
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96.  HUghest  common  i)EU)tor  of  multinomial 
expressions  whose  factors  are  known.  Where  the 
factors  of  two  or  more  multinomial  expressions  are  known, 
their  H.C.F.  can  be  at  once  written  down,  as  in  the  pre- 
ceding case.  The  H.C.F.  will  be  the  product  of  each  factor 
which  is  common  to  all  the  expressions  taken  to  the  lowest 
power  in  which  it  occurs. 

Thus,  to  find  the  H.c.r.  of  {x  -  2)«  (x  - 1)^  {x  -  3)  and 

(a;-2)«(aj-l)(a;-3)». 

It  is  clear  that  both  expressions  are  divisible  by  {x  -  2)^,  but  by  no 
higher  power  of  a;  -  2.  Also  both  expressions  are  divisible  by  x  - 1, 
but  by  no  higher  power  of  x  - 1 ;  and  both  expressions  are  divisible 
by  a; -8,  but  by  no  higher  power  of  x-S.  Henoe  the  H.ojr.  is 
{x-2f{x-l)(x-3). 

Again,  the  h.o.p.  of  a'fts  (a  -  6)2  (a  +  6)3  and  a^b^(a-b)(a+h)^  is 
a«62(a-6)(a  +  6)». 

In  the  following  examples  the  factors  can  be  seen  by 
inspection,  and  hence  the  H.C.F.  can  be  written  down. 

Ex.  1.    Find  the  h.c.p.  of  a*b^  -  a%^  and  a^lfi  +  a'ft*. 

An8.  a26«(a+6). 

Ex.  2.    Find  the  h.  o.  p.  of  a^l^  -  4a*6*  and  a^ft*  -  16a»6«. 

Am.  a262(a2-46«). 

Ex.  3.    Find  the  h.  o.f.  of  d^ + Sa^b + 2dt^  and  a^ + 6a'& + 8a>53. 

An8»  a  (a +26). 

97.  Although  we  cannot,  in  general,  find  the  factors 
of  a  multinomial  expression  of  higher  degree  than  the 
second  [Art.  84],  there  is  no  difficulty  in  finding  the 
highest  common  factor  of  any  two  multinomial  expressions. 
The  process  is  analogous  to  that  used  in  arithmetic  to  find 
the  greatest  common  measure  of  two  numbers. 

If  the  expressions  have  monomial  factors,  they  can  be 
seen  by  inspection;  and  the  highest  common  factors  of 
these  monomial  factors  can  also  be  seen  by  inspection :  we 
have  therefore  only  to  find  the  multinomial  expression  of 
highest  dimensions  which  is  common  to  the  two  given 
expressions. 
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Let  A  and  B  stand  for  the  two  expressions,  which  are 
supposed  to  be  arranged  according  to  descending  powers 
of  some  common  letter,  and  let  A  be  of  not  higher  degree 
than  B  in  that  letter.  Divide  B  by  A,  and  let  the 
quotient  be  Q  and  the  remainder  R ;  then 

/.     R  =  B-AQ. 

Now  an  expression  is  exactly  divisible  by  any  other  if 
each  of  its  terms  is  so  divisible  ;  and  therefore  B  is  divisible 
by  every  common  factor  of  A  and  iZ,  and  R  is  divisible  by 
every  common  factor  of  A  and  B.  Hence  the  common 
factors  of  A  and  B  are  exactly  the  same  as  the  common 
factors  of  A  and  R]  and  therefore  the  H.C.F.  of  A  and 
R  is  the  H.C.F.  required. 

Now  divide  A  by  i2,  and  let  the  remainder  be  8\ 
then  the  H.C.F.  of  -B  and  8  will  similarly  be  the  same  as 
the  H.C.F.  of  A  and  JS,  and  will  therefore  be  the  H.CF. 
required. 

And,  if  this  process  be  continued  to  any  extent,  ike 
H.C.F.  of  any  divisor  and  the  corresponding  dividend  will 
always  be  the  H.C.F.  required. 

If  at  any  stage  there  is  no  remainder,  the  divisor 
must  be  a  factor  of  the  corresponding  dividend,  and  that 
divisor  is  clearly  the  H.C.F.  of  itself  and  the  corresponding 
dividend.     It  must  therefore  be  the  H.C.F.  required. 

It  should  be  remarked  that  by  the  nature  of  division 
the  remainders  are  successively  of  lower  and  lower  dimen- 
sions ;  and  hence,  unless  the  division  leaves  no  remainder 
at  some  stage,  we  must  at  last  come  to  a  remainder  which 
does  not  contain  the  common  letter,  in  which  case  the 
given  expressions  have  no  H.C.F. 

Since  the  process  we  are  considering  is  only  to  be  used 
to  find  the  highest  common  multinomial  factor,  it  is  clear 
that  any  of  the  expressions  which  occur  may  be  divided  or 
multiplied  by  any  monomial  expression  without  destroying 
the  validity  of  the  process ;  for  the  multinomial  factors 
will  not  be  affected  by  such  multiplication  or  division. 
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Thus  the  h.c.f.  of  two  expressions  can  be  found  by  the 
following  Rule.  Arrange  the  two  expressions  according  to 
descending  powers  of  some  common  letter,  and  divide  the 
eocpression  which  is  of  the  highest  degree  in  the  common  letter 
by  the  other  (if  both  expressions  are  of  the  same  degree  it  is 
immaterial  which  is  used  as  the  divisor).  Take  the  remainder, 
if  any,  after  the  first  division  for  a  new  divisor,  and  the 
former  divisor  as  dividend  ;  and  continue  the  process  until 
there  is  no  remainder.  The  la^t  divisor  will  be  the  H.C.F. 
required.  The  process  is  not  used  for  finding  common  mo- 
nomial factors,  these  can  be  seen  by  inspection ;  and  any 
divisor,  dividend,  or  remmnder  which  occurs  may  be  multi- 
plied or  divided  by  any  monomial  expression. 

Ex.  1.    Find  the  h.c.f.  of  aj3+aj2-2  and  x8  +  2a;2-  3. 
/a;3+  a;2-2V 


x^- 

■x^ 

X 

x^ 
x^ 

-2(x+l 

Jtx-2 
-1 

x-l\x^- 
)x^- 

-x^ 

x-1 
x-\ 

Thus  the  h.o.p.  is  a?- 1. 

The  work  would  be  shortened  by  noticing  that  the  factors  of 
x^-1,  the  first  remainder,  are  x-1  and  x  +  l.  And  by  means  of 
Art.  88  it  is  at  once  seen  that  x-1  is,  and  that  a?  + 1  is  not,  a  factor 
of  jc8  +  a;8-2. 

Ex.  2.    Find  the  h.c.p.  of 

iE8+4B«y-8fl5i/a  +  2%8  and  oi^-ix^y  +  ^a^^-^xy^. 

The  second  expression  is  divisible  by  x,  which  is  clearly  not  a 
c<ymmon  factor:  we  have  therefore  to  find  the  h.o.p.  of  the  first 
expression  and  xl^  -  a^y  +  Sxy^  -  8y*. 


a^ 


+  4xhf-Sxy^-\'2iy^\x*-xhf-{-Sxy^-&y^       (x-5y 

'x*  +  ix^y  -  Sxhf^  +  24a;y«  \ 


-  6aj3y  +  SxY^  -  16xf  -  &y* 

-  5xhf  -  20a;'^«  +  ^Oxy^  -  120y* 

28x2y«  -  66a;y»  +  112y^ 
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The  remainder  =28y*(a;»-2xy+4y«):  the  factor  29y*  is  rejected 
and  x^  -  2xy  +  ^y^  is  used  as  the  new  divisor. 

x«-2xy  +  4y2\«»+4a:«y-8a?y«+24y»^«  +  6y 
/^8-2^y  +  4xy« ^^ 

6a?y-12x3/»  +  24y» 
6a:^-12a:y«  +  24y» 

Hence  x^  -  2xy  +  iy^  is  the  h.c.f.  required. 

Ex.  3.    Find  the  h.c.f.  of  2«<+9a:«+14.T  +  3  and  3x*+16a:»+6iF» 
+  10x  +  2. 

To  avoid  the  inconvenience  of  fractions,  the  second  expression 
is  multiplied  by  2:  this  cannot  introduce  any  additional  common 
factors.  The  process  is  generally  written  down  in  the  following 
form: 

2x*+9x»  +  14a;+3\3aj*  +  16x8  +  5x2+10a;  +  2 

/9 


6a;4  +  30a:»  +  10x2  +  20a;  +  4  /  3 

+  9^ 


6x^  +  27x8  +42x 

3x»  +  10x»-22x-5\2x*  +  9x»+14x  +  3 

/a 


6x*4-27x»  +  42x  +  9      /2x 
6x* +  20x8- 44x2 -lOx^ 

7x«  +  44x2  +  62x  +  9 
3 


21x»  +  132r»  +  156x +27/7 
21x»+   70x«-154x-35^ 


62|62xH310x  +  62 
x*+     6x+  1 

xH6x  +  l\3x8+10x2-22x-6/3x-5 
/3x8  +  15x2+  3x       V 

-  6x2-25x-6 

-  5x2-25x-5 

Thus  x2  +  6x  +  l  is  the  h.o.p.  required. 

Detached  coefiScients  should  generally  be  used  [Art.  63], 

98.  The  labour  of  finding  the  H.C.F.  of  two  expres- 
sions is  frequently  lessened  by  a  modification  of  the 
process,  the  principle  of  which  depends  on  the  following 

Theorem: — The  common  factor  of  highest  degree 
in  a  particular  letter,  x  suppose,  of  any  two  expressions  A 
and  B  is  the  same  as  the  H.C.F.  of  pA+qB  and  rA  +8B, 
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where  jo,  q,  r,  s  are  any  quantities  positive  or  negative 
which  do  not  contain  x. 

To  prove  this,  it  is  in  the  first  place  clear  that  any 
common  factor  of  A  and  B  is  also  a  factor  oipA  +  qB  and 
of  rA  +  sB. 

So  also,  any  common  factor  of  pA  +  qB  and  rA  +  sB 
is  also  a  factor  of  s{pA+qB)  —  q{rA  +  8B),  that  is,  of 
{8p—qf)A,  Hence,  as  (sp  —  qr)  does  not  contain  a?,  any 
common  factor  of  pA  -f  qB  and  r^  +  sB  must  be  a  factor 
of  Ay  provided  only  that  p,  q,  r,  s  are  not  so  related  that 
sp  —  qr  =  0.  Similarly  any  common  factor  of  pA  +  qB 
and  rA  +  sB  is  also  a  factor  of  r  (pJ.  +  qB)  —p  {rA  +  sB), 
that  is  of  (rg  —ps)  5,  and  therefore  of  B, 

Therefore  the  H.C.F.  of  A  and  B  is  the  same  as  the 
H.C.F.  oipA  +  qB  and  rJ.  +  sB, 

Ex.    To  find  the  h.o.f.  of  2x*  +  a;« -  6a;» -  2x  +  3  and  2ar4-3x3  +  2a;  -  3. 
We  have,  by  subtraction, 

4x»-6x2-4a;  +  6 (I); 

and,  by  addition, 

4a;4-2a;»-6a;2=2a;2(2a;a-a;-3) (II). 

The  required  h.c.f.  is  the  h.c.f.  of  (I)  and  (II),  and  therefore 
of  (I)  and 

2x2 -x- 3 (m). 

Multiply  (III)  by  2  and  add  (I),  and  we  have  another  expression, 
namely 

4x»-2j;a-6x  =  2a;(2a;2-a;-3)  (IV), 

such  that  the  h.o.f.  of  (III)  and  (lY)  is  the  h.c.f.  required.     But  the 
H.C.F.  of  (m)  and  (IV)  is  obviously  2ar*-aj-3. 

99.     li  Ry  8 be  the  successive  remainders  in  the 

process  of  finding  the  H.C.F.  of  the  two  expressions  A  and 
B  by  the  method  of  Art.  97 ;  then,  as  we  have  seen,  every 
common  factor  of  A  and  5  is  a  factor  of  i?,  and  therefore  a 
common  factor  of  A  and  iJ.  Similarly  every  common  factor 
of  A  and  i2  is  a  common  factor  of  R  and  S.  And  so  on  ; 
so  that  every  common  factor  of  A  and  5  is  a  factor  of  every 
remainder,  and  therefore  must  be  a  factor  of  the  h.c.f. 

Hence  every  common  multinomial  factor  of  two  expres- 

s.  A.  6 
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sions  is  a  factor  of  their  highest  common  multinomial 
factor ;  and  this  is  obviously  true  also  of  monomial  factors. 
Therefore  every  common  factor  of  two  expressions  is  a 
factor  of  their  H.C.F. 

100.  The  H.C.F.  of  three  or  more  multinomial  ex- 
pressions can  be  found  as  follows. 

Let  the  expressions  be  A,  jB,  (7,  Z>,.... 

Find  G  the  h.c.f.  of  A  and  B, 

Then,  since  the  required  H.C.F.  will  be  a  common  factor 
of  A  and  B,  it  will  be  a  factor  ot  0:  we  have  therefore  to 
find  the  h.c.f.  of  0,  C,  D.... 

Hence  we  first  find  the  H.C.F.  of  two  of  the  given 
expressions,  and  then  find  the  H.C.F.  of  this  result  and  of 
the  third  expression ;  and  so  on. 

101.  The  highest  common  factor  of  algebraical  ex- 
pressions is  sometimes,  but  very  inappropriately,  called 
their  greatest  common  measure  (G.C.M.). 

If  one  expression  is  of  higher  dimensions  than  another, 
in  a  particular  letter,  we  have  no  reason  to  suppose  that  it 
is  numerically  greater :  for  example,  a*  is  not  necessarily 
greater  than  a;  in  fact,  if  a  is  positive  and  less  than 
unity,  a*  is  less  than  a. 

It  should  also  be  noticed  that  if  we  give  particular 
numerical  values  to  the  letters  involved  in  any  two 
expressions  and  in  their  H.C.F.,  the  numerical  value  of  the 
H.C.F.  is  by  no  means  necessarily  the  a. CM.  of  the  values 
of  the  expressions.  This  is  not  the  case  even  when  the 
given  expressions  are  integral  for  the  particular  values 
chosen.  For  example,  the  H.C.F.  of  14a?*  +  15i»  +  l  and 
22oo^  +  23a?  + 1  will  be  found  to  be  oo  +  l;  but  if  we 
suppose  so  to  be  ^,  the  numerical  values  of  the  expressions 
will  be  12  and  18,  which  have  6  for  G.C.M.,  whereas  the 
numerical  value  of  the  H.  0^.  will  be  |. 
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EXAMPLES  VIL 

Find  the  H.C.P.  of 

1.  a'-^ab  +  ib^   and  a^-5a'b  +  4b\ 

2.  2aj"-5a;+2  and  12ic'*- 8ic"-3a;  + 2. 

3.  2a;*  -  So'y"  +  y*  and  2a;*  -  Sa^y  +  y*. 

4.  2a;^  +  3a;V  -  ^  ai^d  4:0^  + ocy'-  ^. 

6.  a;'-4y'4- 12y»-9»"  and  a;*  +  2a»  -  4^"  +  8y«  -  3«*. 

6.  20a*-3a«6  +  6*  and  64a*  -  3a6«  +  56*. 

7.  a»-a*ft4-a6"  +  146«  and  4a' +  Sa'b  -  9ab' +  2b\ 

8.  2a;*  +  a;»-9a;'  +  8a;-2  and  2a;*- 7a;»4- lla;'-8a;  + 2. 

9.  lla;*-9aa;'-aV-a*  and  13a;*- lOaa;'- 2aV-a*. 

10.  a;*  +  a;'-9a;'-3a;+18  and  a;*  +  6a;' - 49a;  +  42. 

11.  a;*-2a;*  +  5a;*-4a;+3  and  2a;*  -  a;*  +  6a;*  +  2a;  +  3. 

12.  a;*  4- 3a;V  6a;  +  35  and  a;*+ 2a;'-5a;'  + 26a;  +  21. 

Lowest  Common  Multiple. 

102.  Definitions.  A  Common  Multiple  of  two  or 
more  integral  expressions,  is  an  expression  which  is 
exactly  divisible  by  each  of  them. 

The  Lowest  Comm^on  Multiple  of  two  or  more  integral 
expressions,  is  the  expression  of  lowest  dimensions  which  is 
exactly  divisible  by  each  of  them. 

Instead  of  Lowest  Common  Multiple  it  is  usual  to 
write  L.C.M. 

6—2 
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103.  When  the  factors  of  expressions  are  known, 
their  L.C.M.  can  be  at  once  written  down. 

Consider,  for  example,  the  expressions 

a®6*  {x  —  ay  (x  —  bf  and  aft*  (x  —  a/  (x  —  b). 

It  is  clear  that  any  common  multiple  must  contain  a'  as 
a  factor ;  it  must  also  contain  b*,  (x  —  a)*  and  (x  —  b)\  Any 
common  multiple  must  therefore  have  a^^^  (x  —  aY  (x  —  by 
as  a  factor ;  and  the  common  multiple  which  has  no  unne- 
cessary factors,  that  is  to  say  the  lowest  common  multiple, 
must  therefore  be  a'6*  (x  —  dy  (x  —  by. 

From  the  above  example  it  will  be  seen  that  the  L.C.M. 
of  two  or  more  expressions  which  are  expressed  as  the 
product  of  factors  of  the  first  degree,  is  obtained  by  taking 
every  different  factor  which  occurs  in  the  expressions  to  the 
highest  power  which  it  has  in  any  one  of  them. 

Ex.  1.    Find  the  l.c.m.  of  3a?V.  27xV«^  and  &xy^z^. 

Arts.    54x^V. 

Ex.  2.    Find  the  l.  o. m.  of  Gab^  {a  +  b)^  and  4a«6  (a«  -  b^). 

Am.   12a%'^(a-\-b)^(a-b). 

Ex.  3.      Find  the  l.  c.  m.  of  2a!ey  {x  -  yf,  Bax^  (x^  -  y«)  and  4y2  (x + y)^. 

Ans.   12axhf^{sx?-yY. 

Ex.  4.    Find  the  l.c.m.  oix^-Sx  +  2,  x^-5x  +  Q  and  x^-4x  +  S. 

Am.   (x-l){x-2){x-S). 

104.  When  the  factors  of  the  expressions  whose 
L.C.M,  is  required  cannot  be  seen  by  inspection,  their  H.C.F. 
must  be  found  by  the  method  of  Art.  97. 

Thus,  to  find  the  l.  c.  m.  of  x^  +  ««  -  2  and  x^  +  2x^-  3. 
The  H.  0.  F.  will  be  found  to  be  x  - 1 ; 
and  a^  +  x^-2  =  (x--l)(x^  +  2x  +  2)y 

x^  +  2x^-d  =  {x-l){x^  +  Sx  +  d). 

Then,  since  a;2  +  2a:  +  2  and  x^+Sx  +  S  have  no  common  factor,  the 
required  l.  c.  m.  is  (a;  - 1)  (x^  +  2a;  +  2)  (ix?  +  3a;  +  3) . 


LOWEST  COMMON   MULTIPLE.  85 

105.  Let  A  and  jB  stand  for  any  two  integral  expres- 
sions, and  let  H  stand  for  their  H.C.F.,  and  L  for  their 

L.C.M. 

Let  a  and  h  be  the  quotients  when  A  and  B  respec- 
tively are  divided  hy  H]  so  that 

A=H,a  and  B  =  H ,h. 

Since  H  is  the  highest  common  factor  of  A  and  B,  a 
and  h  can  have  no  common  factors.  Hence  the  L.c.M.  of  A 
and  B  must  be  if  x  a  x  6.     Thus 

L  =  H  .a  ,h. 
Hence        L  =  Ha  x  ^:^  =  J.  x  -^r (i)j 

also  L  X  H=Ha  x  Hb  =  A  x  i? (ii). 

From  (i)  we  see  that  the  L.C.M.  of  any  two  expressions 
is  found  by  dividing  one  of  the  expressions  by  their  h.c.f., 
and  multiplying  the  quotient  by  the  other  expression. 

From  (ii)  we  see  that  the  product  of  a/ny  two  expressions 
is  equal  to  the  product  of  their  H.C.F.  and  L.CM. 


EXAMPLES  VIIL 
Find  the  l.c.m.  of 

1.  603'  —  bax  -  6a"  and  4a;*  -  2ax^  —  9a''. 

2.  W  -  5a6  +  6*  and  3a»  -  3a*6  +  06"  -  b\ 

3.  3iB»  -  13a;'  +  23a;  -  21  and  6a;»  +  a;*  -  44a;  +  21. 

4.  a;*  -  1  la;"  +  49  and  7a;*  -  40a;»  +  75a;"  -  40a;  +  7. 

5.  a;*  +  6a;'  +  1  la;  +  6  and  a;*  +  a;"  -  4a;"  -  4a;. 

6.  a;*-a;'  +  8a;-  8  and  a;*  +  4aj''-  8aj"  +  24a;. 

7.  8a»  -  1 8a6",  8a»  +  8a"6  -  6a6"  and  4a"  -  8a5  +  36^ 
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8.  a;^-7a;+12,  3aj^  -  6aj  -  9  and  2iB»  -  6a:' -  8a;. 

9.  Sa^  +  27,  16a;*  +  36a^  +  81  apd  6a;'  -  5a;  -  6. 

10.  a;»  -  6a;2/  +  ^y" ,  x'-xy-  6y"  and  3a;'  -  1 2f, 

11.  a;'  -  7a;y  +  I2y^,  of  -  6'xy  +  8y^  and  a;'  -  5xy  +  6y'. 

12.  Shew  that,  if  ax*  +  hx  +  c  and  aV  +  6'a;  +  c'  have  a  com- 
mon factor  of  the  form  x  +  /,  then  will 

(ac'  -  a'cf  =  {he'  -  6'c)  (a6'  -  a'h), 

13.  Shew  that,  if  (nx?  +  5a;'  -^cx  +  d  and  aV  +  6 V  +  c'x  +  e^' 
have  a  common  quadratic  factor,  then  will 

ha'  r-  h'a  _  ca'  —  c'a  _  da'  —  c?'a 
ad'  -  a'd  "  hdT^h^^  cd'  -c'd' 

14.  Find  the  condition  that  aa?  +  hx  +  c  and  a'a;'  +  Vx  +  c' 
may  have  a  common  factor  of  the  form  x+f, 

15.  If  ^j,  ^g,  ^3  are  the  highest  common  factors,  and  l^,  l^,  l^ 
the  lowest  common  multiples  of  the  three  quantities  a,  6,  c  taken 
in  pairs ;  prove  that  g^g^J^J^J'^  —  {ahcy. 

16.  If  A,  B,  C  be  any  three  algebraical  expressions,  and 
(BC),  {CA),  (AB)  and  (ABC)  be  respectively  the  highest 
common  factors  of  B  and  (7,  C  and  A,  A  and  B,  and  A,  B  and 
(7 ;  then  the  L.  o.  m.  of  A,  B  and  G  will  be 

A.  B.C.  (ABC) ^ {{BG) . (CA) .  (.1^)}. 


CH-APTER  VIII. 


Fractions. 


106.  When  the  operation  of  division  is  indicated  by 
placing  the  dividend  over  the  divisor  with  a  horizontal  line 
between  them,  the  quotient  is  called  an  algebraical 
fraction,  the  dividend  and  the  divisor  being  called 
respectively  the  numerator  and  the  denominator  of  the 

fraction.   Thus  r  means  a  -r-  6. 

0 

Since,  by  definition,  t  =  a  -r-  6,  it  follows  that  r  x  6  =  a. 

0  0 

107.  Theorem.  The  value  of  a  fraction  is  not 
altered  hy  multiplying  its  numerator  and  denominator  by 
the  same  quantity. 

We  have  to  prove  that 

a  _  a/m 
b      bm' 

for  all  values  of  a,  b  and  m. 
Let  a?  =  r ; 

0 

then  a!xb=Txb  =  a,  by  definition. 
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Hence  xxbxm  =  axm; 

/.  X  X  (6m)  =  am.    [Art.  29,  (ii).] 

Divide  by  bm,  and  we  have 

am 


X  =  am  -^  {hm)  = 


bm' 


108.  Since  the  value  of  a  fraction  is  not  altered  by 
multiplying  both  the  numerator  and  the  denominator  by 
the  same  quantity,  it  follows  conversely  that  the  value  of  a 
fraction  is  not  altered  by  dividing  both  the  numerator  and 
the  denominator  by  the  same  quantity. 

Hence  a  firaction  may  be  simplified  by  the  rejection  of 
any    factor    which    is    common    to    its    numerator    and 


a^x 


denominator.     For  example,   the   fraction  y^-  takes  the 

0  X 


a» 


simpler  form  75 ,  when  the  factor  x,  which  is  common  to  its 

numerator  and  denominator,  is  rejected. 

When  the  numerator  and  denominator  of  a  fi'action  have 
no  common  factors,  the  fraction  is  said  to  be  in  its  lowest 
terms. 

To  reduce  a  fraction  to  its  lowest  terms  we  must  divide 
its  numerator  and  denominator  by  their  h.o.f.  ;  for  we  thus 
obtain  an  equivalent  fraction  whose  numerator  and  de- 
nominator have  no  common  factors. 

Ex.  1.    Beduce  ^  „      to  its  lowest  terms. 

ow'xy 

The  H.c.  F.  of  the  nnmerator  and  denominator  is  Saxy ;  and 

Saxhf  _  3axh/-~Baxy  __  x 
6a^xy  ~  Qa^xy-7-3axy  ~  2a  * 

Ex.2.    Simplify -^^*?^°?^. 
*^    "^  x^-Sxy  +  12y^ 

x^  -  Ixy  +  IQiy^  _  (^  ~  ^V)  (^  ~  ^V)  _  ^  -  6y 
x^ - 8x3/  +  12i/2 "  {x - 2y)(x - 61/)  ~ a;-%  * 
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Ex.  3.     Simplify 


x^-ax 


x^-ax         x{x-  a) 


a^-a?      (a-x){a-^xy 


Since  a;  -  a = -  (a  -  x),  if  we  divide  the  numerator  and  denominator 

'~  X 

hy  a-x,  we  have  the  equivalent  fraction ;  and  if  we  divide  the 

•^  a+x 

X 

numerator  and  denominator  by  x-a,  we  have  -— ; : .    By  the 

-{a+x)        '' 

•—  X  X  X 

Law  of  Signs  in  Division  =  — ; :  = ,  and  the  last  form 

a  +  x     -{a  +  x)         a  +  x 

is  the  one  in  which  the  result  is  usually  left. 

V     A      a-      T*         x^  +  Sx^  +  %x  +  B5 
Ex.4.    Smiphfy^^^_^,^^g^^^^. 

The  H.o.p.  will  be  found  to  be  x*-9x  +  7;   and,  dividing  the 
numerator  and  denominator  by  ^^-3^+7,  we  have  the  equivalent 

.     ,.      x^+dx  +  5 

^^*^^^S^T^T3- 

109.  Reduction  of  fractions  to  a  common  de- 
nominator. Since  the  value  of  a  fraction  is  unaltered  by 
multiplying  its  numerator  and  denominator  by  the  same 
quantity,  any  number  of  fractions  can  be  reduced  to 
equivalent  fractions  all  of  which  have  the  same  denomi- 
nator. 

The  process  is  as  follows.  First  find  the  L.C.M.  of  all 
the  denominators ;  then  divide  the  L.C.M.  by  the  denomi- 
nator of  one  of  the  fractions,  and  multiply  the  numerator 
and  denominator  of  that  fraction  by  the  quotient;  and 
deal  in  a  similar  manner  with  all  the  other  firactions :  we 
thus  obtain  new  fractions  equal  to  the  given  fractions  re- 
spectively, and  all  of  which  have  the  same  denominator. 

For  example,  to  reduce 

x»2/  {x+y)'       xy^  {x  -  y)  xh/^  {x^  -  y^)  * 

to  a  common  denominator. 

The  L.G.M.  of  the  denominators  is  x^y^{x^-y^).    Dividing  this 
L.C.M.    by   afly{x+y),  xy^{x-y)  and   xhf^{x^-y^),  we   have    the 
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quotients    y^{x-y)t  x^{x+y)    and   xy    respectively.     Hence   the 
required  fractions  are 

a         __         axy^{x-y)         _   ay^ (x - y) 
xhf{x+y)     sfiy(x+y)xy^(x-y)~  a^^{a^-y^)* 

b         _        bxx^{x  +  y)         __   bx^(x  +  y) 
xy^  {x-y)~~  xy^  (x-y)x  x^  {x  +  y)"  sfiy^  (x^  -  y^)  * 

c  cxxy  cxy 


xhf^{x^-y^)         a?y^{x^-y^)xQffy         a^ix^-y^ 

It  is  not  necessary  to  take  the  lowest  common  multiple  of  the 
denominators,  for  any  common  multiple  would  answer  the  purpose ; 
but  by  using  the  l.  o.  m.  there  is  some  saving  of  labour. 

110.  Addition  of  fractions.  The  sum  (or  diflfer- 
ence)  of  two  fractions  which  have  the  same  denominator  is 
a  fraction  whose  numerator  is  the  sum  (or  difiference)  of 
their  numerators,  and  which  has  the  common  denominator. 
This  follows  from  Art.  43. 

When  two  fractions  have  not  the  same  denominator, 
they  must  first  be  reduced  to  equivalent  fractions  which 
have  the  same  denominator  :  their  sum,  or  difference,  will 
then  be  found  by  taking  the  sum,  or  difference,  of  their 
numerators,  retaining  the  common  denominator. 

When  more  than  two  fractions  are  to  be  added,  or  when 
there  are  several  fractions  some  of  which  are  to  be  added 
and  the  others  subtracted,  the  process  is  precisely  the 
same.  The  fractions  must  first  be  reduced  to  a  common 
denominator,  and  then  the  numerators  of  the  reduced 
fractions  are  added  or  subtracted  as  may  be  required. 

Ex.  1,    Find  the  value  of  — =-  + 


a+b     a-b' 
The  L.C.M.  of  the  denominators  is  (a  +  b)  (a-b);  and 

1  1  a-b  a+b 

+ 


a+b     a-b     (a+b)  (a-b)     (a-b)  (a+b) 
_  (a-^b)  +(a  +  b)  _     2a 


Ex.2.    Find  the  value  of -^  +     ^^ 


a-b^5«_a2- 
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The  L.C.M.  of  the  denominators  is  a'  -  &' ;  and  we  have 
a{a  +  b)     -  ah    __ a{a  +  h)-ab _     a^ 

Ex.3.    Simplify -f_  + 4-+ -|^+_^. 

a-x     a+x     a*+x^     a^+jc* 

In  this  case  it  is  not  desirable  to  reduoe  all  the  fractions  to  a 
common  denominator  at  once :  the  work  is  simplified  by  proceeding 
as  under 

a  a    _a  {a  +  x)  +  a{a-x)  _    2a^ 

a^x     oTx  a^-x^  o^^T^' 

and  finally  —^ .  +  — : ^  = ^ i — = — ^ '  =  -= 5 . 

a^-x*     a*+x*  a^-ar  a^-x^ 

[The  above  would  be  shortened  by  observing  that,  except  for  the 
factor  2,  the  second  addition  only  differs  from  tiie  first  by  having  a^ 
and  x^  instead  of  a  and  x  respectively ;  and  hence  the  result  of  the 
addition  can  be  written  down  at  once.  So  also  the  result  of  the 
third  addition  can  be  written  down  from  the  first  or  second.] 

Ex.4.    SimpUfy-^--l.  +  -^, --i^. 
•^  aj-3     x-1     x-\-l     a;  +  3 

Here  again  it  is  best  not  to  reduce  all  the  fractions  to  a  common 
denominator  at  once :  much  labour  is  often  saved  by  a  judicious 
arrangement  and  grouping  of  the  terms. 

Jl 1_  _  (a;  +  3)-(a;-3)  _  _6 

a;-3     x  +  3~  a!>-9         "  a?-^' 


and 
then 


3  3    _-3(a;  +  l)  +  3(a;-l)_    -6 

a;-l"*"a;+l"'  x^-1  ~  x^-V 

6  -6   _ 6(x8-l)-6(gg-9)  _  48 

a^-9"*'x2ri-      (a;2  _  9)  (a;a  - 1)       "  (x^-^)(x^-\y 


a'  &a  c' 

Ex.  6.    Simplify  -. — =t-7 r  +  tt — tti — ^  +  7 w — t:\  • 

*^    "^  (a -  6)  (a - c)     (6 - c)  (6 -a)     (c  -  a)  (c -  0) 

The  L.c.M.  of  the  denominators  is  (&  -c)(c-  a)  (a  -  h)  [See  Art. 
92].    Hence  we  have 

a^(c-h)  +  y^{a-c)  +  c'^{f>-a) 
(6  -c){c-  a)  (a-h) 

Now  we  naturally  test,  by  the  method  of  Art.  88,  whether  either 
of  the  factors  of  the  denominator  is  a  factor  of  the  numerator :  we 
are  thus  led  to  find  that  the  numerator  is  the  same  as  the  denomi- 
nator, so  that  the  given  expression  is  equal  to  unity. 
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Ex.  6.    Simplify 


a2  6«  c^ 

■-,-v   + 


{a-b)(a-c){x  +  a)     (b-c){b-a)(x  +  b)     (c-a){c-b)(x+c)' 

The  L.o.M.  of  the  denominators  is 

{b-c)  {c  —  a)  {a-b){x+a){x  +  b){x  +  c). 

The  expression  is  therefore  equal  to  the  fraction  whose  denominator 
is  this  L.o.M. ,  and  whose  nnmerator  is 

a* {c -b)  (x  +  b)  {x+c)  +  b^ {a- c)  (x  +  c)  {x  +  a)  +  c^ {b -  a)  (x+a)  {x  +  b). 

Arranging  the  numerator  according  to  powers  of  x,  the  coefficient 
of  x^  is  a^{c-b)  +  b^(a-c)  +  c^(b-a)  =  (b-c){c-a){a-b). 

The  coefficient  of  x  is  a^  (c^  -  b^)  +  b^  (a*  -  c^)  +  c^(b^-  a^) = 0. 

The  term  which  does  not  contain  x  is 

dbc  {a  (c  -  6)  +  6  (a  -  c)  +  c  (6  -  a)} = 0. 

Hence  the  numerator  is  x^(b-c){c~a){a-b),  and  therefore  the 
given  expression 

x^{b-c){c-a)(a-b) x^ 

"~  {b-c)  (c-a)  (a-b)  (x  +  a){x  +  b)  (x  +  c)  ~  (x+a)  {x-^b)  {x  +  c) ' 

111.    Multiplication  of  ftuctions.     We  have  now  to 
shew  how  to  multiply  algebraical  fractions. 

a  c 

Let  the  fractions  be  r  and  -^ . 

0  a 

,    .  a     c 

Let  a?  =  ^  X  ^ ; 

CL         C 

then  a?x6xd  =  TXjx6xd 

0     a 

=  T  xb  X  jXd, 
0  a 

by  the  Commutative  Law. 

CL  C 

But  T  X  6  =  a,  and  ^  x  d  =  c  by  definition, 
o  a 

.\  xxbxd  =  axc; 

_ac 
bd 
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Thus  the  product  of  any  two  fractions  is  another  fraction 
whose  numerator  is  the  product  of  their  numerators y  and 
whose  denominator  is  the  product  of  their  denominators. 

The  continued  product  of  any  number  of  fractions  is 
found  by  the  same  rtile.     For 

a     c      e  __ac      e  _  ace 
h^d^f'bd^yhdf' 

and  similarly,  however  many  fractions  there  may  be. 

Hence 

/a\'     a     a     aa     a^         ,    .  ,   /a\"     a* 

\b)  =6^  6  =  M  =  P'  ^°^'  '°  general.^  =  ^,. 

112,    Division   of  firactions.     Let  t  and  ^  be  any 

two  fractions ;  and  let  a?  =  r  -^  -3  • 

mi.  caeca 

Then  0=^-^  =  -^-^-  =  .-., 

c     d  _a     d 
d      c     0      c 

TT  ad 

Hence  «?=  t  x  -, 

0      c 

c     d     cd     ^ 
smce  J  X  -  =  3-  =  1. 

d     c     dc 

Thus  to  divide  by  any  fraction  ^  is  the  same  as  to 

multiply  by  the  reciprocal  fraction  -  . 

As  particular  cases  of  multiplication  and  division,  we 

have 

a       __a     c  ^ac 
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6  0     1      0     c     be 

Note.  It  should  be  noticed  that  the  rules  for  the 
multiplication  and  division  of  algebraical  fractions  are 
simply  rules  concerning  the  order  in  which  operations  of 
multiplication  and  division  may  be  performed,  and  have 
really  been  proved  in  Art.  33. 

Thus  TX-j  =  (a-7-b)x(c-T-d) 

=  a-T-6  xc-7-d 

=  axc-7'b-7'd  =  (ac)  -J-  (bd)  =  t-.  . 

^    "t*  fll  X  ~~  Oi 

Ex.  1.    Simplify  -5 »  x r„ . 

a^  +  cfi       x-a   _  (x'  +  a')  (a;-a) 

_  {x^-ax  +  a^)  (x-\-a)  {x-a)  _x^-(ix  +  a^ 
~  (x-a)(x  +  a)^  "     {x  +  ajl^ 


Ex.  2.     SimpUfy 


11 

a; 


x^     y2 


1      1        y-x 

'x'~y         xy        y-x^y^-3^  _y-x  ^  _xV_  „   ^y 

1       1  "y^*^       xy    *    aj22/2         xy       y*-x«     x  +  y 

O  +  X       fl—  X 

-.-.      »      o..      ,.-    d  —  x     a  +  x 

Ex.  3.     Simplify—; . 

^    •'a  +  x     a-x 

a-x     a+x 

a  +  x     a-x_(a+g)  (a  +  x)-(a-ap)(a-x)_    4flx 
a-x     a+x~~  a^-v?  ~a*-x'* 

,     a  +  x     a-x     (a  +  x)(a  +  x)  +  (a-x)(a-x)     2a*  +  2x2 

and 1 — ; —  = s 5 =     „ s- . 

a-x     a  +  x  a^-x*  a*-x' 
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Henoe  the  given  fraction  is  equal  to 

4ax    ,  2a»  +  2a;'_    iax         a^-x^   _    2ax 

113.     The  following  theorems  (the  second  of  which 
includes  the  first)  are  of  importance  : 

Theorem  I.     If  the  f ructions  ^ >  -^  >  t^  *  <^o.  be  all  eqtuil 

Oi    0^    Oj 

to  one  another y  then  will  each  fraction  he  equal  to 

j)ai  +  g^a  +  m,  + 

p\  +  q\  +  rb^  + 

Let  each  of  the  equal  fractions  be  equal  to  x. 

Then,  since  ^  =  a?,  Oi  =  6i  f» ; 

.*.  pa^==p\x, 
so  also  qa^^qh^y 

ra^  =  rb^  x, 


Hence,  by  addition, 

pai  +  qa^  +  ra^+ =  (pb^  +  qb^  +  rbs+ ...)x] 

pa,  +  qa,  +  ra,+ =x=^  =  &c. 

pbi  +  qh  +  rb^+ 6i 


•  • 


Theorem  II.    If  the  fractions  j^ ,  -jr,  -ry  <i^c.  be  all 

equal  to  one  another,  then  will  each  fraction  be  equal  to 

—^  >  where  A  is  any  homogeneous  expression  of  the  nth 

degree  in  a^,  a^,  ttg,  ike,  and  B  is  the  same  homogeneous 
expression  with  b^  in  the  same  place  of  a^,  6,  in  the  place 
ofa^y  <bc. 

Let  each  of  the  equal  fractions  be  equal  to  x,  so  that 
a^  =  b^x,      a^  =  b^x,      a^  =  b^x,      &c. 
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Let  \aj^a/ay.,.  be  any  term  of -4  ;  then  X6  *6/  by... 
will  be  the  corresponding  term  of  5;  and  since  the  expres- 
sions A  and  B  are  homogeneous  and  of  the  nth  degree, 
a  +  /8  +  7+...=w. 

Now  Xaj« a/ ay. . .  =  X  {b^xY{h^Y{h^x)y.. . 

=  \{b^-b,ny...)af'-^p^y+- 

=  ar.\b^b^by..., 
since  a  +  )8  +  7  4- . . .  =  n.* 

Hence  any  term  of  -4  =  a;*  x  corresponding  term  of  B ; 
.*.  sum  of  all  the  terms  of  il  =  a?"  x  sum  of  all  the  terms  of  By 
that  is  -4  =  a;** .  5  ; 


•  • 


which  proves  the  theorem. 

Theorem  III.     If  the  denominators  of  the  fractions 
jr»  ir>  ir> ^^  ^'^   positive,  then  will   the  fraction 

,'././. -  be  greater  than  the  least  and  less  than 

\  +  K+K+ 

the  greatest  of  the  fractions  j~  >  j^ ,  <^c. 


1        ^^2 

j^  be  the  greatest  of  the  fractions,  and  let  ^  =  a? ; 
a«  a. 


then  T^  <  a?,  7-5  <  a?,  &c. 
^2  ^ 


Hence,  6^,  63,...  being  all  positive,  we  have 

a^  =  w  .  6j, 
a^<  OD .  63, 
a^<w  ,  63, 


*  We  have  in  the  above  assumed  certain  results  which  will  be  proved 
in  Chapter  XTTT. 
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Hence  by  addition 

«i  +  «2  +  «8  + <os(\-{-b,  +  b,  -f ) ; 

.    ajjf3J-^3 +. . . 

Hence  V — r' — i^ — ^  is  less  than  the  greatest  of  the 
61  +  65, +  63+...  ^ 

fractions;   and  it  can  be  similarly  proved  to  be  greater 

than  the  least  of  the  fractions. 

Ex.  1.    Shew  that,  if  ^  =  3 ,  then  will  — .  =  — 5 . 

'      b     d  a-0     c-d 

Let  T=iB;  then  -i=x, 
0  a 

„         a+b     bx+b     x+1     dx+d     c  +  d 

Hence = =  — < —  = = . 

a-b     bx-b     x-l     dx-d     c-d 

Or  thus : 

c,.       a     c 
Smoe^  =  3, 

«    1     c     ^.,    ..a  +  6     c+d 
j+l=^+l,thatis-j-  =  ^. 

Ai  a-C-.,    ..a— 6c-d 

Also  =--1=^-1,  that  IS —r- = —T~  . 

0  a  0  a 

Tx  a  +  b     a-b     c  +  d     c-d 

Hence  — ^__=_^__; 

a+b     c+d 
a-b~~  c-d' 

Ex.  2.    Shew  that,  if  t  =  3 ,  then  will  each  fraction  be  equal  to 

b     d 


J{ly^-2bd  +  2dy 


Put^=,-^=^; 


V(aa  -2ac+  2c^)  _  V(  W  -  2bxdx  +  2(Pa;«)  _ 
V(&*-26d+2(?-»)'~       ^(b^-2bd  +  2d')  ^ 

Ti     «      «t-      XI-  X   .-«!/  +  &«     aa  +  cx     bx  +  ay    .,  .,, 

Ex.  3.    Shew  that,  if  ^  .      = = ,  then  will 

bcx  ^^  __        cay abz 

-  al  +  bm  +  cn^  al-bm  +  cn"  al  +  bm-cn' 

S.  A. 
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Each  of  the  given  equal  fractions 

__''a{qf  +  hz)  +  b{az  +  cx)  +  e(hx+ay)  ^        2bex 
"  -al+hm+cn  "  -al+hm-^-cn 

-    .    .,    ,  2cay  2aJ>z 

and  similarly  =  -; — ; — =  — ; — ; • 

al-om+cn     al+om-cn 


EXAMPLES  IX. 


Simplify  the  following  fractions : 

30a'6Va;'yV  3a^6VVy»* 

*•  AA  Til         O         K.  «        •  ^» 


3. 


9. 


10. 


11. 


12. 


13. 


14. 


36a*6c'a;V  '  aYxY     ' 


a'^3ah-2Sb''  2Sxy  +  3afy'-l' 


2a;"+3aj"-l  ^  x*-af-x+l 


a;*  +  2aJ»+2iB*  +  2aj+r  '     »*  -  2aj»  -  i»»  -  2ic  +  I 

2^"  +  53;*^  +  a:y' -  3y" 
3a;*  +  3aj*y  -  4{»"y'  -a^  +  y*' 

54g'  ~  27a;*  -  30^*  -  4 
36a;*  +  3a;"  +  3a;  -  2   ' 

(a  +  &){(a  +  6)'-c'} 
46«c'  -  (a"  -  6"  -  c")'  • 

a;°(y»-g')  +  /(ig'-a;')  +  ^(a;'-y') 
a;"  (y  -  «)  +  2/"  («  -  a;)  +  »''  (a;  -  y) 

a;*  (y  -  g)  +  y*  (g  -  a;)  +  g*  jx-y) 
^  +  «)'  +  («  +  a;)"  +  (a;  +  y)' 

a{b~c)(c-d)-c(d-a)(a-  h) 
h{c^d){d-a)'-d{a-b)(b'-cy 
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15     ^{y'-^)^y'{^-^^z'{^-f) 

a^  (y  -  «)  +  y'  (2  -  a?)  +  7?  {x  -  y) 
16.     7  + ,  + 


17. 


18. 


21. 


23. 


24. 


25. 


a  +  6     a-6      b'-a'* 

3-a;       3  +  a?       l-16a; 
l-3a;      l  +  3a;      9ic"-  1' 

a? y         (a?  -  y)' 

x+2y     2y  —  x     of  —  4^* ' 


- «      x  —  2a     x+2a        Sax 
19.     j; :s^ + 


03  +  2a      2a  — X     of  —  4a*  * 

«A         1           3  3  1 

20.     ^ i  + 


03+2        03+4        03+  6        03  +  8 


03  +  a     03  + 3a     03  + 5a     05  + 7a* 


22.     i--^.«--^.  1 


05  —  2a     03  —  a     03     03  +  a     x  +  2a' 


I 


9?  -  5ajy  +  6y*     03*  -  4o3y  +  3;^     05*  -  3ajy  +  2]f ' 

a  h  c 

+ j^ 

(a  —  6)  (a  —  c)      (6  —  c)  (6  -  a)     (c  -  a)  (c  -  6)  * 

g'  6'  c* 

(o^^ftj^a^^      (6  -  c)  (6  -  a)     (c  -  a)  (c  -  6)  * 


2g       (l  +  a6)(l+ac)  ^  (l+6c)(l+6a)     (l+ca)(l  +  c6) 
(a-6)(a-c)         (6-c)(6-a)         (c-a)(c-ft) 

27  6c  (a  +  Q?)  ca  (6  +  ^  ah{c  +  d) 

(a  —  b)(a-'  c)     (b  —  c)  (6  —  a)     (c  -  a)  (c  -  6) ' 

(aj  +  y)(iw  +  «;)     (y  +  «)(y  +  a:)      (2  +  aj)(«  +  y)* 

7-2 


J      >    --^ 
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29. 


31. 


32. 


34. 


(y-a;)(g-a;)  ^  (g--y)(a?-y) 

{x-2y  +  z)(x  +  y-  2z)     (x  +  y-2«)(-2aj  +  y+z) 

(z'-xjiz-y) 


{- 2x -^ y  +  z) (x -  2y  +  z)' 


x  +  a     x  +  b     x  +  c      Q  (x-^a)  {x  +  b)  (x  +  c) 
30       a?--«     a;-6     x-c         (x-a)  (x-b)  (x-c) 

«  03*  +  (6c  +  ca  +  ab)  x  ' 


XXX 


x-a     33  —  6     x  —  c         (x^a)  {x  —  b)  (x  —  c) 


a»  5»  -» 


(a  -  6)  (a  -  c)      (b  -  c)  (6  —  a)      (c  -  a)  (c  -  6) ' 

a'  6^  c" 

(a  -  6)  (a  -  c)      {b  -c){b  -  a)     (c  —  a)(c  —  b)' 


(a-b)(a-c)        (6-c)(6-a)        (c-a)(c-6)' 


\b     c)  \c     a)  \a     b) 

\6      c)        \c     a/        \a     b) 


1  1 

35.         , = r-; = r  + 


(a  -  6  +  c)  (a  +  6  -  c)     (a  +  6  -  c)  (  -  a  +  6  +  c) 

1 


(  -  a  +  6  +  c)  (a  -  6  +  c)' 


6-c  c-a  a-b 

36.  -6 7? Xi    +     ^-9 1 -^9   + 


a^^{b-cy     b'-{c-ay     c*  -  (a  -  6)»' 

37,  Shew  that 

16+  f^±^+^z^-2^;y=i6  f^y. 

(x-a     x  +  a       ar  +  oT)  \x  -a/ 

38.  Shew  that 

a  +  b         a-b       ^  c?x  +  Vy  _  .  a^a? - 6y 
003  +  6y     ax  — by       a*x'  +  b^y'        a*x*  —  b*y* ' 


.    *  •   - 

V     *"    ^     w         w 
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39.     Shew  that  <JI^M^ 

^^^     {a  -b){a^  c)  (1  +  air)  "^  (6  -  c)  {b  -  a)  (1  +  6a:)        \,^^ 

c»  1 


(ii) 


(c  -'a){c'-  b)  (1  +  ca?)      (1  +  ax)  (I -h  bx)  (I  +  ex)  ' 
a  b 


(a  -b){a-  c)  (1  +  oic)      (5  -  c)  (b  -  a)  (1  +  6a:) 
c  —a; 


(iii) 


(c  -  a)  (c  -  6)  (1  +cx)      (1  +  aa;)  (1  +  6a;)  (1  +  ex)  ' 
1  1 


(a  -b){a-  c)  (1  +  ax)      (6  -  c)  (6  -  a)  (1  +  6a;) 
1  of 


+ 


(c  -  a)(c  -  6)  (1  +  ex)     (1  +  ax)  (1  +  6a?)  (1  +  ca;)  ' 

40.  Simplify 

(a  +  p){a  +  q)        ^        {h+p){b  +  q)        ^        {c+p){c-¥q) 
(a  —  6)  (a  -  c)  {x  +  a)     (6  -  c)  (6  -a){x  +  6)     (c  -  a)  (c  -  6)  (x  +  c)' 

41.  Simplify 

a  (6  +  c  -  a)        6  (c  +  a  —  6)        c  (a  +  6  -  c) 

+  t;; tt; r  + 


{a  -  6)  (a  -  e)     (6  -  c)  (6  —  a)     (c  -  a)  (c  -  6)  ' 

42.     Simplify 

(a  — 6  +  c)(a  +  6-c)     (a  + 6  — c)  (-a  +  6  +  c) 
(a-6)(a-c)        "^         (6-c)(6-a) 


(-a  +  6  +  c)(a-6  +  c) 
(c  -  a)  (c  —  6) 


43.     Simplify 


a  (6  +  c)      6  (c  +  a)      e{a  +  h) 
6+c-a     c+a— 6     a+6— c' 
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44.     Shew  that  (m  +  — )  +(n  +  -j  +  (mn  +  — ) 

\        m/       \       nj       \  mnj 


—  (m  +  — )  (71  +  -)  (7rm  +  —  )  =  4. 
\        w/  \       n/  \         mnJ 


45.     Shew  that 


46.  Shew  that 

6  —  c       c  —  a       a  -  6  _    (6  -  c)  (c  -  a)  (a  -  6) 
l+6c     1+ca     TToft""  (l+6c)(l  +  ca)(l+a6)' 

47.  Simplify 

48.  Shew  that,  if 

y +  J5  __«  +  «  _aj  +  y 

then  will  each  fraction  be  equal  to 


49.  Shew  that,  if  -  =  t  ,  then  will 

y     0 

af  +  a'     y'-^b'     {x  +  yy-h{a  +  h)' 
x+a       y+b         x+y+a+b 

50.  Shew  that,  if 

X       _       y       _       z 
b-{-c-a~  c  +  a  —  b     a  +  b  —  c^ 

then  will  b-  c)  x  +  {c  -  a)  y  +  (a-  b)  z  =  0, 
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51.  Shew  that,  if        ^  =  ^^Z^, 

0-c         c-a 

then  will  each  equal  -^ — =— , 

a  — 6 

and  a{y  -z)  +  h{z-x)  +  c(x-y)  =  0, 

52.  Shew  that 

g*  6*  c* 

(a-6)(a-c)(a-c^)"^  (&-c)(6-(^)(6-a)"^  (c-(i)(c-a)(c-6) 

{d-  a)  {d-o)  {a-  c) 

53.  Shew  that 

K~«.)K-a8) (»i-»«)      (»g-ai)K-»8) («»-»«) 

+  .... 


V 


is  eqiml  to  zero  if  r  be  less  than  n  -•!,  to  1  if  r  =  ti  - 1,  and  to 


a^  +  a,  + . ..  +  a„  if  r  =  w. 


54.     Shew  that 

1    J.  1  I  8  t    8  I 

a-a,      (a?  -  ttj)  (a;  -  a,)     (oj  -  a^)  (a? -  a,)  (a; -  aj 

•  •  •  i" 


(aj— a,)  (as-  ag)...(a3~a»)      {x—a^  (a;-a,)...(a5-a„)  * 

55.     Shew  that 

h-\-c  +  d-\-  ...  +A;  +  Z    _        5  c 

a  (a  +  6  +  c  +  . . .  +  A;  +  ^)      a  (a  +  6)     (a  +  6)  (a  +  6  +  c) 


...+ 


(a  +  6+... +Aj)  (a  +  6+  ...  +A;  +  ^)  * 
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Equations.    One  Unknown  Quantity. 

114.  A  STATEMENT  of  the  equality  of  two  algebraical 
expressions  is  called  an  equation;  and  the  two  equal 
expressioins  are  called  the  members^  or  sides,  of  the 
equation. 

When  the  equality  is  true  for  all  values  of  the  letters 
involved  the  equation  is,  as  we  have  already  said,  called 
an  identity,  the  name  equation  being  reserved  for  those 
cases  in  which  the  equality  is  only  true  for  certain 
particular  values  of  the  letters  involved. 

For  the  sake  of  distinction,  a  quantity  which  is  supposed 
to  be  known,  but  which  is  not  expressed  by  any  particular 
arithmetical  number,  is  usually  represented  by  one  of  the 
first  letters  of  the  alphabet,  a,  b,  c,  &c.,  and  a  quantity  which 
is  unknown,  and  which  is  to  be  found,  is  usually  repre- 
sented by  one  of  the  last  letters  of  the  alphabet  x,  y,  z,  &c. 

115.  We  shall  in  the  present  chapter  only  consider 
equations  which  contain  one  unknown  quantity. 

To  solve  an  equation  is  to  find  the  value  or  values  of 
the  unknown  quantity  for  which  the  equation  is  true ;  and 
these  values  of  the  unknown  quantity  are  said  to  satisfy 
the  equation,  and  are  called  the  roots  of  the  equation. 

Two  equations  are  said  to  be  equivalent  when  they 
have  the  same  roots. 
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An  equation  which  contains  only  one  unknown  quantity, 
X  suppose,  and  which  is  rational  and  integral  in  x,  is  said 
to  be  of  the  first  degree  when  x  occurs  only  in  the  first 
power ;  it  is  said  to  be  of  the  second  degree  when  a?  is  the 
highest  power  of  x  which  occurs ;  and  so  on. 

Equations  of  the  first,  second  and  third  degrees  are 
however  generally  called  simpley  quadratic  and  cubic 
equations  respectively. 

116.  In  the  solution  of  equations  frequent  use  is 
made  of  the  following  principles. 

I.  An  equation  is  equivalent  to  that  formed  by 
adding  the  same  quantity  to  both  its  members. 

For  it  is  clear  that  A  +  m  =  B  +  m  when,  and  only 
when,  A=^B, 

II.  Any  term  may  be  transposed  from  one  side  of  an 
equation  to  the  other,  provided  its  sign  be  changed. 

Let  the  equation  be 

a'\-h'-'C=p  —  q  +  r. 

Add  —p  +  g  —  r  to  both  sides ; 

then        a  +  6  —  c— p  +  j  —  r  =p  —  q  +  r  --p  +  g^  —  r, 
that  is,  a  +  b  —  c  —  p  +  q  —  r  =  0. 

We  thus  have  an  equation  equivalent  to  the  given 
equation,  but  with  the  terms  p,  —  q,  +  r  changed  in  sign 
and  transposed. 

By  means  of  transposition  all  the  terms  of  any  equation 
may  be  written  on  one  side  of  the  sign  of  equality  and 
zero  on  the  other  side. 

III.  An  equation  is  equivalent  to  that  formed  by 
multiplying  (or  dividing)  each  of  its  members  by  the  same 
quantity  which  is  not  equal  to  zero. 

For,  if  -4  =  jB,  it  is  clear  that  mA  =  mB,  Conversely,  if 
mA  =  mB,  that  is  m  (-4  —  jB)  =  0,  it  follows  that  A  —  B  =  0, 
since  m  is  not  zero.  Hence  mA  =  mB  when,  and  only 
when,  A=B. 
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The  case  of  division  requires  no  separate  examination, 

1 

for  to  divide  by  m  is  the  same  as  to  multiply  by  -  . 

117.  Simple  Equations.  The  method  of  solving 
simple  equations  will  be  seen  from  the  following  examples. 

Ex.  1.    Solve  the  equation  ISos  -  7 = 5a; + 9. 

Transpose  the  terms  5x  and  -  7 ;      then  ISx  -  5a; = 7  +  9. 
That  is  8a; =16. 

Divide  both  sides  by  8,  the  coefficient  of  x ;  then  x=2, 

Sx  2x 

Ex.  2.    Solve  the  equation    -j-  -  2 = -=-  +  5. 

We  may  get  rid  of  fractions  by  multiplying  both  members  by  20, 
the  least  common  multiple  of  the  denominators ;  we  then  have 

15a; -40= 8a; +  100, 
or  transposing  15a;  -  8a; = 100  +  40 ; 

.•.  7aj=:140. 
Divide  by  7,  the  coefficient  of  x ;  then  a; =20. 

Ex.  3.     Solve  the  equation  a{x-a)= 2ab  -h(x-  6). 
Bemoving  the  brackets,  we  have 

oo;  -  a^ = 2a&  -  &a; + &^ 
or  transposing  ax  +  hx^  2db  +  &^ + a*, 

that  is  x{a+h)==(a+ h)K 

Divide  by  a + &,  the  coefficient  of  x ;  then 

85  =  ^ i^  =  a  +  o. 

a+h 

From  the  above  it  will  be  seen  that  the  diflferent  steps 
in  the  process  of  solving  a  simple  equation  are  as  follows. 
First  clear  the  equation  of  fractions,  and  perform  the 
algebraical  operations  which  are  indicated.  Then  trans- 
pose all  the  terms  which  contain  the  unknown  quantity 
to  one  side  of  the  equation,  and  all  the  other  terms  to  the 
other  side.  Next  combine  all  the  terms  which  contain 
the  unknown  quantity  into  one  term,  and  divide  by  the 
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coefficient  of   the  unknown  quantity:    this    gives    the 
required  root. 

118.  Special  Oases.  Every  simple  equation  is  redu- 
cible to  the  form  cw?  +  6  =  0,  the  solution  of  which  is  a?  = . 

The  followtag  are  .pecil  c*. 

L    If  5  =  0,  the  equation  reduces  to  oa?  =  0 ;  whence 
a  =  0. 

XL    If  6  =  0  and  also  a  =  0,  the  equation  is  clearly 
satisfied  for  all  values  of  w, 

III.    Ifa  =  0,  and  6  +  0. 
Suppose  that  while  6  remains  constant,  a  takes  in 

succession  the  values  :r7r,  r-:r5,  ^tts,...;  then  will  x  take  in 

10  10'  10'      ' 

succession  the  values  — 106,  — 10*6,  — 10'6,....    Thus  as  a 

becomes  continually  smaller  and  smaller,  x  will  become 

continually  greater  and  greater  in  absolute  magnitude ; 

moreover,  by  making  a  sufficiently  small,  x  will  become 

greater  than  a/ny  assignable  quantity]   for  example,  in 

order  that  the  absolute  value  of  x  may  be  greater  than 

10"^  it  is  only  necessary  to  give  to  a  an  absolute  value  less 

than  j^. 

This  is  expressed  by  saying  that,  in  the  limit,  when 
a  becomes  zero,  the  root  of  the  equation  cw?  +  6  =  0  is 
infinite. 

The  symbol  for  infinity  is  oo . 


EXAMPLES. 

Solye  the  equations 

1.    |(a;-2)-?(a;-3)  +  J(a5-4)=4. 

Ans,  x=12 

2.    \{x-Z\-\{X'-%\+\{x-SS=Q, 

Ans,   x=0, 
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3.  a(x-a)=b(x-b).  Am.  x=a+b. 

4.  {x+a)(x+b)'-{x-a)(x-'b)  =  {a  +  b)K  Ans,  x=~{a+b). 

6.    a(2a?-a)  +  6(2a;-6)=2a&.  AnM,  a=5(a+6). 

6.  (a«  +  a;)(&2+aj)  =  (a6+aj)2.  Aw,  x=0, 

7.  3(a;  +  3)2+6(j;  +  5)«=8(«+8)«.  Ans.  «=-6. 

8.  (a;+a)*-(aj-a)*-8aa?5+8a*=0.  -in*.  x=-a. 

9.  (a;-l)«+j»5+(a;+l)'=8a;(a;3_i).  ^^^  ^.-O. 

10.    {x  +  a)^+(x  +  b)^  +  (x+c)^=S{x  +  a){x+b)(x+.c). 

Ana,  x=-^(a+b+c), 

119.  Equations  expressed  in  Factors.  It  is  clear 
that  a  product  is  zero  when  one  of  its  factors  is  zero ;  and 
it  is  also  clear  that  a  product  cannot  be  zero  unless  one  of 
its  factors  is  zero. 

Thus  (a?  —  2)  (a?  —  3)  is  zero  when  a?  —  2  is  zero,  or  when 
a?  —  3  is  zero,  and  in  no  other  case. 

Hence  the  equation 

(a7-2)(a?-3)  =  0, 

is  satisfied  if  a?  —  2  =  0,  or  if  a?  —  3  =  0 ;  that  is,  if  a?  =  2,  or 
if  a?  =  3,  and  in  no  other  case.  The  roots  of  the  equation 
are  therefore  2  and  3. 

Again,  the  continued  product  (a?  —  a)  (a?  —  6)  (a?  —  c)  ... 
is  zero  when  a?  —  a  is  zero,  or  when  a?  —  6  is  zero,  or  when 
a?  —  c  is  zero,  &c. ;  and  the  continued  product  is  not  zero 
except  one  of  the  factors  a?  —  a,  a?  —  6,  a?  —  c,  &c.  is  zero. 

Hence  the  equation 

(a?  —  a)  (a?  —  6)  (x—c)  ...  =  0 
is  equivalent  to  the  system  of  alternative  equations 
a?  —  a  =  0,  or  a?  —  6  =  0,  or  a?  —  c  =  0,  &c. 
From  the  above  it  will  be  apparent  that  the  solution 
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of  an  equation  of  any  degree  can  be  written  down  at  once, 
provided  the  equation  is  given  in  the  form  of  a  product  of 
factors  of  the  first  degree  equated  to  zero. 

Now  all  the  terms  of  any  equation  can  be  transposed 
to  one  side,  so  that  any  equation  can  be  written  with  all 
its  terms  on  one  side  of  the  sign  of  equality  and  zero  on 
the  other  side. 

It  follows  therefore  that  the  problem  of  solving  an 
equation  of  any  degree  is  the  same  as  the  problem  of  finding 
the  factors  of  an  expression  of  the  same  degree. 

Ex.  1.    Solve  the  equation  oe^  -  5fl;=6. 

Transposing,  we  have  jc^  -  5x  -  6 = 0, 

that  is  (a;-6)(a;  +  l)=0; 

.".  a?-6  =  0,   or  a;  +  l=0. 

Hence  x=6,  or     x    =-1. 

Ex.2.    Solve  the  equation  a^-x^=6x. 

Transposing,  we  have  x^-x^-6x= 0, 

thatis  x{x-B){x  +  2)=0; 

.*.  a?=0,  or  05=3,  or  05= -2. 

120.  Quadratic  Equations.  When  all  the  terms  of 
a  quadratic  equation  are  transposed  to  one  side  it  must 
be  of  the  form 

cwc"  +  6a?  +  c  =  0, 

where  a,  6,  c  are  supposed  to  represent  known  quantities. 

We  have  already  [Art.  80]  shewn  how  to  resolve  a 
quadratic  expression  into  factors :  the  same  method  will 
therefore  enable  us  to  find  the  roots  of  a  quadratic  equation. 

Hence  to  solve  the  quadratic  equation 

cw?  +  6a?  4-  c  =  0, 

we  proceed  as  follows. 

Divide  by  a,  the  coefficient  of  a^ ;  the  equation  then 
becomes 

a;»4--a?  +  -  =  0. 
a        a 
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Now  add  and  subtract  the  square  of  half  the  coefficient 
of  OS,  that  is  the  square  of  ^  -•     Then  we  have 

that  is 

Hence  «,  +  _  +  ^_^^-5_  =  0, 


or  X 


^2a     V      4a' 


Thus  there  are  two  roots  of  the  quadratic  equation, 
namely 


2a -^V      4a«    ' 

Ex.  1.    Solve 

«»-13«j+42=0. 

We  have 

■^-"•H")'-(?)'*"-°' 

that  is 

(.-ay-j=,, 

or 


/      13    1\/       18    1\     ^ 

13^1     .  13     1    A 

•'•''"■2+2=^»'''*-2""2=^- 


.'.  a:=6,  or  a;=7. 
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Ex.  2.     Solve  3a:«  -  lOaj + 6 = 0. 

Dividing  by  8,  we  have 


x^-jX  +  2=0. 

Henoe 

--¥"(l)'-(l)v-«. 

that  is 

(-IM-. 

or 

{-h^H-i>" 

Henoe       «=^(6-,y7),  or  x=-^{5+^7). 

Ex.  3.    Solve  a  {a^+l):=^x  {a^  +  1). 

Divide  by  a  and  transpose ;  then 

x^-x +1  =  0. 

a 

(-^)'-(t')'-». 

that  is  «  -  - =0,  or  -a?  -  a=0. 

a 

Thus  the  roots  are  a  and  - . 

a 

Note.  In  most  cases  the  factors  can  be  written  down 
at  once,  as  in  Art  79,  without  completing  the  square; 
and  much  labour  is  thereby  saved. 


112  EQUATIOiJS.      ONE  UNKNOWN   QUANTITY. 

EXAMPLES. 
Find  the  roots  of  the  following  equations : 


1. 

9a;«-24aj+16=0. 

,        4 

2. 

5{a^+i)  =  4{x^+9). 

Aw.    ±4. 

3. 

3x^=&x  +  3, 

Am,  3,--. 

4. 

16ar»+16a5+3=0. 

A                   1             3 

5. 

a^+(a-x)^={a-2x)\ 

Am.  0,  a. 

6. 

«3+(a-2«)«=(a-3a;)a. 

iln<.  0,  s. 

7. 

ci?+x=a^+a. 

i4?w.  a,-a-l. 

a 

{x^+2aai=:b^+2ah. 

^rw.   b,-2a-  b. 

9. 

(aj-a)a+(a5-6)»=(a-6)2. 

Am,   a,  b. 

10. 

(a-x)»  +  (a5-&)»=(a-&)». 

Am.  a,  b. 

11. 

(b-c)(ifi+{c-a)x  +  {a-b) 

=0. 

Am,  1,  ,^ — . 
o  —  c 

12. 

(a5-a  +  2&)8-(a:-2a+6)8= 

{a  +  b)K 

Am,   a  -  2&,  2a  -  6. 

121.    Discussion  of  roots  of  a  quadratic  equation. 

In  the  preceding  article  we  found  that  the  quadratic  equa- 
tion do?  +  6^  +  c  =  0  had  two  roots,  namely 

2a  ■**  V       4a"  2a     V      4a«     * 

yja  —  4ac 
.  g —   is  real  or  imaginary  according  as 

I?  —  4ac  is  positive  or  negative,  it  follows  that  the  roots  of 
aa?  +  6a?  +  c  =  0  are  real  or  imaginary  according  as  6*  —  4ac 
is  positive  or  negative. 

The  roots  are  clearly  rational  or  irrational  according  as 
6'  — 4ac  is  or  is  not  a  perfect  square.  It  should  be 
remarked  also  that  both  roots  are  rational  or  both  irrational, 
and  that  both  roots  are  real  or  both  imaginary. 
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If  6*  —  4ac  =  0,  both  roots  reduce  to  —  ^ ,  and  are  thus 

equal  to  one  another.  In  this  case  we  do  not  say  that 
the  equation  has  only  one  root>  but  that  it  has  two  equal 
roots. 

It  is  clear  that  the  roots  will  be  unequal  unless 
6*  — 4ac  =  0.  Hence  in  order  that  the  two  roots  of  the 
equation  aa^  +  bx  +  c  =  0  may  be  equal,  it  is  necessary  and 
sufl&cient  that  6*  =  4ac. 

When  6"  =  4ac,  the  expression  cw?'  +  6a?  +  c  is  a  perfect 
square  in  x,  as  we  have  already  seen. 

122.  Special  Forms.  We  will  now  consider  some 
special  forms  of  quadratic  equations,  in  which  one  or 
more  of  the  coefficients  vanish. 

I.  If  c  =  0,  the  equation  reduces  to 

or  X  (ax  +  6)  =  0, 

the  roots  of  which  are  0  and . 

a 

II.  If  c  =  0  and  also  6  =  0,  the  equation  reduces  to 
aa^  =  0,  both  roots  of  which  are  zero. 

III.  If  6  =  0,  the  equation  reduces  to  aa^  +  c  =  0,  the 

roots  of  which  are  ±  ^ — .    The  roots  are  therefore  equal 

and  opposite  when  6  =  0,  that  is  when  the  coefficient  of  x 
is  zero. 

IV.  If  a,  6  and  c  are  all  zero,  the  equation  is  clearly 
satisfied  for  all  values  of  x, 

V.  If  a  and  6  be  zero  but  c  not  zero, 

put  a;  =  -  in  the  equation  aa?  +  6«  +  c  =  0  ; 
s.  A.  8 


114  EQUATIONS.      ONE  UNKNOWN   QUANTITY. 

then  we  have,  after  multiplying  by  y", 

cy'*  +  6y  +  a  =  0. 

Now  from  I.  and  11.  one  root  of  this  quadratic  in  y  is 
zero  if  a  =  0,  and  both  roots  are  zero  if  a  =  0  and  also  6  =  0. 

But  since  a?  =  - ,  a?  is  infinity  when  y  is  zero.    Thus  one 

root  of  aa?  +  6^  +  c  =  0  is  infinite  if  a  =  0 ;  also  both  roots 
are  infinite  if  a  =  0  and  also  6=0. 

Thus  the  quadratic  equation 

(a-a')iB2  +  (6-y)«  +  <J-c'=0 

has  one  root  infinite^  if  a=a'*,  it  has  two  roots  infinitey  if  a=a'  and 
also  h=h''y  and  the  equation  is  satisfied  for  all  values  of  x,  if  a  =  a\ 
bssb'  and  c=c'. 

Again,  the  equation 

a{x  +  b){x+c)+b{x+c)(x+a)  =  c(x  +  a)(x-{-h), 

is  a  quadratic  equation  for  all  values  of  c  except  only  when  c=a-{-b, 
in  which  case  the  coefficient  of  x^  in  the  quadratic  equation  is  zero. 
When  c  =  a  +  b  we  may  still  however  consider  that  the  equation 
is  a  qiuidratic  equation,  but  with  one  of  its  roots  infinite. 

Note.  It  is  however  to  be  remarked  that  since  infinite 
roots  are  not  often  of  practical  importance,  they  are 
generally  neglected  unless  specially  required. 

123.    Zero  and  infinite  roots  of  any  equation. 

The  most  general  form  of  the  equation  of  the  nth  degree  is 

aa;"4-6a?"*^  +  ...  ■^kx  +  l  =  0 (i). 

If  i  =  0,  the  equation  may  be  written 

a?  (aoj""*  +  6a;""*  +  ...  H-  i)  =  0, 

one  root  of  which  is  clearly  zero. 

Similarly  two  roots  will  be  zero  if  Z  =  0  and  also  k  =  0; 
and  so  on,  if  more  of  the  coefficients  from  the  end  vanish. 
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Put  ^  =  - ;  then  we  have,  after  multiplying  by  y", 

y 

a  +  by+ +  %*"^  +  Zy"  =  0. 

From  the  above,  one  root  of  the  equation  in  y  will  be 
zero  when  a  =  0 ;  and  two  roots  will  be  zero  if  a  =  0  and 

also  6  =  0.     But  when  y  =  0,  a?  =  -  =  oo. 

.    .    .  y 

Thus  one  root  of  (i)  is  infinite  when  a  =  0,  and  two  roots 
are  infinite  when  a  and  b  are  both  zero ;  and  so  on,  if 
more  of  the  coefficients  from  the  beginning  vanish. 

124.  Equations  not  integral.  When  an  equation 
is  not  integral,  the  first  step  to  be  taken  is  to  reduce  it  to 
an  equivalent  integral  equation. 

An  equation  will  be  reduced  to  an  integral  form  by 
multiplying  by  any  common  multiple  of  the  denominators 
of  the  fractions  which  it  contains,  but  the  legitimacy  of 
this  multiplication  requires  examination.  For  if  we 
multiply  both  sides  of  an  integral  equation  by  an  expres- 
sion which  contains  the  unknown  quantity,  the  new 
equation  will  not  only  be  satisfied  by  all  the  values  of  the 
unknown  quantity  which  satisfy  the  original  equation,  but 
also  by  those  values  which  make  the  expression  by  which 
we  have  multiplied  vanish.  Thus  if  each  member  of  the 
equation  A  =3,  he  multiplied  by  P,  the  resulting  equation 
PA  =  PJS,  or  P  (A—  B)  =  0,  will  have  the  same  roots  as 
the  equation  A  —  B  =  0  together  with  the  roots  of  the 
equation  P  =  0. 

When  however  an  equation  contains  fractions  in  whose 
denominators  the  unknown  quantity  occurs,  the  equation 
may-  be  multiplied  by  the  lowest  common  multiple  of  the 
denominators  without  introducing  any  additional  roots,  for 
we  cannot  divide  both  sides  of  the  resulting  equation  by 
any  one  of  the  factors  of  the  L.C.M.  without  reintroducing 
fractions,  which  shews  that  there  are  no  roots  of  the  result- 
ing equation  which  correspond  to  the  factors  of  the 
expression  by  which  we  multiply. 

8-^2 
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Ex.  1    Solve  the  equation      — -=  + = 6. 

X  —  O       X  —  O 

Multiply  by  {x~5)  (x-B),  the  l.  c.  m.  of  the  denominators ;  then 
we  have 

S{x-S)+2x{x-5)  =  5(x-5){x-S); 

Whence  a5=4  or  x=7> 

x^  —  Qx  1 

Ex,  2.    Solve  the  equation    — = — =-  +  2  + ,. = 0. 

X*  —  1  x—l 

Multiply  by  o;^  - 1,  the  l.c.m.  of  the  denominators ;  then  we  have 

x^~Bx+2{x^-l)+x  +  l=0, 

which  reduces  to 

3a^-2a?--l=0, 

that  is  (3a;+l)(a;-l)  =  0. 

Thus  the  roots  appear  to  be  -  ^  and  1 ;  the  latter  root  is  however 
due  to  the  multiplication  by  x^—1, 

x*-3a;        1        x^-^+x  +  1     (x-l)^     x-1 

Since  „    -  +  — r  = 2 — = =      „    \  =  — -^, 

x^-1      x-1  x^-1  ar*-l     x+1 


the  equation  is  equivalent  to 

x-1 


+  2=0, 


05+1 

which  has  only  one  root,  namely  x=  -\, 

From  the  above  example  it  will  be  seen  that  when  an  equation 
has  been  made  integral  by  multiplication,  some  of  the  roots  of 
the  resulting  equation  may  have  to  be  rejected. 

Ex.  3.    Solve  the  equation  : 

X        x-9  _x  +  l     x-S 


x-2     x-1     x-1     x-%' 

In  this  case  it  is  best  not  to  multiply  at  once  by  the  l.o.m.  of  the 
denominators  of  the  fractions;  much  labour  is  often  saved  by  a 
judicious  arrangement  and  grouping  of  the  terms. 

By  transposition  we  have 

X  x  +  1       X-%      ^~^_A 


X-2     X-1     x-1     a;-6 

2 

The  first  two  terms  = ; jr^-. =-. , 

(x  -  2)  (a;  - 1) 
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—  2 
and  the  other  terms  = , — =-7 — y, . 

Henoe  the  equation  is  equivalent  to 

2 2  _ 

(a?-2)(aj-l)     (a;-7)(aj-6)" 

Now  multiply  by  the  l.o.m.  of  the  denominators ;  then 

2(aj-7)(a?-6)-2(a?-2)(«-l)=0, 

whioh  reduces  to 

20a? -80=0; 

.%  a; =4. 
Or  thus : — 

The  equation  is  equivalent  to 

«  >i    +^!-i   =^-1   +i:i-!-i, 


that  id 


a?-2  x-1  x-\  a;-6 

2  2  2  2 


aj-2 '  a;-7     x-1     ar-6' 
-10  -10 


••  («-2)(»-7)~(a:-l)(«-6)* 
from  whioh  we  find  as  before  that  2=4. 

Ex.  4.    Solve  the  equation : 

a  &  c       „ 

+   —J +-^-=3. 


a?  +  a     af  +  6     oj  +  c 
Wehave       -^-1     +-^-1     +-^-1=0; 

X  X  ^         t\ 


Hence  aj  =  0 (i), 

or  else  -— —  +  — — r  +  — — =0. 

a;+a     x  +  &     x-\-c 

Multiply  by  the  l.o.m.;  then 

(a;  +  &)(a;  +  c)  +  (aJ+c)(a;+a)  +  (a;+a)(a;+&)=0, 

that  is 

3a:*  +  2a;(a  +  6  +  c)+6c  +  ca  +  a&=0, 
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the  roots  of  which  are 

-^{{a  +  b  +  c)±^(a^+b^+c^-bc-ca-ab)} (ii). 

Thus  there  are  three  roots  given  by  (i)  and  (ii). 

Ex.  5.    Solve  the  equation : 

6+c       c+a       a  +  h      a+b+c 
+ h 


6c -X     ca-x     ab-x  x 

The  equation  is  equivalent  to 

b  +  c      a      c+a      b      a+6  ^  c_ 
bc-x     X  .  ca-x     X     ab-x     x~~ 

Taking  the  terms  in  pairs  we  have 

(a+b  +  c)  x-abc     (a  +  b  +  c)  x- dbc     (a+b  +  c)x-ahc__^ 
X  (be  -x)  X  (ca  -x)  x(ab-x)       ~  * 

Hence  (a  +  b+c)  x-abc=0  1, 

111/.  XT 

or +— x-H-T-T — r=0  n. 

x  (be  "X)     X  (ca  -  a?)     x  (ab  -  x) 

From  I.  we  have  ar= 


a+b+c' 

From  XL  we  have  on  multiplication  by  the  l.o.m. 

(ca  -  x)  (a6— as)  +  (ah-  x)(bc  -x)  +  (be  -  x)  (ca  -  a;)=0, 
that  is  3a^-2aj(6c  +  ca+a6)  +  a6c(a  +  6  +  c)=0, 

whenoeaj=J{6c  +  ca  +  a6±\/62c2  +  c2a2  +  a*6S-a6c(a+6+c)}. 

125.  Irrational  Equations.  An  irrational  equation 
is  one  in  which  square  or  other  roots  of  expressions 
containing  the  unknown  quantity  occur. 

In  order  to  rationalize  an  equation  it  is  first  written 
with  one  of  the  irrational  terms  standing  by  itself  on  one 
side  of  the  sign  of  equality :  both  sides  are  then  raised  to 
the  lowest  power  necessary  to  rationalize  the  isolated 
term;  and  the  process  is  repeated  as  often  as  may  be 
necessary. 
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Ex.  1.    Solve  the  equation   tjx+4c  +  sJx  +  20  -  2^/0; +  11=0. 

We  have  Jx+i  +  Jx  +  ^ = 2  /^jc  +  ll. 

Square  both  members :  then 

2x+2i  +  2jx  +  ^i»Jx  +  20=4:{x+ll), 
which  is  equivalent  to 

Jx  +  ^Jx  +  20=x  + 10, 
Square  both  members :  then 

(a; + 4)  (x  + 20)  =  (a; +10)2, 
whence  x=5, 

Ex.  2.    Solve  the  equation     ^2^  +  8  -  2  Jx  +  5= 2. 

Square  both  members :  then 

2aj+8+4(a;+5)-4V2a;  +  8^/a;  +  5=4; 

.•.  3a; +  12= 2^2^  +  8" v'^  +  S. 
Square  both  members :  then 

9a;3  +  72a;  +  144  =  4(2a;  +  8)(aj  +  6); 
.-.  a;2=i6, 

whence  aj=4  or  «=  -4. 

Ex.  3.    Solve  the  equation      ^Jax  +  a  +  Jbx+p + Jcx  +  y = 0. 

We  have  Jax+a+  Jbx-[-p=  -  Jcx  +  y, 

Square  both  members :  then  we  have  after  transposition 

(a  +  &-c)a;  +  a  +  /3-7=  -2jax+atslhx-\-p, 
Squaring  again,  we  have 

{(a  +  6-c)aj  +  a+/3-7}2=4(aa;  +  a)(6a;  +  j8), 
that  is  JB*  (a^  +  52 + ^2  -  2&c  -  2ca  -  2ah) 

+  2a?(aa  +  6/3  +  C7  -by-c^-ca-ay-afi-  ba) 
+  o2  +  /32  +  72-2/37-27a-2a/3=0. 

Thus  the  given  equation  is  equivalent  to  a  quadratic  equation. 

It  should  be  observed  that  it  is  quite  immaterial  what  sign 
is  put  before  a  radical  in  the  above  examples;  for  there  are  two 
square  roots  of  every  algebraical  expression  and  we  have  no  symbol 
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which  represents  one  only  to  the  exclusion  of  the  other;  so  that 
+  tJx-\-l  and  -  sjx  +  l  are  alike  equivalent  to  ±  ^Jx  +  l ;  also 
x-^^x  +  1  has  the  same  two  values  as  x^mJx  +  I. 

126.  By  squaring  both  members  of  the  rational  equation 
-4  =  5 ,  we  obtain  the  equation  A^  =  ff;  and  the  equation 
A^=ffy  or  -4'— jB*=0,  is  not  only  satisfied  when  A  — B=0. 
but  also  when  A  +  B=0.  Hence  an  equation  is  not  in 
general  equivalent  to  that  obtained  by  squaring  both  its 
members;  for  the  latter  equation  has  the  same  roots  as 
the  original  equation  together  with  other  roots  which  are 
not  roots  of  the  original  equation.  Additional  roots  are 
not  however  always  introduced  by  squaring  both  sides 
of  an  irrational  equation.     For  example,  the  equation 

a?  + 1  =  Jx  +  13  is  really  two  equations  since  the  radical 
may  have  either  of  two  values;  and  by  squaring  both 
members  we  obtain  the  equation  (a?-f  1)  =a?4-13,  which 
is  equivalent  to  the  two. 

127.  A  quadratic  equation  can  only  have  two 
roots.  We  have  already  proved  that  an  expression  of  the 
nth  degree  in  os  cannot  vanish  for  more  than  n  values  of  x, 
unless  it  vanishes  for  aU  values  of  x.  This  shews  that  an 
equation  of  the  nth  degree  cannot  have  more  than  n  roots, 
and  in  particular  that  a  quadratic  equation  cannot  have 
more  than  two  roots. 

The  following  is  another  proof  that  a  quadratic  equation 
can  only  have  two  roots. 

We  have  to  prove  that  cw?"  +  bx  +  c  cannot  vanish  for 
a,  fi,  y  three  unequal  values  of  x.  That  is  we  have  to 
prove  that 

00"  + Ja  +  c  =  0 (i), 

a)S»  +  6/3  +  c  =  0 (ii), 

and  a//  +  cy-\-  c  =  0 (iii), 

cannot  be  simultaneously  true,  unless  a,  b,  c  are  all  zero. 
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From  (i)  and  (ii)  we  have  by  subtraction 

that  is  (a  -^)  {a(a  +/S)  +  6j  =0. 

But  a  —  )8  =#  0 ;  hence 

a(a  +  fi)  +  b  =  0 (iv). 

Similarly,  since  ^  -  7  4=  0,  we  have  from  (ii)  and  (iii) 

a(0-+y)+b  =  O (v). 

From  (iv)  and  (v)  we  have  by  subtraction 

a(a  — 7)  =  0 (vi). 

Now  (vi)  cannot  be  true  unless  a  =  0,  for  a  —  7  4=  0. 
Also  when  a  =  0,  it  follows  from  (iv)  that  6  =  0,  and  then 
from  (i)  that  c  =  0. 

Thus  the  quadratic  equation  cw;*  +  6a?  +  c  =  0  cannot 
have  more  than  two  dif event  roots ,  v/nless  a  =  6  =  c  =  0 ; 
and  when  a,  b,  c  are  all  zero  it  is  clear  that  the  equation 
aa^  4-  6aj  +  c  =  0  will  be  satisfied  for  all  values  of  x,  that  is 
to  say  the  equation  is  an  identity. 

Ex.  1.    Solve  the  equation  a«^^"^)i^""^,  +  5^j;-^^^-^|=^. 

{a-h)(a-c)        (6  -  c)  (0  -  a) 

The  equation  is  clearly  satisfied  hy  x=a,  and  also  hjx=h\  hence 
a,  h  are  roots  of  the  equation,  and  these  are  the  only  roots  of  the 
quadratic  equation.  [The  equation  is  not  an  identity,  for  it  is  not 
satisfied  hy  a; =c.] 

Ex.  2.    Solve  the  equation 

Ax-h)(x-c)      ^{x-c){x-a)    Ax-a)(x-h)      ,, 
{a-h){a-cy     (b-c){h-ay      (c-a)(c-b) 

The  equation  is  satisfied  byaj=a,  bya5=6,  or  bya5=c.  Hence, 
as  it  is  only  of  the  second  degree  in  x^  it  must  be  an  identity, 

Ex.  8.    Solve  the  equation 

(x^h)(x-c)        (x-e)(x-a)     Ax-a)(x-h) 
"  {a-h)(a-cy      (b''C){h-ay      {c-a)(c^h) 
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The  equation  is  satisfied  by  x= a,  by  a; =6,  and  hyx=c\  and  the 
equation  is  not  an  identity,  since  the  coefficient  of  x*  is  not  zero. 
Hence  the  roots  of  the  cubic  are  a,  &,  c. 

Ex.  4.    Shew  that,  if 

{a^a)^x+{a-pfy  +  {a-y)^z={a'-d)^, 
{h-a)^x  +  {b-p)^y  +  {b-y)^z={b-S)^ 

(c-a)2a;  +  (c-/3)2  2/  +  (c-7)««=(c-5)2, 

then  will 

{d-a)^x  +  {d-p)^y  +  (d-y)^z  =  {d-d)^, 

where  d  has  any  value  whatever. 

The  equation 

(X-a)^x  +  {X-PYy  +  {X-y)^z={X- 


is  a  quadratic  equation  in  X,  and  it  has  the  three  roots  a,  b,  c.    It  is 
therefore  satisfied  when  any  other  quantity  d  is  put  for  X. 

128.    Relations  between  the  roots  and  coeffi- 
cients of  a  quadratic  equation. 

If  we  put  a  and  0  for  the  roots  of  the  equation 
aa?  +  bx+c  =  0,  we  have 


"=-fe+\/ 


6*  —  4ac 

4ar~ 


By  addition  we  have 

a  +  y3  =  -- (i). 

a 

By  multiplication  we  have 

n      b*      V  —  4tao     c  .... 

"^  =  4^ i^  =  a (")• 

The  formulae  (i)  and  (ii)  giving  the  sum  and  the 
product  of  the  roots  of  a  quadratic  equation  in  terms  of  the 
coefficients  are  very  important. 
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129.  Relations  between  the  roots  and  the  co- 
efficients of  any  equation.  By  the  following  method 
relations  between  the  roots  and  the  coefficients  of  an 
equation  of  any  degree  may  be  obtained. 

We  have  seen  that  if  the  expression  of  the  nth  degree 
in  X 

vanish  for  the  n  values  x  =  a,  x  =  fi,  x^y,  &c.,  then  will 

cw?*  +  6aj"~*  +  ca?**"*  +  doT^  +  ...  =  a(x  -a)(x-  /8)  (x  -  7)... 

We  have  therefore  only  to  find  the  continued  product 

(x  —  a)(x  —  0)(x  —  y) and  equate  the  coefficients  of  the 

corresponding  powers  of  x  on  the  two  sides  of  the  last 
equation. 

For  example,  if  a,  /3,  7  be  the  roots  of  the  cubic  equa- 
tion aa?  +  ba^  +  cx  +  d=0,  we  have 

da?  +  ba?  +  ex  -\-  d  =  a (x  —  a) (x  —  ^)(x  -  y) 
=  a{af'  -(a  -{- 13  +  y) a^  -^  (fiy  +  ya  +a/3) X  ^  a^y] . 

Hence,  equating  coefficients,  we  have 

^y  +  ya  +  afi=     -, 

a^7  =  -  - 
a 

It  should  be  remarked  that  the  sum  of  the  roots  of  the 
above  cubic  equation  will  be  zero  provided  that  6  =  0,  that 
is  provided  that  the  term  one  degree  lower  than  the 
highest  is  absent. 

We  may  make  use  of  the  above  to  prove  certain  identical  rela- 
tions between  three  quantities  whose  sum  is  zero.  For  a,  6,  c  wiU 
be  the  roots  of  the  cubic  a?'  ^px  +  g = 0,  provided  that  a  +  &  +  c = 0,  and 
that  j7  and  ^  satisfy  the  relations 
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bc  +  ca+ah=p (i), 

abc=-q (ii). 

Then,  since     a  +  6  +  c=0 (iii), 

we  have  a«+6'+c^={a+6  +  c)"-2(6c  +  ca  +  a6) 

=  -2p (iv). 

Also,  since  a,  6,  c  are  roots  o{a^+px+q=0, 

6>  +  p6  +  2=0  • (▼). 

From  (v)  hy  addition 

a8  +  68  +  c»=-3g (vi). 

Multiply  the  equations  (v)  in  order  by  a**~',  6*"',  c**"*,  and  add ; 
then 

Hence  we  have  in  succession 

a^-\-bf^  +  c^=6pq 

a7  +  &7  +  c7=-7pV 


Hence  also 

5 

2        • 

3        ' 

a7  +  67+c7 
7 

2 

a5  +  6«+c* 
6 

—  «  •  -       A 

3 

130.  Equations  with  given  roots.  Although  we 
cannot  in  all  cases  find  the  roots  of  a  given  equation,  it  is 
very  easy  to  solve  the  converse  problem,  namely  the 
problem  of  finding  an  equation  which  has  given  roots. 

For  example,  to  find  the  equation  whose  roots  are  4  and  5. 

We  want  to  find  an  equation  which  is  satisfied  when  2r=4,  or 
when  x=  5 ;  that  is  when  a;  -  4 = 0,  or  when  j;  -  5= 0 ;  and  in  no  other 
cases.    The  equation  required  must  be 

{a;-4)(aj-6)=0, 

that  is,  a?«-9aj+20=0, 
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for  this  is  an  equation  which  is  a  tnie  statement  when  a;- 4=0,  or 
when  a;-  5=0,  and  in  no  other  case*. 

Again,  to  find  the  equation  whose  roots  are  2,  3  and  -  4. 

We  have  to  find  an  equation  which  is  satisfied  when  x-2=0,  or 
when  a;  -  3 = 0,  or  when  a;  +  4 = 0,  and  in  no  other  case.  The  equation 
must  therefore  be  (x-2){x-  3)  ( j;  +  4)  =  0, 

that  is  x3  -  a;2  _  14^.+ 24=0. 

Ex.  1.    If  a,  /9  are  the  roots  of  the  equation  aa?  +  hx+c:sO,  find  the 

a.  R 

equation  whose  roots  are  -  and  - . 

P  Or 

The  required  equation  is 

(-1)  ('-!)=»• 

that  is  a;«-a;-^+l=0. 

op 

Now,  by  Art.  128,  we  have 

a  +  ^=--,     ap=-; 

...  a2+/3«=^3-2- 
^      a'        a 


Op        \a^       a)  '  a 


b^-2ac 


ac 

Hence  the  required  equation  is 

9    6^-2ac       ,     ^ 

x^ af+l=0. 

ac 

Ex.  2.    If  a,  /3,  7  be  the  roots  of  the  equation  aa?  +  ba?  +  cx  +  d=Ot 
find  the  equation  whose  roots  are  py,  ya,  a/3. 

The  required  equation  is 

{x-Py){x-ya){x-aP)=0, 

that  is       x^ - x^ (fiy  +  ya  +  ap)  +xapy  {a-{- p+y)-a^p^=0, 

*  The  equation  ic*  -  9a;  +  20  =  0  is  certainly  an  equation  with  the 
proposed  and  with  no  other  roots ;  but  to  prove  that  is  the  only  equation 
with  the  proposed  and  with  no  other  roots,  it  must  be  assumed  that  every 
equation  has  a  root. 

If,  for  example,  the  equation  a;*'+7»^-2=0  had  no  roots,  then 
(x  -  4)  (a;  -  6)  h^ + 7a^  -  2)  =  0  would  also  be  an  equation  with  the  proposed 
roots  and  witn  no  others. 

The  proof  of  the  proposition  that  every  equation  has  a  root  is  given 
in  works  on  the  Theory  of  Equations. 
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Now, 

by  Art.  129, 

we  have 

b 
'a' 

a+/9+7=- 

/37  +  70  +  a/3= 

c 
'a' 

and 

a^7= 

d 
a 

Hence  the  required  equation  is 

flC^  _  -  a;2  +  a;  _  . 

a             or 

-?-». 

or  ahi^  —  acx^  +  hdx-d^=0, 

131.    Changes  in  value  of  a  trinomial  expression. 

The  expression  dx^  -\-bx  +  c  will  alter  in  value  as  the  value 
of  a?  is  changed;  but,  by  giving  to  x  any  real  value 
between  —  oo  and  -f-  oo ,  we  cannot  make  the  expression 
ax^  +  bx-\-  c  assume  any  value  we  please. 

We  can  find  the  possible  values  of  cux^-^-bx  +  Cy  for 
real  values  of  x,  as  follows. 

In  order  that  the  expression  aa? -^-hx  -\-c  may  be  equal 
to  X  for  some  real  value  of  a?,  it  is  necessary  and  sufficient 
that  the  roots  of  the  equation 

aa?  +  bx  +  c  =  X 

be  real,  the  condition  for  which  is 

6*-4a(c-X)>0, 

that  is  6*  —  4ac  +  4a\>  0 (i). 

I.  If  6*  —  4cic  be  positive,  the  condition  (i)  is  satisfied 
for  all  positive  values  of  4a\,  and  also  for  all  negative 
values  of  4a\  which  are  not  greater  than  6*  —  4ac. 

Thus,  when  6*  — 4ac  is  positive,  aa?  +  bx-{-c  can,  by 

giving  a  suitable  value  to  x,  be  made  equal  to  any  quantity 

of  the  same  sign  as  a,  or  to  any  quantity  not  absolutely 

o  ~~  4ftc 
greater  than  — ^ and  whose  sign  is  opposite  to  that  of  a, 

II.  If  6'  — 4ac  be  negative,  the  condition  (i)  can 
only  be  satisfied  when  4a\  is  positive  and  not  less  than 
4ac  —  6*. 


1 
i 
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Thus,  when  6'  —  4ac  is  negative,  gw?'  +  bx  +  c  must  al- 
ways have  the  same  sign  as  a,  and  its  absolute  magnitude 

can  never  be  less  than  — ^ . 

4a 

III.     If  6'  —  4ac  be  zero,  the  condition  (i)  is  satisfied 
for  all  positive  values  of  a\. 

It  follows  from  the  above  that  the  eocpression  aa^-\-bw-\-c 
will  keep  its  sign  unchanged,  whatever  real  value  be  given 
to  w,  provided  that  6*  —  4sac  be  negative  or  zero,  that  is 
provided  that  the  roots  of  the  equation  oof  +  6a?  +  c  =  0  be 
imaginary  or  equal,  and  also  that  the  expression  can  be 
made  to  change  its  sign  when  the  roots  of  ao?  -f  6a?  +  c  =  0 
are  real  and  unequal.  We  give  another  proof  of  this 
proposition. 

If  the  equation  ao^  +  6a?  +  c  =  0  have  real  roots,  a,  /8 
suppose,  then  ao^  +  bx  +  c  =  a(x  —  a)  (x  —  ff). 

Now  (a?  — a)  (a?  — /8)  is  positive  when  a?  has  any  real 
value  greater  than  both  a  and  ^8,  or  less  than  both  a  and 
fi ;  but  (a?  —  a)  (x  —  j3)  is  negative  when  a?  has  any  real 
value  intermediate  to  a  and  /8. 

Thus  for  real  values  of  a?  the  expression  (ux?  +  hx-\-c 
has  always  the  same  sign  as  a  except  for  values  of  x  which 
lie  between  the  roots  of  the  corresponding  equMion 
aa?  +  6a?  H-  c  =  0. 

132.  We  can  also  prove  that  the  expression  aa?*4-  6a? +c 
will  or  will  not  change  sign  for  different  values  of  a?  accord- 
ing as  6*  —  4ac  is  positive  or  negative,  as  follows. 


oa?'^  +  6a?  +  c  =  a 


/    ^  6  y     6'  -  4acl 

y^2a)  ""i^y 


I.    Let  6*  —  4tac  be  positive. 
The   whole   expression  within    square   brackets   will 

clearly  be  negative  when  a?  =  —  —  ;  also,  when  x  is  very 

^a 
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great,  fa?  +  —  j  will  be  greater  than  .  , — ,  and  there- 
fore the  whole  expression  within  square  brackets  will  be 
positive. 

Thus  when  6*—  4ac  is  positive  the  expression  aa^+  bx  +  c 
can  be  made  to  change  its  sign  by  giving  suitable  real 
values  to  x. 

11.    Let  6'  —  4ac  be  negative  (or  zero). 
Since  (^  +  o~ )  ^^  positive  for  all  real  values  of  x,  and 

j-8 —  ^  ^^^  positive  (or  zero),  the  whole  expression 

within  square  brackets  must  be  always  positive. 

Thus  when  6'  —  4iac  is  negative  or  zero,  the  expression 
aa?  -\-bx-\-c  will  always  have  the  same  sign  as  a. 

133.  It  follows  from  Article  131  or  132  that  if  an 
expression  of  the  second  degree  in  x  can  be  made  to 
change  its  sign  by  giving  real  values  to  a:,  then  will  the 
roots  of  the  corresponding  equation  be  real. 

Consider,  for  example,  the  expression 

a'  (x  -  /3)  (a?  -  7)  + 1*  (^  -  7)  (^  -  a)  +  c"  (x  -  a)  (^  -  /3), 
where  the  quantities  are  all  real,  and  a,  ^,  7  are  supposed 
to  be  in  order  of  magnitude.  The  expression  is  clearly 
positive  if  x  =  a,  and  is  negative  if  x  =  /3.  Hence  the 
expression  can  be  made  to  change  its  sign,  and  therefore 
the  roots  of  the  equation 

a'(aj-/S)(aj-7)  +  6'(a?-7)(a?-a)  +  c»(^-a)(A'-^)  =  0, 
are  real  for  all  real  values  of  a,  b,  c,  a,  yS,  7. 

Ex.  1.     Shew  that  {x  - 1)  (a;  -  3)  {x  -  4)  (ac  -  6)  + 10  is  positive  for  all 
real  values  of  x. 

Taking  the  first  and  last  factors  together,  and  also  the  other  two, 
the  given  expression  becomes 

(x3-7a:  +  6)(x3-7a;  +  12)+10 
=  (ir2  -  7a;)2  + 18  (ajS  _  7^)  +  82 

=  {(a^-7a;)  +  9}2  +  l, 
which  is  clearly  always  positive  for  real  values  of  x. 
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Ex.  2.     Shew  that,  by  giving  an  appropriate  real  value  to  x, 
^jr-K — ^ — :;  Can  be  made  to  assume  any  real  value. 

Put  ^f  +  ««f  +  «     X; 

12a:*  +  8a;+l 

then  a?(4-12X)  +  (36-8X)a;  +  9-X=0. 

Now  in  order  that  x  may  be  real  it  is  necessary  and  si^cient 
that 

(36-8X)«-4(4-12X)(9-X)>0, 

or  that  X2-8X+72>0, 

or  (X-4)»  +  66>0, 

which  is  clearly  true  for  aU  real  values  of  X.    Thus  we  can  find 
real  values  of  x  corresponding  to  any  real  value  whatever  of  X. 

^  _  3a;  +  4 

Ex.  3.    Shew  that    ^      — ^  ^^^^  never  be  greater  than  7  nor  less 
than  -  for  real  values  otx, 

ar^  +  3x  +  4       ' 
then  {B»(l-X)--3x(l  +  X)+4(l-X)=0. 

In  order  that  x  may  be  real  it  is  necessary  and  sufficient  that 

9(l  +  X)»-16(l-X)a>0, 
thatis  -7X«  +  60X-7>0, 

or  -(7X-l)(X-7)>0. 

Hence  7X  - 1  and  X  -  7  must  be  of  different  signs,  and  therefore 
X  must  lie  between  -  and  7,  which  proves  the  proposition. 


EXAMPLES  X. 

Solve  the  following  equations  : 

1.  (aj-a  +  26)»-(a;-2a  +  6)»=(a  +  6)^ 

2.  (c  +  a  -  25)  a;'  +  (a  +  6  -  2c)  a;  +  (6  +  c  -  2a)  -•  0. 


(aj  -  of      (x  +  5) 

-      a  +  aj      6  +  05     -.- 

4.  ^ + =  2J. 

o  +  x     a-\-x 

5.  A. 
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-      ax  +  h  _cx-^-d 
a  +  bx     c-\-dx' 

^      a-x      I  -bx 
1  -  ax      b  —  X  ' 

7.       ^"",  =  fic"  +  2a;  - 


19. 


OJ  +  l  x+l' 

of  9?        5a5— 4 


8.     aj+l  + 


fic*-  1     0?+  1      »■-  1  ■ 


9     -J- +  — +  _J_+_L-  =  o 
fic  — 8     a5-6     a5  +  6     05  +  8 

in         2  5  3*4 

10.         ?T  +  7C  = TIL  + 


a;  +  8     ar  +  9     «+ 15     cc  +  6' 

11          2  1  6 

11.     -^ ^  + 


2a;-3     x-2     3a;  +  2* 

-ft     05 -a     a; -6     05 -c     - 
12.     i  + + =  3. 

aj  — 0     05  — c     05  — a 

-ft     fl5  +  a     05  +  6     x  +  c     « 

Xo.      +  = +      ■       =  t5. 

a  — a;     6  — a?     c  —  x 

..      x  +  a     05  +  6     a;+c     « 
14.     + 5^  + =3. 

05— a       05-6       05-C 

,^      2ar-l      3a?-l      ,      x-7 

16.       =-   + jr  =  4  +  :.  . 

05+  1  05+2  05-  1 

-ft      a     2     a;     3 

16.  -+-=-+-. 

2       05       3       05 

-„     x  +  a     x-a     05  +  6     05-6     ^ 

17.    + + r  + f  =  0. 

05  — a     x  +  a     x  —  o     x  +  o 

-^      aj— 1     03-4     05-2     05—3 

18.     T  + 7  = K  + 


«  + 1      aj  +  4     a;+2     a;  +  3' 

1 1 

1  T"* 

05  +  a+  r       05— a  + 


05  +  6  05-6 
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20.     5J_+-l_+_i 0. 

6a  — X     00 -X     oc  —  x 

ft-      a  +  b     a-^-c     2(a  +  ft  +  c) 

^1.       1  +  = 7 . 

X+0       X  +  C  X  +  0  -{-C 

05  +  26     x+2a~  x-^a  +  b  ' 

no     x-b     x-a      2  (a -6) 
x  —  a     x  —  b     x-a  —  b 

«.      {x-\-a){x  +  b)  _{x-\-c){x-\-d) 
oj  +  a  +  ft  x+c+d 

25.  ^(^~^)  +  ^(^-^)  ^ ^(<^-^)  +  cja-b) 

x-\-a  x  +  d  x  +  b  x  +  c 

^^      x-a     x—b        b  a 

26.  — r-  + = + 


29. 


x—a     x-b' 

^_         a-b  b-c  c-a        ^ 

27.     ;  + =■ —  + =  0. 

x-i-a  —  b     x  +  b  —  c     x-\-c-a 

1      _      2  3 4_  ^ 

l  +  2a;     2  +  3a5     3  +  4aj     4  +  5a;~ 


(a;  —  a)(x-  b)  {x  +  a)  (x  +  b) 

(x  —  ma)  {x  —  mb)  "  (a:  +  ma)  (x  +  mb) ' 

30.  j2xT9-Jx^  =  JxTl, 

31.  7(a;-l)(a;-2)+V(iB-3)(aj-4)  =  V2. 

32.  j7^^^  +  Jis^^-^j7x^i-\-Ji^2, 

33.  Jc^^^+Jb'+x  =  a-^b. 

34.  ^a  —  x^Jb-x-  J  a  +  6  -  2a;. 

35.  ^a  -bx-^-Jc-dx-  J  a  +  c  -  (6  +  c?)  a. 

36.  JcMcTb'  +  Jbx  +  a'=^a-b. 


9—2 
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38.  Ja-x  +  Jh^x  =  J  2a  +  26. 

39.  J{a  +  x)(x-{-b)  +  J(a-x)  {x-b)  =  2jax» 

40.  Ja  (a  +  6  +  a;)  -  ^a  (a  +  6  -  »)  =  aj. 

41.  Joif  +  a«  +  6'  -  ^0^  -  oa;  +  6"  =  2a. 

42.  Ja^  +  ax-[-a'  +  ^a:"  -  aa?  +  a'  =  J2a'  -  26*. 

43.  JaX'-h-{-Jcx  +  b  =  Jax+h  +  Jcx-h' 

44.  Jx{a  +  b  -x)-^  Ja{b  +  x-a)  +  Jb{a  +  X'-b)  =  0. 

45.  ^a;  +  a  +  Jx  +  b  +  Jx  +  c  =  0. 


46.  ^a6  (a  +  6  +  a;)  =  ^a  (a  +  6)  (6  -  a;)  +  ^6  (a  +  6)  (a  -  a?). 

47.  Jx'-b'-'c'-^Ja^-(^-a'  +  Jaf-a'-b'  =  x, 
.48.     J'ir^'\-  J¥^^+J?^^=  Ja'  +  6«  +  c'  -  a*. 

49.     For  what  values  (rf*  aj  is  ^14  -  (3a;  -  2)  («  -  1)  real. 

a^  +  34a;—  71 
60.     Shew  that  — » — ^ ^  can  have  no  real  value  between 

03*  +  2a;  -  7 


5  and  9. 


51.  Shew  that,  if  a;  be  real  -« — ^ 7  can  never  be  less 

'  a;*  +  2a;  +  1 

than  -^. 

— .—  a;*  —  a;  +  1 

52.  What  values  are  possible  for  -^ =-,  for  real  values 

X  "I"  a;  T  X 

of  ax 

53.  Find  the  greatest  and  least  real  values  of  x  and  y 
which  satisfy  the  equation 

a;*  4-  y*  =  6a;  -  8y. 
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54.  Find  the  greatest  and  least  real  values  of  x  and  y 
when 

55.  When  x  and  y  are  taken  so  as  to  satisfy  the  equation 
(a*  +  y*)*  =  2a'  («■  —  y"),  find  the  greatest  possible  value  of  y. 

56.  Shew  that  if  the  roots  of  the  equation 

af{b'  +  b"^  +  2x(ab  +  ah')-^a'  +  a"^0 
be  real,  they  will  be  equal. 

57.  If  the  roots  of  the  equation  aa^  +  6a;  +  c  =  0  be  in  the 
ratio  m  :  w,  then  will  mnb*  =  (w  +  n)'  ac, 

58.  If  aoc^  +  2bx -k- c  =  0  and  aV  +  26'aj  +  c' =  0  have  one 
and  only  one  root  in  common,  prove  that  V-ac  and  6"  -  ac' 
must  both  be  perfect  squares. 


59.  If  a3j,  x^  be  the  roots  of  the  equation  aa?  +  6a5  +  c  =  0, 

a?"         X* 
find  the  equation  whose  roots  are  (i)  x^  and  x^^  (ii)  -^  and  -^, 

(iii)  5  +  ooSj  and  h  +  aajg. 

60.  If  X  y  x^  be  the  roots  of  aa?  +  6a;  +  c  =  0,  find  in  terms  of 
a,  6,  c  the  values  of : — 

(i)    x^  (bx^  +  c)  +  a;/  (62;^  +  c). 

(ii)     X,'  {bx^  +  cY  +  x^  (bx^  +  c)*. 

61.  Shew  that,  if  a^,  a;^  be  the  roots  of  a;*  +  mx  +  m*  +  a  =  0, 
then  will  x^  +  aj^aj^  +  a;/  +  a  =  0. 

62.  If  a;i,  x^  be  the  roots  of  (a;"  +  1)  (a*  +  1)  =  max  {ax  -  1), 
then  will  (a^"  +  1)  (a;^*  +  1 )  =  ma^x^  (xiX^  -  1). 


Equations  of  higher  degree  than  the  second. 

134.  We  now  consider  some  special  forms  of  equations 
of  higher  degree  than  the  second,  the  solution  of  the  most 
general  forms  of  such  equations  being  beyond  our  range. 
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135.  Equations  of  the  same  foim  as  quadratic 
equations. 

The  equation 

can  be  solved  in  exactly  the  same  way  as  the  quadratic 
equation 

005*  +  6a?  +  c  =  0 ; 
we  therefore  have 

Hence  ^  =  ±  ^|-^  ±  ^^^^}  . 

Thus  there  are/owr  real  or  imaginary  roots. 

Similarly,  whenever  an  equation  only  contains  the 
unknown  quantity  in  two  terms  one  of  which  is  the 
square  of  the  other,  the  equation  can  be  reduced  to  two 
alternative  equations :  for,  whatever  P  may  be, 

aP"  +  6P  +  c  =  0 
is  equivalent  to 

p  — «.  A     n/^'  —  '^c^c 
2a-       2a       • 

Ex.  1.    To  Bolve  a;*-  10a;3+9=0. 

We  have  (ay^  -  9)  (x^  - 1) =0 ; 

.-.  x2=: 9,  giving  05=  ±3; 
or  else  05*=  1,  giving  x=±l. 

Thus  there  are  four  roots,  namely + 1,  - 1,  +  3,  -  3. 

Ex.  2.    To  solve  {a^+x)^+^(x^+x)  - 12=0. 
The  equation  may  be  written 

{x^+x  +  Q){x^+x-2)=0. 
Henoe  x^'\-x+Q=0,  ox  x^+x-2=0. 

The  roots  of  a^+x  +  Q=0  are-^=*=2  n/-23. 

The  roots  of         a:^^.  j.  _  2=0  are  1  and  -  2. 

Thus  the  roots  are  1,  -  2,  -  ^  db  -  z^- 23. 
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Ex.  3.  (x^  +  2)» + 8a;  {aj« + 2)  +  16x»= 0. 

The  equation  is  equivalent  to 

(«• + 2  +  6x)  (x» + 2  +  3a;) = 0. 
The  roots  of       d;*+3a;+2=0are-land-2. 

The  roots  of       a;»+6a;+2=0are--±  ^  y. 

5     1         . 
Thus  the  equation  has  the  four  roots  - 1,  -  2,  -  -  ±  ^  >/l7. 

Ex,  4.    To  solve        aa^-\-lx+c-\-p  J<ia^+bx+c+q=0, 

Put  y=  Jax^  +  bx  +  c; 

then  y'+py+q=0, 

whenoe  we  obtain  two  values  of  y,  a  and  p  suppose. 
We  then  have  ax^ +hx+c=a\ 

or  aa'+6a;+c=j 


and  the  four  roots  of  the  last  two  quadratio  equations  are  the  roots 
required. 

Ex.  6.    To  solve  2x* - 4a;  +  3 ^a;2-2a;+6= 16. 

The  equation  may  be  written 

2{a;a-2a;  +  6)  +  3,y(a;a-2a;+6)-27=0. 
Put  y = fj(x^  -  2x  +  6) ;  then  we  have 

2y«+8y-27=0, 

whenoe  y=3,  or^  =  -^. 

Hence  «*-2a;+6=9,  giving«=3or-l; 

or  else  a;8-2a;  +  6=-j,  givinga;=l±5A/61. 

Thus  the  roots  are  3;  -1;  ldb-^61. 

9 

Ex.  6.    To  solve       {x-^a)  (a;+2a)  (a;+3a)  (a5  +  4a)==^a*. 

Taking  together  the  first  and  last  of  the  factors  on  the  left,  and 
also  the  second  and  third,  the  equation  becomes  of  the  form  we  are 
now  considering.    We  have 

(x" + 6aaj + 4a»)  (a^ + 5ax  +  6a2)  =  ^  a*. 

9 
Hence  (a^+&axY-\-lQa^{!x^-¥&ax)  +  ^a^=s-za\ 
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25 

4 

or  else  a^ + Bax=-  -r  o'. 

4 

Hence  x+^a=0fOTx+^a=J^^isJ10, 

Thus  the  roots  are        -  ^  a,    -««=*=  s  \/10. 

136.  Reciprocal  Equations.  A  reciprocal  equa- 
tion is  one  in  which  the  coefficients  are  the  same  in  order 
whether  read  backwards  or  forwards.     Thus 

.  00?'  +  Jaj*  +  fta?  +  a  =  0, 
ax^  +  ba^  +  ca^  +  bx  i-a^O, 
and  ax^  +  bx'^  +  ca^  +  cx^  +  bx  +  a^O  . 

are  reciprocal  equations. 

Ex.1.    To  solve  aa^'^bx^-^hx+a=0. 

We  have  a{a^  +  l)  +hx  {x+ 1)=0, 

that  is  («  +  l)  {a(x^-x  +  l)  +  hx}=0. 

Henoe  a;=-l, 

or  else  ax'^  +  (b  -  a)  x -\- a=0. 

Ex.2.    To  solve  aas^^hx^+cs^+hx+a=0. 

Divide  by  x^ ;  then  we  have 

Now  put  x  +  -=y; 

then  a;3  +  -^=ya-2. 

Hence  o(i/3-2)  +  6y+c=0. 

Let  the  two  roots  of  the  quadratic  in  j^  be  a  and  /9 ;  then  the 
roots  of  the  original  equation  will  be  the  four  roots  of  the  two 
equations 

x  +  -=a  and  a;  +  -=fl. 

X  X     ^ 

Ex.3.    To  solve  aa;'*  +  6x*  +  ca;»+cx8+6ar+a=0. 

We  have  a(a;'  +  l)  +  6a;(a'  +  l)+cx*(a;  +  l)=:0, 

that  is  {a!  +  l){a(a:4-ar»  +  a;2-a;  +  l)+6a;(a;a-a?  +  l)  +  ca52}=0. 
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Hence  «=-!,  or  else 

The  last  equation  is  a  reciprocal  equation  of  the  fourth  degree 
and  is  solved  as  in  Ex.  2. 

137.  Roots  found  by  inspection.  When  one  root 
of  an  equation  can  be  found  by  inspection,  the  degree  of 
the  equation  can  be  lowered  by  means  of  the  theorem  of 
Art.  88. 

Ex.  1.     Solve  the  equation 

«(x-l)(x-2)=a(a-l)(a-2). 

One  root  of  the  equation  is  clearly  a.    Hence  x-a  is  a  factor  of 

aj(a;-l)(x-2)-a(a-l)(a-2), 
and  it  will  be  found  that 
x(x-l)(x'-2)-a(a-l)(a-2)  =  (x-'a)\x^-(S-a)x  +  {a-l){a-2)). 

Hence  one  root  of  the  equation  is  a,  and  the  others  are  given  by 
a;2-(3-a)a;+(a-l)(a-2)=0. 

Ex.  2.    Solve  the  equation 

jB»  +  2a;«-llaj+6=0. 

Here  we  have  to  try  to  guess  a  root  of  the  equation,  and  in  order 
to  do  this  we  take  advantage  of  the  following  principle : — 

If  a:  =  ±  -  be  a  root  of  the  equation  ax^  +  hx^~^  + . . .  +  A; = 0,  where 
p 

a,  b,  .,.h  are  integers  and  ^  is  in  its  lowest  terms,  then  a  will  be  a 

p 
factor  of  k  and  /3  a  factor  of  a.    As  a  particular  case,  if  there  are  any 

rational  roots  of  x^+.,.  +  k=0,  they  will  be  of  the  form  x=^at 

where  a  is  a  factor  of  k. 

In  the  example  before  us  the  only  possible  rational  roots  are  =i=  1, 
±2,  db3  and  ±6.  It  will  be  found  that  x=2  satisfies  the  equation, 
and  we  have 

(a;-2)(«2  +  4a;-3)=fl5?+2a?-llaj+6. 

Hence  the  other  roots  of  the  equation  are  given  by 

a;2  +  4a;-3  =  0, 
and  are  therefore 

-2iV7. 

Ex.  3.    Solve 

(a-xy+(x-b)^=(a-b)\ 
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Since  x=a  and  a;=&  both  satisfy  the  equation,  (x-a)  {x-h)  will 
divide  (a--a;)*+(a;-6)*-(a-6J*,  and  as  the  quotient  wiU  be  of  the 
second  degree,  the  equation  formed  by  equating  it  to  zero  can  be 
solved. 

We  may  however  proceed  as  follows.    The  equation  may  be  written 

(a-a;)*+(a;-6)4={(a-x)  +  (a;-6)}* 

=  (a-a5)*+4(a-a;)»(a;-6)  +  6(a-x)»(a?-6)« 

+4(a-a)(a;-6)»  +  (a;-6)*; 

.-.  2(a-a?)(a5-6)  {2(a-a;)2+3(a-aj)  (a;-6)  +  2  (a;-6)2}=0. 

Then  the  required  roots  are  a,  h  and  the  roots  of  the  quadratic 

a;a-4.(a  +  &)  +  2a«-8a&  +  263=0. 

Ex.  4.     Solve  the  equation 

M-h){x-c)        (x-c)(x-a)      .(x-a)(x-h) 
(a-h){a-cy      (h-c){h-ay      (c-a){c-h) 

The  equation  is  clearly  satisfied  by  x=a,  by  x=&,  and  by  x=c. 
Also,  since  the  coefficient  of  x^  is  zero,  the  sum  of  the  roots  is  zero. 
Hence  the  remaining  root  must  be  -a-h-c. 

Thus  the  roots  are  a,  6,  c,  -  (a  +  6  +  c). 

138.  Binomial  Equations.  The  general  form  of  a 
binomial  equation  is  a?"*  +  A;  =  0. 

The  following  are  some  of  the  cases  of  binomial 
equations  which  can  be  solved  by  methods  already  given — 
for  the  general  case  De  Moivre's  theorem  in  Trigonometry 
must  be  employed. 

Ex.  1.    To  solve  a;»  - 1 = 0. 

Since  a^-l  =  (x-l){a^+x  +  l), 

we  have  a?- 1  =  0; 

or  else  a;^ + o! + 1 = 0,  the  roots  of  which  are 

1        sJ^Z 
"2  2      • 

Hence  there  are  three  roots  of  the  equation  a?=l\  that  is  there 
are  three  cube  roots  of  unity,  which  are 


1,    -o  +  o>/^a^<^  -o-o>/-3. 


2  '  2  ^  2     2 

Ex.2.    To  solve  x^-l=0. 
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Since  iK^-l  =  {x-l){x+l){x-i-J'^){x''J^T),  the  four  fourth 
roots  of  unity  are 

1,  -1,   ^/^  and  -^^=3. 

Ex.3.    To  solve  3^-1=0. 

a5«-l=(a5-l)(x*+a;»+»a+l). 
Henoo  x=l; 

or  else  iB*+a?+aj'+a;+l=sO. 

The  latter  equation  is  a  reciprocal  equation.    Divide  by  x^,  and 


we  have 


x'+:3+aj+-+l=0. 

X'  x 


Put  x-\ — =y; 

then  «»+^=y*-2; 

.-.  ya-2  +  y  +  l  =  0; 

•••^=-2^-2-- 


„                                       1      -l±^/6 
Hence  aj+-= jt-^^  , 

that  is  jB2_x:iii^  +  l=0, 

Hence  a;='"-^|^^  ±  ^  J-10-2J6, 

or  a;=^^^^±J^-10  +  2V5, 

or  «=1. 

Ex.  4.    To  solve  ar^^. i_o. 

«*  +  l=(x2+l)2-2a?2=(5Ba+l-V2a;)(a;2+l+^2aj). 
Hence  a^:F^2a5+l=0; 

_±i=b  yri 

139.    Cube  roots  of  unity.    In  the  preceding  article 
we  found  that  the  three  cube  roots  of  unity  are 

1,  J  (-1  +  7^3),  J  (-1-/33). 

An  imaginary  cube  root  of  unity  is  generally  repre- 
sented by  o);   or,  when   it   is  necessary   to   distinguish 
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between  the  two  imaginary  roots,  one  is  called  ©j,  and  the 
other  G>j,  so  that  1,  ©^  and  w^  are  the  three  roots  of  the 
equation  a?*  —  1  =  0. 

Taking  the  above  values,  we  have 

1 +  o),+o),  =  1+ H- 1  +  y^) +4  (- 1 ->/^^)  =  0, 

also      o),a),  =l(-l  +  y^3)(-l-7^)=l. 

These  relations  follow  at  once  from  Art.  129 ;  for  the 
sum  of  the  three  roots  of  a?'  —  1  =  0  is  zero,  and  the 
product  is  1. 

Again  a),»  =  i(-l+>/^»  =  H-l-N/^-«»> 

and  a),»  =  i(-l-^/^3)*  =  i(-l+^/■=^)=a),, 

so  that  (o^  =  6)j  and  w^  =  ft)^.  These  relations  follow  at 
once  from 

ft)jO),  =  1  and  o)j'  =  o),'  =  1. 

Thus  if  we  square  either  of  the  imaginary  cube  roots  of 
unity  we  obtain  the  other. 

Hence  if  ©  be  either  of  the  imaginary  cube  roots  of 
unity,  the  three  roots  are  1,  ©  and  co'. 

We  know  that 

o»+6«  +  c'-3a6c=(a+6+c)(a2+62+c2-6c-ca-a6). 

Hence  a + & + c  is  a  factor  of  a' + &^  +  c^  -  3a&c,  and  this  is  the  case 
for  all  values  of  a,  b,  c. 

Hence  a  +  («6)  +  (w^c)  is  a  factor  of  a' + (m6)»  +  (w'c)*  -  Sa(<ab)  (w^c), 
that  is  of  a^  +  l^+c^-3abc;  and  a  +  M  +  wc  can  similarly  be  shewn 
to  be  a  factor. 

Hence  a^  +  l^  +  <^-dabc={a+b+c){a  +  (ab  +  (i^c){a+M-^tac)* 
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Solve  the  following  examples : 

1.  a;*-2aj"-8  =  0. 

2.  a^  +  7aV  -  8a«  =  0. 


EXAMPLES.  141 

3.     a*  +  7aV  -  8a«  =  0. 
X         a;'  +  1  _  5 

^    ?+T  "*■     x~  ~V 

a^  +  2  a;*  +  4ag  +  1  _  5 

a;*  +  4a;  +  1  as"  +  2      ~2' 

6.  (aj»  +  a;+l)(a^  +  a;  +  2)  =  12. 

7.  (»•  +  7a;  +  5)»  -  3a;'  -  21a;  =  19. 

8.  yi6-7a;-a;*  =  a;»  +  7a;-j. 

9.  6Vaj'-2a;  +  6  =  21  +  2a;-a;*. 

10.  (a- l)(l+a;  +  a;")»  =  (a  +  l)(l +«"  +  «'). 

11.  (a;  +  1)  (a;  +  2)  (a;  +  3)  (a;  +  4)  =  24. 

12.  (a;  +  a)  (a;  +  3a)  (a;  +  5a)  (x  +  7a)  =  384a*. 

13.  (x  -  3a)  (ob  -a){x  +  2a)  (a;  +  4a)  =  2376a*. 

14.  (a;  +  2)(a;+3)(a;  +  8)(a;  +  12)  =  4a;». 

15.  2a;'  -  3a;  -  21  =  2xjx'  -  3a;  +  4. 

16.  a;*-2(a+&)a;'  +  a'  +  2a6  +  6'  =  0. 

17.  X*  -  2a;'a«  -  2a;"5"  +  a*  +  6*  ^  2a'6'  =  0. 

18.  4a;*-4a;'-7a;»-4a;  +  4  =  0. 

19.  9x*  -  24a;^  -  2a;»  -  24a;  +  9  =  0. 

20.  a;'^+l  =  0.  21.     a;«-l-0. 

22.  3a;«-14a;'  +  20a;-8  =  0. 

23.  a;*-15a;'+10a;+24  =  0. 

24.  a;*  +  7a;'-7a;-l  =  0. 

25.  {x-ay{b''cY  +  {x^by{c^ay  +  {x-cy{a-hY  =  0. 

26.  a;(a;-l)(a;-2)  =  9.8.7.  . 
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27.  aj  (aj  - 1 )  (aj  -  2)  (a:  -  3)  =  9  .  8 .  7 .  6. 

28.  (a  -  xY  +  (6  -  a:)»  =  (a  +  6  -  2a;)». 

29.  (a  -  xy  +  (b-xy  =  {a  +  b-  2a;)*. 

30.  (a  -  xY  +  (6  -  aj)*  =  (a  +  5  -  2a?)*. 

31.  ^a-x-^^b  -x  =  ^a  +  b-2x. 

32.  ^a-x  +  tJb-x  =  l^a-\-b-2x, 

33.  («-«)»+ (a; -6)*  =  (a -5)*. 

34.  ^a^^  +  ilx-b  =  4^a-6. 

35.  i/a-x-h^x-b  =  i/a-'b, 

36.  aj*  +  (a  -  a;)*  =  6*. 

37.  (a?  +  «)*  +  (aj+  6)*=  17  (a- 6)*. 

38.  tj^  +  i/a--x=i/b. 

39.  a6a;  (a;  +  a  +  6)"  -  (oa:  +  5aj  +  aft)"  =  0. 

40.  a5caj  {x  +  a  +  b  +  cY-  (xbc  +  asca  +  xab  +  o6c)*  =  0. 

^a^xY+(x-bY_  a*  +  b^ 
{a  +  b'2xY     "  (a  +  by 

42.  a;*  +  6(a  +  6)aj»+(aft-2)6V-(a  +  6)6"a;  +  6*  =  0. 

43.  (a^  +  57  =  2aaj»  +  2ah'x  -  aV. 

(a:-a)'  (a: -6)'  (a?-c)'        _ 

**•     (aj-  aY-{b-cY    {x  -6)"-  (c  -  a)«     («  -  c)"^  («  -  ft)'"" 

.-      (a;  +  a)(aj  +  ft)      (x-a)  (x-b)     (x  +  c)  {x  +  d) 
(a;-a)(aj-ft)     (a?  +  a)  (a:  +  6)  ~  (aj - c)  (a: - c?) 

,  (a?-c)(a?-cQ 
(aj+c)(a5  +  c?)* 


CHAPTER  X. 
Simultaneous  Equations. 

140.  A  SINGLE  equation  which  contains  two  or  more 
unknown  quantities  can  be  satisfied  by  an  indefinite 
number  of  values  of  the  unknown  quantities.  For  we  can 
give  any  values  whatever  to  all  but  one  of  the  unknown 
quantities,  and  we  shall  then  have  an  equation  to  deter- 
mine the  remaining  unknown  quantity. 

If  there  are  two  equations'  containing  two  unknown 
quantities  (or  as  many  equations  as  there  are  unknown 
quantities),  each  equation  taken  by  itself  can  be  satisfied 
in  an  indefinite  number  of  ways,  but  this  is  not  the  case 
when  both  (or  all)  the  equations  are  to  be  Satisfied  by  the 
same  values  of  the  unknown  quantities. 

Two  or  more  equations  which  are  to  be  satisfied  by  the 
same  values  of  the  unknown  quantities  contained  in  them 
are  called  a  system  of  simvltanecms  equations. 

The  degree  of  an  equation  which  contains  the  unknown 
quantities  x,  y,  z.,.  is  the  degree  of  that  term  which  is  of 
the  highest  dimensions  in  x,y,z..„ 

Thus  the  equations 

GW?  +  a V  +  ^^^  "=  ^*> 
xy  +  x+y-^-z^O, 

x^-\-y*  +  z''-Zxyz  =  Oy 
are  of  the  first,  second  and  third  degrees  respectively. 
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141.  Equations  of  the  First  Degree.  We  proceed 
to  consider  equations  of  the  first  degree,  beginning  with 
those  which  contain  only  two  unknown  quantities  x  and  y. 

Every  equation  of  the  first  degree  in  x,y,z,...  can  by 
transformation  be  reduced  to  the  form 

ax  +  by'\-cz  +  ...  =  k, 

where  a,b,c,...k  are  supposed  to  represent  known  quanti- 
ties. 

Note.  When  there  are  several  equations  of  the  same 
type  it  is  convenient  and  usual  to  employ  the  same  letters 
in  all,  but  with  marks  of  distinction  for  the  diflferent 
equations. 

Thus  we  use  a,  6,  c...  for  one  equation  ;  a',  b\  c'...  for 
a  second ;  a",  b'\  c"...  for  a  third;  and  so  on.  Or,  we  use 
a^y  6j,  Cj  for  one  equation ;  a^,  6,,  Cj  for  a  second ;  and  so 
on. 

Hence  two  equations  containing  x  and  y  are  in  their 
most  general  forms 

ax  +  by  =  c, 

and  a'x  -f  b'y  =  c', 

and  similarly  in  other  cases. 

142.  Equations  with  two  unknown  quantities. 

Suppose  that  we  have  the  two  equations 

ax-\-by  ==  e, 
and  a'x  +  b'y  =  c\ 

Multiply  both  members  of  the  first  equation  by  V,  the 
coefficient  of  y  in  the  second ;  and  multiply  both  members 
of  the  second  equation  by  6,  the  coefficient  of  y  in  the 
first.    We  thus  obtain  the  equivalent  system 

ab'x  +  bb'y  =  cb\ 

a'bx  -f  bb'y  =  c'6. 
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Hence,  by  subtraction,  we  have 

(aft'  -  a'b)  x^cV-  c'b ; 

,  cV  -  c'6 

whence  x  = 


/I.  • 


Substitute  this  value  of  ^  in  the  first  of  the  given 
equations;  then 

,    _c(ab'-a'h)-a{ch'-c'b) 
•■•''^~  ab'-a'b 

whence  y  =  -77 71 . 

The  value  of  y  may  be  found  independently  of  x  by 
multiplying  the  first  equation  by  a'  and  the  second  by  a ; 
we  thus  obtain  the  equivalent  system 

a' ax  +  a'hy  =  a'Cy 

a' ax  +  ab'y  =  ac'. 

Hence,  by  subtraction,  we  have 

{a'b  —  ah')  y^o!c  —  ax!  \ 

_  a!c  —  a/d 
''''''' a'b -aV 

which  is  equal  to  the  value  of  y  obtained  by  substitution. 

Note.  It  is  important  to  notice  that  when  the  value 
either  of  x  or  of  y  is  obtained,  the  value  of  the  other  can 
be  written  down. 

For  a  and  a'  have  the  same  relation  to  x  that  b  and  V 
have  to  y ;  we  may  therefore  change  x  into  y  provided 
that  we  at  the  same  time  change  a  into  b,  b  into  a,  a'  into 
b\  and  V  into  a'.    Thus  from 

cb'  —  c'b        ,  oa!  —  da 

^--u 77  wehavey  =  T-7 — r?-. 

ab  —ab  ^     ba  —ba 

s.  A.  10 
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It  will  be  seen  from  the  above  that  in  order  to 
solve  two  simultaneous  equations  of  the  first  degree, 
we  first  deduce  from  the  given  equations  a  third  equation 
which  contains  only  one  of  the  unknown  quantities;  and 
the  unknown  quantity  which  is  absent  is  said  to  have 
been  eliminated, 

143.  From  the  last  article  it  will  be  seen  that  the 
values  of  x  and  y  which  satisfy  the  equations 

ax  +  by  =  c, 
and  afx  +  by=c'y 

can  be  expressed  in  the  form 

a?      ^      y      ^     ~1 
6c'  —  Vc     ca'  —  da     ah'  —  a'b  * 

So  also,  from  the  equations 

cw?  +  6y  +  c  =  0, 
and  a[x  +  Vy + c'  =  0, 

we  have  t-; — ^r-  = — ,      ,   = 


hd  —  Vc     ca'  —  da     ah'  —  a'h ' 

It  is  important  that  the  student  should  be  able  to 
quote  these  formulae. 


Ex.  1.    Solve  the  equations 

3aj+2y=13, 

and 

7a;  +  3y=27. 

•■ 

> 

We  have 

X                       y 

-1 

2.27-3.13"13.7-27.3 

"3.3-7.2' 

that  is 

a;  _  y  _  1 
16  ""10  ""6' 

.-.  x  =  ^  =  3, 

■                .                          .        >                                    v^ 

-     V     • 

and 
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Ex.  2.     Solve  the  equations 

X       y 

and  =~7. 

X      y 

These  may  be  considered  as  two  simnltaneous  equations  of  the 

first  degree  with  —  and  —  as  unknown  quantities. 

X  y 

We  therefore  have 

1  1 

«         _        y        _       -1 

3(_7)_(_6)2"2.2-(-7)4""4(-5)-2.3' 

1         1 

that  is  ^^w  :=  liL  =  — - : 

-11     32     26' 

1_      U  _     26 

•'•  »-  ""26'    ^'^^~     il* 
1      32  18 

^«^  ^  =  26'    ""'^^W 

Ex.  3.    Solve  the  equations 

aa;-&y=2(a2_62). 
We  have 

X  y  _    -^ 


-2(a2-62)  +  5(a_5)-a(a-6)-2(a«-62)      _6  +  a' 


that  is 


X  y  1 


62  +  a6-2a2""262-a6-a«     6 -a' 

62  +  a6-2a2     ^     „ 
...  aj= ^ =  5  +  2a; 

,  262-a6_a2 

and  y= — r =  a4-26. 

o-a 

Instead  of  referring  to  the  general  formula  of  Art.  143,  as  we  have 
done  in  the  above  examples,  the  unknown  quantities  may  be  eliminated 
in  turn,  as  in  Art.  142;  and  this  latter  method  is  frequently  the  simpler 
of  the  two.  Thus  In  t^is  last  example  we  have  at  onoe,  by  multiplying 
the  first  equation  by  a  and  then  subtracting  the  second, 

(6-a)y=a(a--&)-2(a2-62); 


-a«-a6  +  262 
t/= r =  a  +  26. 


10—2 
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Then  a;=(a+26)  +  a-6 ; 

.'.  x=2a+b, 

144.  DlBCUBsion  of  solution  of  two  simiiltaneoua 
equations  of  the  first  degree-  We  have  seen  that  the 
values  of  x  and  y  which  satisfy  the  equations 

cw7  +  6y  =  c (i), 

and  a'x  +  Vy  =  & (ii), 

are  given  by 

(aV-a'b)x^cV'-&b (iii), 

(ba^ "  Va)  y  =  ca^  —  cfa (iv). 

Thus  there  is  a  single  finite  value  of  x,  and  a  single 
finite  value  of  y,  provided  that  oft'  —  a'b  4=  0. 

If  aft'  —  a^b  =  0,  X  will  be  infinite  [see  Art.  118]  unless 
c6'  —  (^6  =  0 ;  and,  if  at/  —  a'6  and  cV  —  c'b  are  both  zero, 
any  valine  of  x  will  satisfy  equation  (iii). 

So  also,  y  will  be  infinite  if  cd/  —  a'b  =  0,  unless  ca'  —  c'a 
is  also  zero,  in  which  case  any  value  of  y  will  satisfy 
equation  (iv). 

n        h 

If  aV  —  a'b  =  0,  then  ~-,=Tt\  and  if  aV  —  a'b^O  and 

a      b 

also  cb'  —  (/&  =  0,  then  —  =  =^  =  -, . 

a      b      c 

When  equations  cannot  be  satisfied  by  finite  values  of 
the  unknown  quantities,  they  are  often  said  to  be  incon- 
sistent   Thus  the  equations  ax  +  by  =  c  and  a'x  +  Vy  =  c' 

are  inconsistent  if  -7=t7,  unless  each  fraction  is  equal  to 

a      0 

c 

-,,  in  which  case  the  equations  are  indeterminate.    In  fact 

n  h         f* 

when  —  =  r/  =  -/ ,  it  is  clear  that  by  multiplying  the  terms 
a      0      c 

of  equation  (i)  by  —  we  shall  obtain  equation  (ii),  so  that 

a 

the  two  given  equations  are  equivalent  to  one  only. 
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We  have  hitherto  supposed  that  a,  a\  b,  V  were  none 

of  them  zero.     It  will  not  be  necessary  to  discuss  every 

possible  case :  consider,  for  example,  the  case  in  which  a 

and  a'  are  both  zero. 

c 
When  a  and  a'  are  both  zero,  we  have  from  (i)  y  =  t  , 

..  c' 

and  from  (ii)  y  =  t?  •     These  results  are  inconsistent  with 

G        C 

one  another  unless  r  =  r/  • 

0       0 

Hence,  if  a  =  a'  =  0,  and  -  =  t/  ,  the  equations  (i)  and 

(ii)  are  satisfied  by  making  y=^Ty  and  by  giving  to  x  any 

finite  value  whatever. 

c     d 
If  however  t  =1=  77  >  the  equations  by  ==  c  and  Vy  =  c' 

cannot  both  be  satisfied,  unless  they  are  looked  upon  as  the 
limiting  forms  of  the  equations  ax  +  by  =  c  and  a^x  +  Vy  =  c\ 
in  which  a  and  a^  are  indefinitely  small  and  ultimately 
zero.  But  from  (iii)  we  see  that  when  a  and  a^  diminish, 
without  limit,  x  must  increase  without  limit,  cV  —  c'6  not 
being  zero.  Thus,  in  the  equations  (i)  and  (ii),  when  a 
and  a'  diminish  without  limit,  and  cV  4=  c%  the  value  of  x 
must  be  infinite. 

Equations  with  three  unknown  quantities. 

145.     To  solve  the  three  equations : 

ax+by  +  cz  =  d (i), 

a'x+b'y  +  c'z==df (ii), 

a''x  +  b"y  +  &'js^d'' (iii). 

Method  of  suooessive  elimination.    Multiply  the 
first  equation  by  c',  and  the  second  by  c ;  then  we  have 

ac'x  +  b&y  +  cdz  =  dc\ 


"1 
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and  a' ex  +  Vcy  +  ccz  =  d'c ; 

therefore,  by  subtraction, 

{ac'  —  a'c)  X  +  (6c'  —  6'c)  y  =  dc'  —  d'c (iv). 

Again,  by  multiplying  the  first  equation  by  c"  and 
the  third  by  c  and  subtracting,  we  have 

(oc"  -  a''c)  X  +  (6c"  -  6"c)  y  =  do"  -  d"c (v). 

We  now  have  the  two  equations  (iv)  and  (v)  from 
which  to  determine  the  unknown  quantities  x  and  y. 
Using  the  general  formulae  of  Art.  143,  we  have 

^  -  (he'  -  6^c)  (dc"  -  dr'c)  +  {dd  --d'c)  {he"  -  6"c) 
^^    {ac'-a'c)[hc''-¥c)--{hc'-'Vc){(ic''-a''c)   ' 

Method  of  undetermined  multipliers.  Multiply 
the  equations  (i)  and  (ii)  by  X  and  fi,  and  add  to  (iii) ; 
then  we  have  the  equation 

a?  (\a  +  fia'  +  a")  +  y  (X6  +  //-&'  +  6")  +z{Xc-\-  /m)'  +  c") 

=  (Xd  -f  fid'  +  d"), 
which  is  true  for  all  values  of  \  and  fi. 

Now  let  X  and  fi  be  so  chosen  that  the  co-efl&cients 
of  y  and  z  may  both  be  zero, 

,,  \d  +  fid'  +  d" 

Xa  +  /Lta  +  a 

where  X  and  fi  are  found  from 

X6  +  fiV  +  h"  =  0, 
and  Xc  +  /^c'  +  c"  =  0 ; 


.»'  > 


•  •  6'c"  -  V'd  ~  V'c  -  be"     be'  -  b'c ' 

T'TftTice 

'^  ~  a  (6'c"  -  6"c')  +  a'  {b"c  -  bo")  +  a"  {be'  -  b'c) ' 

The  numerator  and  the  denominator  of  the  first  value 
of  X,  which  was  obtained  by  eliminating  z  and  y  in  succes- 
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sion,  can  both  be  divided  by  c;  and  the  two  values  of  m  will 
then  be  seen  to  agree. 

Having  found  the  value  of  x  by  either  of  the  above 
methods,  the  values  of  y  and  z  can  be  vrritten  down. 
For  the  values  of  y  will  be  obtained  from  that  of  x  by 
interchanging  a  and  6,  a!  and  h\  and  a''  and  V\  The 
value  of  y  can  also  be  obtained  from  that  of  a?  by  a 
cyclical  change  [see  Art.  92]  of  the  letters  a,  J,  c;  a\  h\  d\ 
and  a!\  V\  c" ;  and  a  second  cyclical  change  will  give  the 
value  of  z. 

It  should  be  remarked  that  the  denominators  of  the 
values  of  x,  y  and  z  are  the  same,  and  that  there  is  a 
single  finite  value  of  each  of  the  unknown  quantities 
unless  this  denominator  is  zero. 

£z.  1.     Solve  the  equations : 

aj  +  22/  +  32=6 (i), 

2a?  +  4y+  2  =  7 (ii), 

3a?  +  2y  +  9-?  =  14  (iii). 

Multiply  (ii)  by  3,  and  subtract  (i) ;  then 

6a;  +  10y  =  15 : (iv). 

Again  multiply  (i)  by  3,  and  subtract  (iii)  \  then 

4y=4 (v). 

Prom  (v)  we  have  y  =  1 ;  then,  knowing  y,  we  have  from  (iv)  a; = 1 ; 
and,  knowing  x  and  ^,  we  have  from  (1) ;?  =  1. 

Thus  x=y—z  =  \, 

Ex.  2.    Solve  the  equations : 

aj+y+«  =  l  (i), 

ax  +  by  +  cz^d  (ii), 

a^x  +  bhf  +  ch  =  cP (iii). 

Multiply  (i)  by  c  and  subtract  (ii) ;  then 

{c-a)x  +  {c-l>)y=e-d   (iv). 

Again  multiply  (i)  by  c^  and  subtract  (iii) ;  then 

(c^'a^)x  +  {c^-b^)y=c^-d* ....(v) 

Now  multiply  (iv)  by  c  +  &  and  subtract  (v) ; 

then 

(e-a)  (b-a)x  =  (c-  d)  (b-d); 

(6  -  a)  (<j  -  a)  * 
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The  values  of  y  and  z  may  now  be  written  down :  they  are 

_(C'd)(a-d)  ,      ^(a-d)  (h-d) 
^"■(c-6)(a-6)  '    *~  (a-c){h-'C)  ' 

Instead  of  going  through  the  process  of  elimination,  we  may  at 
onoe  quote  the  general  formulae.    Thus 

*"~(6ca-6«c)  +  a(&2-ca)+a2(c-6) 
_{b-c){'-bc  +  d{h+c)-d^} 

=  ),"  ;/"  ,,  as  above. 
(6  -  a)  (c  -  a) 

Ex.  8.    Solve  the  equations : 

x+y-^z=a+b  +  c (i), 

ax  +  by+cz=hc  +  ca  +  ab   (ii), 

bcx  +  cay +abz= Babe  (iii). 

We  have 

_{a+b+c)  {ab^  -  ac^  +  {bc  +  ca-{'ab)  {ca-  ah)  +  Sdbc  {c  "b) 

""  ab'^-<ic^  +  a{ca^ab)  +  bc{e-b) 

_  a(b - c)  {(b+  c)  {a  +  b+c) -be - ca- db -Sbc) 

~  ih-c){db  +  ae-a^-bc} 

_         o  (6  -  c)« 

"      (a-b){a-'e)' 

The  values  of  y  and  z  can  now  be  written  down :  they  are 
b{e-a)^  e(a-b)^ 

^~     (h-e)(b-ay     ^"     (e-a){e-by 

Ex.  4.    Solve  the  equations : 

«+ay+a'«+a'=0 (i), 

a;  +  6y+6a2+6»=0 (ii), 

a;+cy+c2«+c'=0 (iii). 

The  equations  may  be  solved  as  in  the  preceding  examples,  or  as 
follows. 

It  is  clear  that  a,  &,  c  are  the  three  roots  of  the  following  cubic 
in  X. 

X«+2:X*+y\+a5=0. 

Hence  from  Art.  129,  we  have  at  once 

«=  -(a  +  6  +  c), 
y=  bc-\-ca-k-aby 
and  %=~ahe. 
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146.  Equations  with  more  than  three  unknown 
quantities.  We  shall  return  to  the  consideration  of 
simultaneous  equations  of  the  first  degree  in  the  Chapter 
on  Determinants,  and  shall  then  shew  how  the  solution  of 
any  number  of  such  equations  can  be  at  once  written 
down. 

The  method  of  successive  elimination  or  the  method 
of  undetermined  multipliers  can  however  be  extended  to 
the  case  when  there  are  more  than  three  unknown  quan- 
tities.   For  example,  to  solve  the  equations 

CM?    -{-by    ^-cz    +dw    =e (i), 

a^x  +b'y  +c'z  +d'w  =e (ii), 

a'x  +b''y'{-c'z  +d"w  =e" (iii), 

a'''x  +  b"'y-\-c'"z  +  d"'w  =  e''' (iv). 

Multiply  (i)  by  X,  (ii)  by  fi,  (iii)  by  v,  and  add  the 
products  to  (iv).     Then  we  have 

a?  (a\  +  a'fjL  +  a'V  +  a'")  +y{b\  +  b'/i  +  b"v  +  b'") 
+  £r  (c\  +  c>  +  c  V  +  c'")  +  w(dX  +  d'fi  +  d''v  +  d'") 
=  e\  +  c>+e'V  +  e'" (v). 

Now  choose  X,  /i,  i^  so  as  to  make  the  coeflScients  of  y, 
z  and  w  in  the  last  equation  zero ;  then 

_  eX  +  e>  +  e"v  +  e"'  .. 

"^^'aX+aV  +  a'V  +  a"  ^"^^^ 

where  X,  /a,  v  are  to  be  found  from  the  equations 

cK-¥d,i  +c"i/+c'"=ol (vii). 

Hence  we  have  to  solve  (vii)  by  Art.  145  and  then 
substitute  the  values  of  X,  /a,  and  v  in  (vi) :  this  will  give 
the  value  of  x\  and  the  values  of  the  other  unknown 
quantities  can  then  be  found  by  cyclical  changes  of  the 
letters,  a,  b,  c,  d,  &c. 
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EXAMPLES  XII. 

Solve  the  following  equations. 

•     3      6"  2'  ^-     X     y~    ' 

X     3y_l  18      8 

3.      «+-=-,  4 +  5=-+-  =  10. 

y     2  X     y  X     y 

o       2      26 

5.     ax+hy  =  2ab,  6.     a;  +  ay  +  a*  =  0, 

hx-ay  =  b'  —  a\  a?  +  5y  +  6'  =  0. 

7.     a;  +  y  =  2a,  8.     {b  +  c)x  +  {b  -c)y  =  2a6, 

(a  -  6)  a;  =  (a  +  6)  y.  (c  +  a)  aj  +  (c  -  a)  y  =  2ac. 

9.     bx  +  ay  =  2a5, 
o*aj  +  b'y  =  a'  +  6®. 

10.  (a  +  6)  aj  +  6y  =  oa?  +  (6  +  a)  y  =  a'  -  6'. 

11.  x  +  y  +  z  =  ly  12.     a:  +  y  +  «=l, 

2a;  +  3y  +  2;  =  4,  ?  .  2/  .  .„_! 

4a;+%  +  «=16.  2     4' 

5        3       «       " 
3^  +  4^-2  =  ^- 

13.  x  +  2y-\-3z=3x  +  y  +  2z  =  2x  +  3y  +  z=6. 

14.  y  + « =  2a,  15.  y  +  z-'X  =  2a, 
z  +  x  =  2b,  z  +  x  —  y  =  2bf 
x  +  y=2c.  x  +  y-'Z  =  2c, 
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16.     t/  +  z-3x  =  2a,  17.     oo?  +  6y  +  ca  =  1, 

z  +  x  —  3y  =  2b,  bx  +  cy  +  a>z=ly 

a5  +  y~3«  =  2c.  cx  +  ay  +  hz  =  l. 

iQ      y  +  z-x     z  +  x  —  y     x-\-y—z     ^ 

io.        7 = =  =—     =1. 

b-\-c  c  +  a  a  +  b 

19.     x-\-y  +  z  =  0,  20.     x-\-y  +  z  =  a+b  -\-  Cy 

ax-\-by  +  cz=l,  bx  +  cy  +  (iz  =  bc  +  ca  +  aby 

a'x  +  b^y  +  c'z  =  a-\-b  +  c,  ex  +  ay  +  bz  =  bc  +  ca  +  ah. 

21.  05  +y  +  »  =  a  +  6  +  c, 

bx  +  cy  +az  =  a'  +  b^  +  c^ 
coj  +  ay  +  6«=  a*  +  &■  +  c*. 

22.  x  +  y-^z  =  0, 

{b  +  c)  x+  (c  +  a)  y  +  {a  +  b)  z=  (b  -  c)  (c  -  a)  (a-  6), 
6ca;  +  cay  +  a^«  =  0. 

23.  ax  +  by'^cz=a,  24.  oj-ay +  a"2-a*  =  0, 
6aj  +  cy  +  a»  =  &,  x-by  +  b'^  -  6'  =  0, 
caj  +  ay  +  5«  =  c.                           a;—  cy  +  c's?  -  c'  =  0. 

25.  005+  6y  +  C2;  =  m, 
a*aj  +  b'y  +  c'«  =  m*, 
a^x  +  6°2/  +  c^a  =  m^. 

26.  ooj  +  cy  +  6«  =  a*  +  26c, 
005  +  6y  +  ai2!  =  6*  +  2ac, 
6o5  +  ay  +  c«  =  c*^  +  2a6. 

27.  x  +  y  +  z=2a  +  2b  +  2c, 

ax  +  by  +  cz=  2bc  +  2ca  -h  2ab, 
{b  —  c)x+{c  —  a)y-[-(a-b)z  =  0. 

28.  a>x  +  by  +  cz  =  a-^b  +  Cy 
a^x  +  b^y  +  c^z  =  {a+b  +  cY, 
bcx  +  cay  H-  afts;  =  0. 
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29.  x  +  y  +  z  =  l+m  +  n, 

Ix  +  my  +  7ia  =  mn  +  nl  +  Im, 

(m  —  n)x+  (n  -  l)y  +  (l-m)z  =  0. 

30.  Ix  +  ny  +  mz  =  nx  +  my  +  lz  =  mx  -^-ly  +  nz 

=  1^  +  m^  +  n^  -3lmn, 

31.  l^x  +  m'y  +  n'z  =  Imao  +  mny  +  rdz  =  rdx  +  Imy  +  m/njx 

~l-\-m-\-n, 

32.     +-^+ =  1. 

a  +  a     a  +  p     a  +  y 

X  y  «        1 


5+a     b+P     b+y 
X  y  %         ^ 


33.  2/+^+**^=^? 

2!  + 10  +  a;  =  6, 

II?  +  05  +  y  =  C, 

OJ  +  y  +  »  =  c?. 

34.  x->cay-^  a'z  +  a'w?  +  a*  =  0, 
05  +  5y  +  6*»  +  6^io  +  6*  =  0, 
x  +  cy  -h  c'z  +  c^w  +  c*  =  0, 
05  +  (fy  +  <=^«  +  ^**^  +  c?*  =  0. 

Simultaneous  Equations  of  the   Second  Degree. 

147.  We  now  proceed  to  consider  simultaneous  equa- 
tions, one  at  least  of  which  is  of  the  second  or  of  higher 
degree. 

We  first  take  the  case  of  two  equations  containing  two 
unknown  quantities,  one  of  the  equations  being  of  the  first 
degree  and  the  other  of  the  second. 
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For  example,  to  solve  the  equations : 

3«  +  2y=7, 
8xa-2ya=25. 

From  the  first  equation  we  have 

3 

Substitute  this  value  of  x  in  the  second  equation ;  we  then  have 


8(I^^y-V=26. 


whence 

y«  +  14y+13=0, 

that  is 

(y  +  18)(y+l)=0; 
.•.  y=-l,  or  y=-18. 

Ify=- 

1. 

'■'-."■': 

and  if  y=- 13,  a;  =11. 

Thus  a?  =  3,  y  =  - 1 ;  or  a:  =  11,  y=  - 13. 

From  the  above  example  it  will  be  seen  that  to  solve 
two  equations  of  which  one  is  of  the  first  degree,  and  the 
other  of  the  second  degree,  we  proceed  as  follows : — 

From  the  equation  of  the  first  degree  find  the  value  of 
one  of  the  unknown  quantities  in  terms  of  the  other 
unknown  quantity  and  the  known  quantities,  and  substitute 
this  value  in  the  equation  of  the  second  degree ;  one  of 
the  unknown  quantities  is  thus  eliminated,  and  a  quadratic 
equation  is  obtained  the  roots  of  which  are  the  values  of 
the  unknown  quantity  which  is  retained. 

The  most  general  forms  of  two  equations  such  as  we 
are  now  considering  are 

aa^+  bay  +  cy^ -^-dx-k-ey  +/=  0. 

From  the  first  equation  we  have 

my  +  n 
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Hence  on  substitution  in  the  second  equation  we  have 
to  determine  y  from  the  quadratic  equation 

a  {my  +  nf  —  Iby  (my  +  n)  +  cPy" 

-  dZ(my  +  n)  +  ePy +/i' =  0. 

Having  found  the  two  values  of  y,  the  corresponding 
values  of  x  are  found  by  substitution  in  the  first  equation. 

148.  It  should  be  remarked  that  we  cannot  solve  any 
two  equations  which  are  both  of  the  second  degree ;  for 
the  elimination  of  one  of  the  unknown  quantities  will  in 
general  lead  to  an  equation  of  the  fcmrth  degree,  from 
which  the  remaining  unknown  quantity  would  have  to  be 
found ;  and  we  cannot  solve  an  equation  of  higher  degree 
than  the  second,  except  in  very  special  cases. 

For  example,  to  solve  the  equations 

ax^  '{■bx  +  c  =  y,      x^  +  y'^d. 

Substitute  aa^  +  bx  +  c  for  y  in  the  second  equation,  and 
we  have 

a^-\-(aa^  +  bx  +  oy-d, 

which  is  an  equation  of  the  fourth  degree  which  cannot  be 
solved  by  any  methods  given  in  the  previous  chapter. 

149.  There  is  one  important  class  of  equations  with 
two  unknown  quantities  which  can  always  be  solved, 
namely  equations  in  which  all  the  terms  which  contain 
the  unknown  quantities  are  of  the  second  degree.  The 
most  general  forms  of  two  such  equations  are 

aa?  +  bxy  -\-cy^  =  d 
and  ax^  +  b'xy  +  cY  =  d'- 

Multiply  the  first  equation  by  d\  and  the  second  by  d 
and  subtract ;  we  then  have 

(ad'  -  a'd)  a?  +  (bd'  -  Vd)  xy  +  (cd'  -  dd)  f  =  0. 
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The  factors  of  the  above  equation  can  be  found  either 
by  inspection,  or  as  in  Art.  81 ;  we  therefore  have  two 
equations  of  the  form  Ix  +  my  =  0  either  of  which  com- 
bined with  the  first  of  the  given  equations  will  give,  as  in 
Art.  147,  two  pairs  of  values  of  x  and  y. 

Ex.  5.    To  solve  the  equations: 

ya-ajy=16   (i), 

a^-\-xy=X4t  (ii). 

V7e  have  14  (y^  -  a;y )  =  16  (a?* + acy) ; 

.'.  16a!«+29ary- 14^3=0, 
that  is  (6x  -  2y)  (Zx  +  ly) = 0. 

Henoe  5x-2y  =  0, 

or  else  3s«+7y=0. 

If  5x-2y=0,  we  have  from  (i) 

whence  y=  ±5. 

Hence  also  a;=:t2. 

If  3a;+7y=0,  we  have  from  (i) 

y2+|y2=16, 

whence  w=db-7^, 

^         ^J2' 

7 
and  then  x=  ^ 


V2* 

7  3 

Thus  a?  =  ±2,  y=±5;  or  ic  =  ±—75,  y==F 


V2'  ^"""^vs* 

150.  The  following  examples  will  shew  how  to  deal 
with  some  other  cases  of  simultaneous  equations  with  two 
unknown  quantities ;  but  no  general  rulesi  can  be  given. 

Ex.  1.    To  solve  x-y=  2, 

xy=15. 

Square  the  members  of  the  first  equation,  and  add  four  times  the 
second;  tiben 

ta?+y)^=64. 
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Hence  a;  +  y=±8, 

which  with  a;  -  y = 2, 

gives  x=5  or  -3, 

and  y=3  or  -6. 

Thus  x  =  5,  y  =  S;  or  x  =  -3,  y  =  -5. 

Ex.  a     To  solve  a»+a^+y»=a« (i), 

«*+«V+y*=&* (ii). 

Divide  the  members  of  the  second  equation  by  the  corresponding 
members  of  the  first ;  then 

a?'-xy  +  y'=-j (iii). 

From  (i)  and  (iii)  by  subtraction  we  have 


From  (i)  and  (iv) 


54 
2a;y=a'--5 (iv). 


^       /3o*-6* 

...x+y==b^-2^ W- 

From  (iii)  and  (iv)  we  have 

^       736* -a* 
•••*-2'==*=V-2^  H- 

Finally,  from  (v)  and  (vi)  we  have 

1  j  ^      /3fl<~6*  /Sb^-a^l 


r3a*-6*  /3M-a*j 

2a» 


Ex.  3.    To  solve  ««  -  2y2 = 4y 

3a:3+jjy_2y»=16y. 
Multiply  the  first  equation  by  4,  and  subtract  the  second ;  then 

aja~ary-6y2=0, 
that  is  (a;+2y)(a;-3y)=0; 

.-.  a;  +  2y=0, 
or  else  a;-3y=0. 
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Ux  +  2y=0,  the  first  equation  gives 

.*.  y=0  or  y  =  2, 
whence  x=0  or  x=  -4. 

li  X- By  =zOf  the  first  equation  gives 

9y3-2ya=4y; 

4 
.-.  y=0  or  y=-, 

whence  a;=0  or  x=  —  . 

Thus  a;=0,    y=0;    a;=-4,    y=2; 

12  4 

or  aj=y,    y=^. 

Ex.  4.    To  solve  a?+y'=(a5+y +  1)^, 

By  subtraction  we  have 

(a;+y  +  l)8-(a:-y +  2)2=0, 
that  is 

(2a;  +  3)(2y-l)=0. 

Hence  2a:  +  3=0,  or  2y-l=0. 

If  2a;+3=6,  wehave 

i  +  y'=(y-2)  ' 
whence  y=-2. 

If  2i/-l=0,  wehave 

,    1      /      3\2 

^'+4=  (^  +  2)' 


whence 

x=-3. 

Thus 

3                ^ 

or 

2             1 
^=-3'    2^  =  2- 

Ex.  6.    To  solve 

a;  +  y  =  26, 

ic*+2/*=2a*. 
Put  SB = & + « ;  then,  from  the  first  equation,  y  =  b-z, 

S.A.  11 
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Hence  (6 + z)* +(b-  «)* = 2a*, 

whence  after  reduction 

;B4+66V  +  6*-a*=0; 

Thus  x=b:i^^{-Sh^±jW+a*}, 

and  y  =  6=p^{_362±^864  +  a4}. 


EXAMPLES  XIII. 

Solve  the  following  equations  : — 

1.  x  +  y  =  oif-y'  =  23. 

2.  a;^-4:2/*  +  aj  +  3y  =  2aj-  y  =  1. 

3.  os'  +  xy=l2,  4.     0:^23^*  =  22, 

5.     x-y  =  5y  6.     aj  +  y  =  a  +  6, 

y     a     84*  05  +  6     y  +  a" 

7.  a  (a?  +  2/)  =  6  (a  -  2/)  =  ojy. 

8.  l..l=4.  9.     ^'+^  =  10. 
ar     xy     a  or     if 

111  «*_    Q 


y*     2/^     6* 


ay 


10.     a;  +  y  =  2a,  11.     of -xy  +  y' =109, 

x"  +  y'  =  2b\  a;*  +  aj»2^  +  y*  =  4251. 

12.     a:''  +  a2/  +  y"=133,  13.     a:  +  y  =  72, 
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14,     1+1  =  2,  15.    x  +  y=l, 

X     y 

ajy+l  +  l  =  8.  aj*  +  y''  =  31. 

X     y 

16.  a^  +  y»+3aw/-4(aj  +  2/)  +  3  =  0, 

icy  +  2  (a;  +  y)  -  5  =  0. 

17.  x^  +  xy  +  x=Uy  18.     aj*  +  2/'=9, 

2^  +  ajy  +  2/=28.  x^-xy  +2/*=  3. 

19.  05  (y  -  6)  =  y  (a;  -  a)  =  2a6. 

20.  aj  +  --  =  l,  21.     aa;  +  62/  =  2a6, 

y 

1      . 

22.     ^+^  =  12, 
y      a; 

1       1      1 
X      y     Z 

24.     xy-^  =  a, 

xy-l  =  l.  .V3^  +  |;  =  84. 

26.     a: +  2^  =  6,  27.     a:  +  2^  =  8a«/, 

(a^  +  2/')  («"  +  /)  =  1 440.  aj"  +  2/"  =  40a;y . 

28.     a^-xy  =  Sx  +  Sy  29.     ~^  =3, 

^  1  -a^ 

xy-j/'=Sy-6.  x-y  ^1 

1  +  a:2/      3  * 

11—2 


^4.^=2. 

2/     a? 

23. 

^.8 

+  aw/  =  < 

Ca«,  =  6'. 

25. 

a;  +  2/  +  ^  =  14, 
^      a: 
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30.     x-y^a^^-it),  31.     ^+|=^+« 

x  +  y  =  b{a:^-  y').  a^     y^  _b*     a' 

32.     %?=f+^=%?^. 
a     X     0     y     y     X 

151.  Equations  with  more  than  two  unknown 
quantities.  No  general  rules  can  be  given  for  the  solu- 
tion of  simultaneous  equations  of  the  second  degree 
with  more  than  two  unknown  quantities :  all  that  can  be 
done  is  to  solve  some  typical  examples. 

Ex.  1.    Solve  the  eqaations : 

{x+y){x  +  z)=a^  (i), 

(y+z){y  +  x)  =  l^  (ii), 

(z  +  x)(z  +  y)  =  c^  (iii). 

Multiply  (ii)  and  (iii)  and  divide  by  (i) ; 
then  (y  +  ^)^=-xJ 


Similarly  we  have 


,  be  ,.  . 

.-.  y+z=±- (iv). 

d 


ca  .  . 

«+a;=±y  (v), 


and  a;+y==t—    (vi). 

c 

Also  from  the  original  equations  it  is  clear  that  the  signs  must  all 
be  positive  or  all  be  negative. 

Add  (v)  and  (vi)  and  subtract  (iv)  from  the  sum  ;  then 

(ca     a6      bc\ 
2a;==t(— + ); 

\b       c       a  I 
c8a2  +  a2fc2_62cfl 

~~  2abc 

^      ,                               a^b^  +  b^c^-c^a^ 
Soalso  y=:t ^-^ . 

6«c«+caa2_a«62 
"^^  "=^ 2abc • 
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Ex.  2.    Solve  the  equations : 

x{y+z)=a (i), 

y{z+x)=b (ii), 

z{x+y)=c (iii). 

We  have  y  {z  ■{-  x)  +  z  (x +y)  -  X  {y + z)=b+c  -  at 

that  is  2yz==b+c-a, 

Similarly  2zx=c  +  a-b, 

and  2ary  =  a+6-c. 

Henoe  (2a:y)  {2zx)  ^{a  +  b-c)  jc+a-b)  ^ 

2yz  b  +  c-a  * 

.    »^,_(a+&-c)(c+fl-6) 
••  ^—       {b  +  c-a)         • 

Hence         .      ^==^  >v/^^^V'i^"^?"^^ 

'V        2{b  +  e~a) 

.„,..,„,„    „      ,       /(a+6-c)(6+e-a) 
andsmularly    y=±^ 2(e  +  a-b) ' 

\^         2(a+b-c) 
Ex.  3.    Solve  the  equations  : 

a»  +  2y«=a (i), 

y^  +  2zx=a (ii), 

^  +  2xy=b (iu). 

By  addition  {x+y+zY=2a  +  b; 

.'.     x  +  y  +  z=±j2a  +  b (iv). 

From  (i)  and  (ii)  by  subtraction 

{x-y){x  +  y-2z)=0. 

Hence  x=y (v), 

orelse  x+y-2z=0 (vi). 

I.    Itx=y,  we  have  from  (ii)  and  (iii)  by  subtraction 

;i^-\-a:^-2xz=b-a; 

,\z-x=^/s/b-a (vii). 

Henoe,  from  (iv),  (v)  and  (vii), 

x=y=  -  {±<y2"a  +  6=F  Jb  -  a}, 

z=  5  ^^  j2a-{-b±2jb-a}» 
o 
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II.    When  SB + y  -  2«  =  0,  we  have  from  (iv) 

1    , 

Q  

and  a:+y=  ±  5  ^/2a  +  6. 

Also,  from  (ii),  y^+x(x  +  y)=a, 

which  with  the  previous  equation  gives 


^==^x/ 


a-bl    ,- , 


and  y==r  a/^   =^  gV^a  +  6. 


Ex.  4.    Solve  the  equations: 

hh +chf= e^x + aH = ahf  +  h^x= xyz. 

We  have  hH+chf=xyz (i), 

c^x+ah=xyz (ii), 

and  ahf  +  b^x=xyz (iii). 

Multiply  (i)  by  -  a^  (ii)  by  6',  and  (iii)  by  c^  and  add ; 

then  2bhhi={-a^+I^+c^)xyz. 

Hence  x=0, 

,  2b^c^ 

or  else  yz=:  — ..     „ .  .^, 

lix=Oyy  and  z  must  also  be  zero. 
Hence  x=y=z=0; 

or  else  yz=  -  -— . — = , 

,    .    .,    ,  2c^a^ 

and  smularly  zx=  ——  -—  , 

,  2a^b^ 

^      a'  +  o^  —  c^ 

The  solution  then  proceeds  as  in  Ex.  2. 

Ex.  5.    Solve  the  equations : 

a^-yz=aj 
y^-zx  =  b, 
z^-xy=c. 
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We  have  (x^-yzY-{y^-zx)(s?-xy)=a*-hc, 

that  is  X  (<g?+'!^-{'j?-Zxyz)  =  a*-hc, 

Hence,  from  the  last  equation  and  the  two  similar  ones, 

X      __      y  z 

a^-bc  ~  l^-ca~~  c^-  ah' 
Hence  each  fraction  is  equal  to 

/  ^-y^ i     /  1 

Ex.  6.     Solve  the  equations : 

x+y+z=a  +  h-irc (i), 

a;»  +  y2  +  «2=aa  +  62+c» (ii), 

-  +1  +   -  =3 (m). 

It  is  ohvious  that  x=a,y=h,z=c  will  satisfy  the  equations:  put 
then  x=a+\ty  =  b  +  fAf  z=c+yt  and  we  have  after  reduction 

X+/i  +  v  =  0 (iv), 

;7  +  ^+:»=^ ^)» 

a     o      c 
2{a\  +  bfi  +  cp)  +  \*  +  fj?  +  v^=0 (vi). 

From  (iv)  and  (v) 

X      _      /*      _      V 
a{b  -  c)  ""  b{c  -a)~  c(a  -  b)  * 
whence  from  (vi) 

X=/it=»'=0, 
X       _  2(b-c){c-a)(a-b) 

a(b-c)     a^(b-cf+b^{c-a)^+c^(a-bj^' 
Hence  x=a,  y=bf  z=c; 

or  else 

x-a   _   y-b    __    z-c    __  2(b-c){c-a){a-b) 

a"(6i:^  -  bj^)~^(^^)~'a^{b-c)^  +  b^c-a)^  +  c^{a-b)^' 

Ex.  7.    Solve  the  equations 

x+y  +  z=  6, 

yz  +  zx  +  xy  =  11, 

xyz=  6. 

This  is  an  example  of  a  system  of  three  symmetrical  equations. 
Such  equations  can  generally  be  easily  solved  by  making  use  of  the 
relations  of  Art.  129.  Thus  in  the  present  instance  it  is  clear  that 
X,  yy  z  are  the  three  roots  of  the  cubic  equation 

X8-6X'  +  llX-6=0. 
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The  roots  of  the  onbic  are  1,  2,  3. 

Hence    x=lt    i/=2,    2=3;    or  x=l,    y=S,    z=2;    or  x=2, 
y=S,    z  =  l;  <&c. 

Ex.  8.    Solve  the  equations 

x  +  y  +  z  =  a (i), 

1111  ,.., 

-  +  -  +  -  =  - (u), 

X     y     z     a  ' 

yz+zx+xy=  -c' (iii). 

This  again  is  a  system  of  symmetrical  equations,  and  two  of  the 
relations  of  Art.  129  are  already  given ;  we  have  therefore  only  to  find 
the  third. 

We  have  from  (ii), 

yz+zx-^xy  __  1  ^ 
xyz        ~  a' 
.*.    xyz=  -ac^ (iv.) 

Then,  from  (i),  (iii)  and  (iv),  we  see  that  Xj  y^  z  are  the  roots  of 
the  cubic  X*  -  aV  -  c*X + oc" = 0, 

that  is  \2(X-a)-c2(X-a)=0; 

.*.     X  =  a,   or  X=±c. 

Thus  x=a,  y=Cf  z=-c;  &c. 

Ex.  9.    Solve  the  equations 

x^  {y-z)  =  a^(b-c), 

y^(z-x)  =  b^{c-a)y 

z^{x-y)  =  c^(a-b). 
By  addition 

x^{y-'Z)  +  y^(z-x)  +  z^(x-y)=a^{b-c)+b^{c-a)  +  c^a-b), 

that  is    {y -z)  {z- x)  (x-y)  =  (b- c)  {c -a)  {a- b). 

By  multiplication 

xhfh^iy  -z){z-  x)  {X  -  y)  =  a^b^c^  (6  -c){c-  a)  (a  -  6) ; 

.-.  xhjH^^a^H^. 

Hence  xyz=-cibc (i), 

or  xyz=  -abc (ii). 

Again     a^(b-c)y  +  6*  (c  -  a)  x=xhf  {y  -  z)+xy^  (z  -  x) 

=xyz(y-x) (iii). 

Hence,  if  xyz=abc,  we  have  from  (iii) 

{b^{c-a)  +  abc}x+{a'^{b-c)-abc)y=0, 

that  is       bx  (be  +  ca  -  ab)  -  ay  {be  +  ca  -  a6) =0 ; 

.*.   -=i    and  therefore  each  =  -  . 
a     0  c 
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Thus  when  xyz = a6c,  we  have     -  =  #  =  -. 

a     0     c 

Henoe  each  is  equal  to        .  /  ^ =4^1. 

Thus    ?  =  |  =  5=1.  or        ±  =  i!-  =  ^  =  l, 

a     0      c  (ua     0(a     C(a 

or         r-a=  jr2=  — 3  =  1- 
a«*      0(a^     ctiT 

If  a^z=  -a6c,  we  have  from  (iii) 

-  {DC - ca - a6)=  ^  (ca -ah- he). 

Hence  also  each  =  -  {ab-bc-  ca) 

=i/{  -  {be  -ca-  ab)  {ca  -ab-  be)  (ab  -be-  ca)} , 


EXAMPLES  XIV. 


Solve  the  following  equations  : 
1. 


3. 


5. 


7. 


yz  =  a^ 

2. 

x(x  +  y  +  z)  =  a', 

2505=6*, 

y(x  +  y  +  z)==b% 

ay  =  c'. 

z{x  +  y  +  z)  =  (^. 

'~yz  +  zx  +  xy  =  ay 

4. 

yz  =  a(y-i-z\ 

yz-zx  +  xy  =  by 

zx  =  b(z  +  x)y 

yz  ■{•  zx  -  ocy  =  c. 

osy=c(x  +  y). 

yz  =  by-{-  cz, 

6. 

af  +  2yz=l2, 

zx  =  cz  +  ax, 

y^  +  2zx  =  l2, 

xy=ax  +  hy. 

^■\-2xy  =  \2. 

(y  +  z)(x  +  y  +  z)=^ 

», 

8. 

(y-\-h){z  +  c)  =  a% 

(z  +  x)  (x  +  y  +  z)  = 

=  &, 

(z  +  c)(x  +  a)  =  5', 

{x  +  y){x-{-y  +  z)  = 

c. 

(aj  +  a)(2/  +  6)  =  c". 
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9.     a;*  -  (y  -  zY  -^  a*,  10.     x(y  +  z-x)  =  a, 

y'-(z-xy  =  b\  y{z  +  x-y)=^h, 

2*  -  (x  -  t/f  =  c*.  z{x  +  y-z)=c, 

11.     ^- —  =  -^r-  =  — ^  =  2xyz. 
a  b  c  ^ 


12. 


21. 


y  +  z     z  +  x  _x  +  y     a^  +  ^  +  z^ 
a     ~    b     ~     c     "a'  +  b'  +  c^ 


13.     yz=a  +  y  +  z,  14, 

zx  =b  +  z  +  Xy 
xy  =  C'hx-\-y, 

15.     y«  — y*  =  C2/  +  6«,  16. 

«a3  -  ^*  =  as  +  ex, 
xy  —  h'  =  bx  +  CM/. 


17.        x-\-y  +  z=    Qy  18.       a;  +  y  +  «==    15, 

a"  +  2^"  +  »".=  14,  a:^  +  /  +  «'=495, 

a;2/«=    6.  a5y»=105. 

19.        i»  +  2/  +  «=      9,  20.                   x  +  y  +  z=  10. 

a^  +  y'-}-z^=    4:1,  yz  +  zx  +  ODy=   33. 

a;«  +  y«  +  «"=189.  (y+»)(«+aj)(aj+y)  =  294. 


y«=a 

(2/  +  ^) 

+  a, 

«aj  =sa 

{z  +  x) 

+  A 

xy  —  a 

(x  +  y) 

+  y. 

xi  +  y~ 

I     3 
"2' 

y  +  z' 

1     7 
"3' 

z  +  x" 

^  =  4. 

yz     _      zx  xy     _x'  +  ^  +  z^ 

bz  +  cy     cx  +  az     ay  +  bx     a^  +  b^  +  c^' 


22.    »+|+5=l,  23.     «a,  =  ?^+i, 

X     b      z     ^  y       z     X 

-+-+-=1,  by  =  -+-, 

aye  ''     X     z 

X     y     c     ^  X     y 

-  +  ^  +  -=1.  cz  =  -  +  ^. 

a     b     z  y     oc 
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24.  y-  +  «*  -  05  (2/  +  «)  =  a", 

x'  +  y^-z(xi-y)  =  c*. 

25.  OE^  +  yz  -  a^  =  y'  +  zx  -  b^  =  s^  +  osy  -  (f  =  ^{a^  +  y'  +  s^). 

26.  x{x  +  y  +  z)-{y'  +  z'  +  yz)=ay 
y  {x  +  y  +  z)  -  {^  +  7^  +  zx)  =  by  ■ 
z(x  +  y-¥z)-(x'  +  y'  +  xy)  =  c, 

27.  x  +  y  +  z  =  a  +  b  +  c, 

(6  -  c)  03  +  (c  -  a)  2/  +  (a  -  ft)  «  =  0. 

28.  (cc  -\-y)  (x  +  z)  =  ax,  29.  af-yz  =  ax, 
(y-hz)  {y  +  x)=.  by,  y'-zx  =  by, 
(«  +  a;)  («  +  y)  =  c«.                       «*  -  052/  =  <'^- 

30.     a;*  +  a  (2aj  +  y  +  2J)  =  2/*  +  6  (2y  +  «  +  aj)  =  «'  +  c  (2«  +  a;  +  3/) 

=  (aj  +  2^  +  «)*. 


CHAPTER  XL 


Problems. 


152.  We  shall  in  the  present  chapter  consider  a  class 
of  questions  called  problems.  In  a  problem  the  magnitudes 
of  certain  quantities,  some  of  which  are  known  and  others 
unknown,  are  connected  by  given  relations;  and  the  values 
of  the  unknown  quantities  have  to  be  found  by  means  of 
these  relations. 

In  order  to  solve  a  problem,  the  relations  between  the 
magnitudes  of  the  known  and  unknown  quantities  must 
be  expressed  by  means  of  algebraical  symbols:  we  thus 
obtain  equations  the  solution  of  which  gives  the  required 
values  of  the  unknown  quantities. 

It  often  happens  that  by  solving  the  equations 
which  are  the  algebraical  statements  of  the  relations 
between  the  magnitudes  of  the  known  and  unknown 
quantities,  we  obtain  results  which  do  not  all  satisfy  the 
conditions  of  the  problem.  The  reason  of  this  is  that  in  a 
problem  there  may  be  restrictions,  expressed  or  implied, 
on  the  numbers  concerned,  which  restrictions  cannot  be 
retained  in  the  equations.  For  example,  in  a  problem 
which  refers  to  a  number  of  men,  it  is  clear  that  this 
number  must  be  integral^  but  this  condition  cannot  be 
expressed  in  the  equations. 

Thus  there  are  three  steps  in  the  solution  of  a  problem. 
We  first  find  the  equations  which  are  the  algebraical 
expressions  of  the  relations  between  the  magnitudes  of  the 
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known  and  unknown  quantities ;  we  then  find  the  values 
of  the  unknown  quantities  which  satisfy  these  equations ; 
and  finally  we  examine  whether  any  or  all  of  the  values 
we  have  found  violate  any  conditions  which  are  expressed 
or  implied  in  the  problem,  but  which  are  not  contained  in 
the  equations.  The  necessity  of  this  final  examination 
will  be  seen  from  some  of  the  following  examples  of 
problems. 

Ex.  1.  A  has  £5  and  B  has  10  shillings.  How  much  mast  A  give  to 
B  in  order  that  he  may  have  just  four  times  as  much  as  £  ? 

Let  X  be  the  number  of  shillings  that  A  gives  to  B. 

Then  A  will  have  100  -  x  shillin'^s,  and  B  will  have  10 + x  shillings. 
But,  by  the  question,  A  now  has  four  times  as  much  as  B, 

Hence  we  have  the  equation 

100-a;=4(10  +  a;); 

.'.a;  =  12. 

Thus  A  must  give  12  shillings  to  B, 

It  should  be  remembered  that  x  must  always  stand  for  a  number. 
It  is  also  of  importance  to  notice  that  all  concrete  quantities  of  the 
same  kind  must  be  expressed  in  terms  of  the  same  unit. 

Ex.  2.  One  man  and  two  boys  can  do  in  12  days  a  piece  of  work 
which  would  be  done  in  6  days  by  3  men  and  1  boy.  How  long 
would  it  take  one  man  to  do  it  ? 

Let  a;=the  number  of  days  in  which  one  man  would  do  the  whole, 
and  let  ^ = the  number  of  days  in  which  one  boy  would  do  the  whole. 

Then  a  man  does  -th  of  the  whole  in  a  day ;  and  a  boy  does  -th 

X  y 

of  the  whole  in  a  day. 

By  the  question  one  man  and  two  boys  do  ^th  of  the  whole  in  a 
day. 

Hence  we  have 

1     2_^ 

x"^y~12* 

We  have  also,  since  3  men  and  1  boy  do  ^th  of  the  whole  in  a 
day, 

3     11 

X     y"  6' 
Whence  a: =20. 

Thus  one  man  would  do  the  whole  work  in  20  days. 
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Ex.  3.  In  a  certain  family  eleven  times  the  number  of  the  children  is 
greater  by  12  than  twice  l^e  square  of  the  number.  How  many 
children  are  there  ? 

Let  X  be  the  number  of  children ;  then  we  have  the  equation 

lla;=2a:a  +  12, 

or  2x«-lla;+12=0, 

that  is  (2aj-3)(a;-4)=0. 

Hence  a;=4,  ora;=|. 

The  value  a; = I  satisfies  the  equation^  but  it  must  be  rejected,  since 
it  does  not  satisfy  all  the  conditions  of  the  problem,  for  the  number 
of  children  must  be  a  whole  number. 

Thus  there  are  4  children. 

Ex.  4.  Eleven  times  the  number  of  yards  in  the  length  of  a  rod  is 
greater  by  12  than  twice  the  square  of  the  number.  How  long  is  the 
rod? 

This  leads  to  the  same  equation  as  Ex.  8 ;  but  in  this  case  we 
cannot  reject  the  fractional  result.  Thus  the  length  of  the  rod  may 
be  4  yards,  or  it  may  be  a  yard  and  a  half. 

Ex.  5.  A  number  of  two  digits  is  equal  to  three  times  the  product  of 
tiie  digits,  and  the  digit  in  the  ten's  place  is  less  by  2  than  the  digit 
in  the  unit's  place.    Find  the  number. 

Let  X  be  the  digit  in  the  ten's  place ;  then  x+2  will  be  the  digit 
in  the  unit's  place.    The  number  is  therefore  equal  to 

10a;  +  (a; +  2). 

Hence,  by  the  question, 

10a;  +  (a;  +  2)  =  3a?(a;+2); 

.'.  3aj'*-6a;-2=0, 

or  (a?-2)  (3a;  +  l)=0. 

Hence  x=2,  or  x=  -^. 

Now  the  digits  of  a  number  must  be  positive  integers  not  greater 
than  nine  ;  hence  the  value  x=  -^  must  be  rejected.  The  digit  in 
the  ten's  place  must  therefore  be  2,  and  the  digit  in  the  unit's  place 
must  be  4.    Hence  24  is  the  required  number. 

Ex.  6.  A  number  of  two  digits  is  equal  to  three  times  the  sum  of  the 
digits.    Find  the  number. 

Let  x  be  the  digit  in  the  ten's  place,  and  y  the  digit  in  the  unit's 
place ;  then  the  number  will  be  equal  to  lOo; + y. 
Hence,  by  the  question, 

10x+y=B(x+y); 

.'.  lx=2y. 
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Since  x  and  y  mnst  both  be  positive  integers  not  greater  than  9, 
it  follows  that  x  must  be  2  and  y  must  be  7.  Hius  the  required 
number  is  27. 

Ex.  7.  The  sum  of  a  certain  number  and  its  square  root  is  90.  What 
is  the  number  ? 

Let  X  be  the  number ;  then  we  have  the  equation 

x+^yx=90; 

»\{x-90)^=x, 

or  a? -181a; +8100=0, 

that  is  {X  -  81)  {x  - 100) = 0. 

Hence  a; = 81,  or  a; = 100. 

If,  in  the  question,  the  square  root  means  only  the  arithmetical 
square  root,  81  is  the  only  number  which  satisfies  the  conditions. 
If,  however,  *  its  square  root '  is  taken  to  mean  '  one  of  its  square 
roots,*  both  81  and  100  are  admissible. 

Ex.  8.  The  sum  of  the  ages  of  a  father  and  his  son  is  100  years ;  also 
one-tenth  of  the  product  of  their  ages,  in  years,  exceeds  the  father's 
age  by  180.    How  old  are  they? 

Let  the  father  be  x  years  old ;  then  the  son  will  be  100  -  x  years 
old.    Hence,  by  the  question, 

^a;(100-a;)=a;  +  180; 

.•.a;2-.  90a; +  1800=0, 

that  is  (a?-60)(a;-30)=0. 

Hence  a; =60,  or  a; =30. 

If  the  father  is  60,  the  son  will  be  100-60=40.  If  the  father 
is  30,  the  son  will  be  100-30  =  70,  which  is  impossible,  since  the 
son  cannot  be  older  than  the  father. 

Hence  the  father  must  be  60  and  the  son  40  years  old. 

Ex.  9.  A  man  buys  pigs,  geese  and  ducks.  If  each  of  the  geese  had 
cost  a  shilling  less,  one  pig  would  have  been  worth  as  many  geese  as 
each  goose  is  actually  worth  shillings.  A  goose  is  worth  as  much  as 
two  ducks,  and  fourteen  ducks  are  worth  seven  shillings  more  than 
a  pig.    Find  the  price  of  a  pig,  a  goose,  and  a  duck  respectively. 

Let  9?= the  price  in  shillings  of  a  pig, 

y=  ,y  y,  if  »      goose, 

and  z=^        ,,        „        ,,        ,,    duck. 
Then,  by  the  question,  a  pig  is  worth  y  times  {y  - 1)  shillings ; 

.-.  a5=y(y-l) (i). 
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Since  a  goose  is  worth  2  dacks, 

••.  y  =  2« (ii). 

And,  since  14  dncks  are  worth  7  shillings  more  than  a  pig, 

liz  =  7+x (iii). 

From  (i)  and  (ii)  we  have  the  values  of  x  and  z  in  terms  of  ^;  and, 
substituting  these  values  in  (iii),  we  have 

7y=7+y(y-l), 

or  3/«-8y  +  7=0; 

.-.  2/= 7,  ory  =  l. 

If  y  =  7,  a;=42  from  (i),  and  «= J  from  (ii). 

If  y  =  l,  a;=0  from  (i),  and  z=i  from  (ii).    These  values  are  how- 
ever inadmissible,  since  pigs  cannot  be  bought  for  nothing. 

Hence  a  pig  cost  428.,  a  goose  7«.,  and  a  duck  ds,  6(2. 
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1.  Divide  50  into  two  parts,  such  that  twice  one  part  is 
equal  to  three  times  the  other. 

2.  A  has  £5  less  than  B,  C  has  as  much  as  A  and  B 
together,  and  A,  B,  C  have  £60  between  them.  How  much 
has  each  1 

3.  One  man  is  70  and  another  is  45  years  of  age ;  when 
was  the  first  twice  as  old  as  the  second  ? 

4.  How  much  are  eggs  a  score,  if  a  rise  of  25  per  cent,  in 
the  price  would  make  a  difference  of  40  in  the  number  which 
could  be  bought  for  a  sovereign  ? 

5.  A  bag  contains  50  coins  which  are  worth  £14  altogether. 
A  certain  number  of  the  coins  are  sovereigns,  there  are  three 
times  as  many  half-sovereigns,  and  the  rest  are  shillings.  Find 
the  number  of  each. 

6.  A  can  do  a  piece  of  work  in  20  days,  which  B  can  do 
in  12  days.  A  begins  the  work,  but  after  a  time  B  takes  his 
place,  and  the  whole  work  is  finished  in  14  days  from  the 
beginning.     How  long  did  A  work  ? 
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7.  A  man  buys  a  certain  number  of  eggs  at  two  a  penny, 
four  times  as  many  at  5d.  a  dozen,  five  times  as  many  at  Sd. 
a  score,  and  sells  them  at  Ss.  Sd.  a  hundred,  gaining  by  the 
transaction  35.  6d.     How  many  eggs  did  he  buy  1 

8.  A  bill  of  ^63.  5^.  was  paid  in  sovereigns  and  half-crowns, 
and  the  number  of  coins  used  was  100;  how  many  sovereigns 
were  paid  1 

9.  A  man  walking  from  a  town  A  to  another  B  at  the 
rate  of  4  miles  an  hour,  starts  one  hour  before  a  coach  which 
goes  12  miles  an  hour,  and  is  picked  up  by  the  coach.  On 
arriving  at  B  he  observes  that  his  coach  journey  lasted  two 
hours.     Find  the  distance  from  A  to  B, 

10.  Two  passengers  have  altogether  600  lbs.  of  luggage 
and  are  charged  for  the  excess  above  the  weight  allowed  3«.  4td. 
and  11 5.  8c?.  respectively.  If  all  the  luggage  had  belonged  to 
one  person  he  would  have  been  charged  .£1.  How  much 
luggage  is  each  passenger  allowed  free  of  charge  ? 

11.  A  piece  of  work  can  be  done  by  A  and  5  in  4  days, 
by  A  and  (7  in  6  days,  and  by  B  and  0  in  12  days :  find  in 
what  time  it  would  be  done  hj  A,  B  and  G. 

12.  A  father's  age  is  equal  to  those  of  his  three  children 
together.  In  9  years  it  will  amount  to  those  of  the  two  eldest, 
in  3  years  after  that  to  those  of  the  eldest  and  youngest,  and 
in  3  years  after  that  to  those  of  the  two  youngest. .  Find  their 
present  ages. 

13.  A  and  B  start  simultaneously  from  two  towns  to  meet 
one  another  :  A  travels  2  miles  per  hour  faster  than  B  and 
they  meet  in  3  hours :  if  B  had  travelled  one  mile  per  hour 
slower,  and  A  at  two-thirds  his  previous  pace  they  would  have 
met  in  4  hours.     Find  the  distance  between  the  towns. 

14.  A  traveller  walks  a  certain  distance :  if  he  had  gone 
half  a  mile  an  hour  faster,  he  would  have  walked  it  in  ^  of  the 
time :  if  he  had  gone  half  a  mile  an  hour  slower  he  would  have 
been  2^  hours  longer  on  the  road.     Find  the  distance. 

S.  A.  12 


178  EXAMPLES. 

15.  Divide  243  into  three  parts  such  that  one-half  of  the 
first,  one-third  of  the  second,  and  one-fourth  of  the  third  part, 
shall  all  be  equal  to  one  another. 

16.  A  sum  of  money  consisting  of  pounds  and  shillings 
would  be  reduced  to  one-eighteenth  of  its  original  value  if  the 
pounds  were  shillings,  and  the  shillings  pence.  Shew  that  its 
value  would  be  increased  in  the  ratio  of  15  to  2  if  the  pounds 
were  five-pound  notes,  and  the  shillings  pounds. 

17.  £1000  is  divided  between  A,  B,  C  and  D,  B  gets 
half  as  much  as  A ,  the  excess  of  (7's  share  over  i)'s  share  is 
equal  to  one- third  of  -4's  share,  and  if  ^'s  share  were  increased 
by  £100  he  would  have  as  much  as  C  and  D  have  between 
them  j  find  how  much  each  gets. 

18.  Find  two  numbers,  one  of  which  is  three-fifths  of  the 
other,  so  that  the  difference  of  their  squares  may  be  equal  to 
16. 

19.  Find  two  numbers  expressed  by  the  same  two  digits 
in  different  orders  whose  sum  is  equal  to  the  square  of  the  sum 
of  the  two  digits,  and  whose  difference  is  equal  to  five  times  the 
square  of  the  smaller  digit. 

20.  A  man  rode  one-third  of  a  journey  at  10  miles  per 
hour,  one-third  more  at  9  miles  per  hour,  and  the  rest  at  8 
miles  per  hour.  If  he  had  ridden  half  the  journey  at  10  miles 
per  hour  and  the  other  half  at  8  miles  per  hour,  he  would  have 
been  half  a  minute  longer  on  the  journey.  What  distance  did 
he  ride  ] 

21.  Two  bicyclists  start  at  12  o'clock,  one  from  Cambridge 
to  Stortford  and  back,  and  the  other  from  Stortford  to  Cambridge 
and  back.  They  meet  at  3  o'clock  for  the  second  time,  and  they 
are  then  9  miles  from  Cambridge.  The  distance  from  Cambridge 
to  Stortford  is  27  miles.  When  and  where  did  they  meet  for  the 
first  time? 

22.  Divide  £1015  among  -4,  jB,  (7  so  that  B  may  receive 
£5  less  than  A,  and  G  as  many  times  ^'s  share  as  there  are 
shillings  in  ^'s  share. 
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23.  Ou  a  certain  road  the  telegraph  posts  are  at  equal 
distance,  and  the  number  per  mile  is  such  that  if  there  were 
one  less  in  each  mile  the  interval  between  the  posts  would  be 
increased  by  2^  yards.     Find  the  number  of  posts  in  a  mile. 

24u  The  sum  of  two  numbers  multiplied  by  the  greater  is 
144,  and  their  difference  multiplied  by  the  less  is  14 :  find 
them. 

25.  A  and  B  start  simultaneously  from  two  towns  and 
meet  after  five  hours;  if  A  had  travelled  one  mile  per  hour 
faster  and  B  had  started  one  hour  sooner,  or  if  B  had  travelled 
one  mile  per  hour  slower  and  ^  had  started  one  hour  later, 
they  would  in  either  case  have  met  at  the  same  spot  they 
actually  met  at.     What  was  the  distance  between  the  towns  1 

26.  A  battalion  of  soldiers,  when  formed  into  a  solid 
square,  present  sixteen  men  fewer  in  the  front  than  they  do 
when  found  in  a  hollow  square  four  deep.  Required  the 
number  of  men, 

27.  A  number  of  two  digits  is  equal  to  seven  times  the 
sum  of  the  digits;  shew  that  if  the  digits  be  reversed,  the 
number  thus  formed  will  be  equal  to  four  times  the  sum  of  the 
digits. 

28.  A  sets  out  to  walk  to  a  town  7  miles  off,  and  B  starts 
20  minutes  afterwards  to  follow  him.  When  B  has  overtaken 
A  he  immediately  turns  back,  and  reaches  the  place  from 
which  he  started  at  the  same  instant  that  A  reaches  his 
destination.  Supposing  B  to  have  walked  at  the  rate  of  4 
miles  an  hour  :  find  A^s  rate. 

29.  A  starts  to  bicycle  from  Cambridge  to  London,  and  B 
at  the  same  time  from  London  to  Cambridge,  and  they  travel 
uniformly :  A  reaches  London  4  hours,  and  B  reaches  Cambridge 
1  hour,  after  they  have  met  on  the  road.  How  long  did  B  take 
to  perform  the  journey? 

30.  A  number  consists  of  3  digits  whose  sum  is  10.  The 
middle  digit  is  equal  to  the  sum  of  the  other  two;  and  the 
number  will  be  increased  by  99  if  its  digits  be  reversed.  Find 
the  number. 

12—2 


180  EXAMPLES. 

31.  Two  vessels  contain  each  a  mixture  of  wine  and  water. 
In  the  first  vessel  the  quantity  of  wine  is  to  the  quantity  of 
water  as  1:3,  and  in  the  second  as  3  :  5.  What  quantity 
must  be  taken  from  each  in  order  to  form  a  third  mixture, 
which  shall  contain  5  gallons  of  wine  and  9  gallons  of  water  ] 

32.  Supposing  that  it  is  now  between  10  and  11  o'clock, 
and  that  6  minutes  hence  the  minute  hand  of  a  watch  will  be 
exactly  opposite  to  the  place  where  the  hour  hand  was  3  minutes 
ago  :  find  the  time. 

33.  Ay  £  and  C  start  from  Cambridge,  at  3,  4  and  5 
o'clock  respectively  to  walk,  drive  and  ride  respectively  to 
London.  G  overtakes  -5  at  7  o'clock,  and  G  overtakes  A  4J 
mUes  further  on  at  half- past  seven.  When  and  where  will  B 
overtake  A  1 

34.  A  train  60  yards  long  passed  another  train  72  yards 
long,  which  was  travelling  in  the  same  direction  on  a  parallel 
line  of  rails,  in  12  seconds.  Had  the  slower  train  been 
travelling  half  as  fast  again,  it  would  have  been  passed  in  24 
seconds.     Find  the  rates  at  which  the  trains  were  travelling. 

35.  A  distributes  ^180  in  equal  sums  amongst  a  certain 
number  of  people.  B  distributes  the  same  sum  but  gives  to 
each  person  £6  more  than  A,  and  gives  to  40  persons  less  than 
A  does.     How  much  does  A  give  to  each  person  ? 

36.  Three  vessels  ply  between  the  same  two  ports.  The 
first  sails  half  a  mile  per  hour  faster  than  the  second,  and 
makes  the  passage  in  an  hour  and  a  half  less.  The  second 
sails  three-quarters  of  a  mile  per  hour  faster  than  the  third 
and  makes  the  passage  in  2J  hours  less.  What  is  the  distance 
between  the  ports  1 

37.  Two  persons  A,  B  walk  from  F  to  Q  and  back.  A 
starts  1  hour  after  B,  overtakes  him  2  miles  from  Q^  meets  him 
32  minutes  afterwards,  and  arrives  at  F  when  ^  is  4  miles 
ofi^.     Find  the  distance  from  F  to  Q» 
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Miscellaneous  Theorems  and  Examples. 

153.  Elimination.  When  more  equations  are  given 
than  are  necessary  to  determine  the  values  of  the 
unknown  quantities,  the  constants  in  the  equations  must 
be  connected  by  one  or  more  relations,  and  it  is  often 
of  importance  to  determine  these  relations. 

Since  the  relations  required  are  not  to  contain  any 
of  the  unknown  quantities,  what  we  have  to  do  is  to 
eliminate  all  the  unknown  quantities  from  the  given 
system. 

The  following  are  some  examples  of  Elimination  : 

Ex.  1.    Eliminate  x  from  the  equations  ax  +  b=Oi  a'x  +  b'=0. 

From  the  first  equation  we  have  x=  — ,  and  from  the  second 

equation  we  have  x=  — ,, 

b     V 
Hence  we  must   have  -  =  — , ,  or  &a'  -  6'a  =  0 ;    which  is  the 

a     a' 

required  result. 

Ex.  2.    Eliminate  x  and  y  from  the  equations 

aa;  +  6y  +  c=0, 
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From  the  first  two  equations  we  have  [Art.  143] 

^     -     y     _     1 

he'-h'c     ca'-c^a     db'-a'b' 
These  values  of  x  and  y  must  satisfy  the  third  equation ;  hence 

ah'  -  ah  ah'  -  ah 

or  a"  (he'  -  h'c)  +  h"  (ca'  -  c'a)  +  c"  {ah'  -  a'h) = 0, 

the  required  result. 

The  general  case  of  the  elimination  of  n  - 1  unknown  quantities 
from  n  equations  of  the  first  degree  wiU  be  considered  in  the  Chapter 
on  DeterminantSr 

Ex.  3.    Eliminate  x  from  the  equations 

ax^+hx-\-e=Oy 
a'a^  +  h'x-\-c^-Q. 

As  in  Art.  143,  we  have 

x'^  X  1 


he'  -  h'c     ca'  -  c'a     ah'  -  a'h ' 

Hence  (6c'  -  h'c)  {ah'  -  a'h)  =  {ca'  -  c'af, 

the  required  result. 

It  should  be  remarked  that  the  above  condition  is  also  the 
condition  that  the  two  expressions  aa^^-hx^-c  and  a'v?-\-h'x  +  c'  may 
have  a  common  factor  of  the  form  x-a\  for  if  the  expressions  have 
a  common  factor  of  the  form  x-a  they  must  both  vanish  for  the 
same  value  of  x, 

Ex.  4.    Eliminate  x  from  the  equations 

dic*  +  6x  +  c=0, 
a'7?+h'x+c'=i(^. 

As  in  Ex.  3,  we  have 

iC'  05  1 


he'  -  h'c     ca'  -  da     ah'  -  a'h  * 

hc'-h'e     fca'-~c'a\^ 
'''  ah'-a'h~\ah'-a'h)  ' 

.-.  (6c'  -  6'c)  {ah'  -  a'hf=  {ca'  -  c'af, 

the  required  relation. 
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Ex.  5.     Eliminate  x  from  the  equations 

aa5*  +  6a;  +  c=0 (i), 

a'a:»+6'aj«+c'a;  +  d'=0  (ii). 

Multiply  (i)  by  a'o;,  (ii)  by  a,  and  snbtract ;  then, 

(a6'-6a')x^+(ac'  -ca')a5  +  ad'=0 (iii). 

We  can  now  eliminate  x  from  (i)  and  (iii)  as  in  Ex.  3. 

Ex.  6.    Eliminate  x,  y^  z  from  the  equations 

x+y+z=a (i), 

x^  +  y^  +  z^=b^  tii)» 

x^  +  y*  +  s»=(^ (iii), 

xyz  =  cP (iv). 

From  (i)  and  (ii)  we  have 

2y«  +  2zx  +  2icy =a*  -  6*. 
From  (iii)  and  (iv)  we  have 

i.e.  {x +y  +  z)  {x^ +y^ + z'^  -yz  -  zx-  xy)=c^  -  Qd^, 

Hence        a  {h^ -i  {a^ -b^)}  =(^  -ScP; 
a»  +  2c»-6<P-3a62=0, 
the  required  result. 

Ex.  7.    Eliminate  x,  y,  z  from  the  equations 

c^  +  b~=2f, 
z        y 

z        x    ^ 
X        z 

h-  +  a^=2h. 
y       X 

By  continued  multiplication  of  the  corresponding  members  of  the 
three  equations,  we  have 

=:2abc+a{ip-2bc)  +  b(ig^-2ca)  +  c{W-2ab). 
Hence  ahc  +  2fgh  -ap-bg^-  c/i*= 0,  the  required  relation. 
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Ex.  8.    Eliminate  Xy  y,  z  from  the  equations 

a^{y  +  z)=a* (i), 

y^z+x)  =  l^ (ii), 

2r2(a.+  y)=C» (iii), 

xyz=abc (iv). 

From  (i),  (ii),  (iii)  by  multiplication 

xhfh^  {y  +  z){z  +  x)(x  +  y)  =  a^b^cK 

Henoe,  from  (iv), 

{y  +  z){z-^x){x+y)=l, 
that  is, 

2xyz-{-x'{y  +  z)  +  y^{z  +  x)  +  z^(x  +  y)  =  l; 

.-.  2a6c  +  a2  +  62  +  c2=l, 
the  required  result. 

154.  Equations  in  which  there  is  some  re- 
striction on  the  values  of  the  letters.  A  single 
equation  which  contains  two  or  more  unknown  quantities 
can  be  satisfied  by  an  indefinite  number  of  values  of 
the  unknown  quantities,  provided  that  these  values  are 
not  in  any  way  restricted.  If  however  the  values  of 
the  unknown  quantities  are  subject  to  any  restriction, 
a  single  equation  may  be  sufiicient  to  determine  more 
than  oue  unknown  quantity. 

For  example,  if  we  have  the  single  equation  2x-h5y  =  7, 
and  restrict  both  x  and  y  to  positive  integral  values,  the 
equation  can  only  be  satisfied  by  one  set  of  values,  namely 
by  the  values  a?  =  1,  y  =  1. 

Again,  from  the  single  equation 

with  the  restriction  that  all  the  quantities  must  be 
real,  we  can  conclude  both  that  x  —  a  =  0,  and  that 
y—b  =  0;  for  the  squares  of  real  quantities  must  be 
positive,  and  the  sum  of  two  or  more  positive  quantities 
cannot  be  zero  unless  they  are  all  zero. 
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Ex.  1.    If  (a +b  +  c)*=S  {be +ca+ab),  then  a=:b=c. 
We  have  a^+l^+c^-bc-ca-ab=0, 

that  is  i  {(& - c)2  +  (c - a)^  +  {a -  6)2}  =0. 

Whence  b  —  c,  c-a  and  a-b  mnst  all  be  zero. 

Ex.  2.    If  Xf  a/f  y,  y'  be  all  real,  and 

2  («»  +  a;'2  -  xx')  {y^+y^-  yy')  =  t^^ + x'^y's ; 
then  will  x^s^  and  y—y'» 

We  have 

a^a  (3/»  +  2y'2  _  2yy9  -  2aja;' (2/2  +  j/'a  -  j^')  +  a^«  (22/2  +  y'2  -  2yyO  =  0  ; 
.-.  (a;«-2a;a5'  +  x'2)(y2-2yy'+j^)+a;V-2«a?'3/y'+ 0^2=0, 
that  is  (x  -  xy  (y  -  y'y  +  (a:y'  -  aj'2/)2 = 0. 

Henoe  xy^-x^y=0  and  (a?  -  a?')  (y  -  yO =^* 

From  the  second  relation  x^x"  or  y=y';    and  either  of  these 
combined  with  the  first  relation  shews  that  both  x=x'  and  y=y'. 

Ex.3.    If  aj^+aj^'{-a^^+ =1)2, 

V+V  +  V+ =  2*. 

and  Oi&i  +  0263  +  03^3  + —P9i 

the  quantities  being  all  real ;  then  will 

I      Og      63  q 

Multiply  the  equations  in  order  by  q^,  p2  a^^j  _  2pq  respectively, 
and  add ;  we  then  have 

{qoi  -pb^)^  +  (goa  -^63)2  +  (goj  -pb^y  + =0. 

Hence     qai-pbi=0  =  qa2-pb^=qa^-pb^=: (fee. 

Therefore  ^=?  =  ^  =  ^= &o. 

155.     We  have  already  proved  that 
a'  +  6*  +  c'  -  3a6c  =  (a  +  b  +  c)  (a^  +  V  +  d"  -be  -  ca  -  ah) 

=  J  («  +  6  +  c)  {(6  -  c)»+  (c  -  a)«+  (a-6)'} 
=  (a  +  6  +  c)(a  +  ft)6  +  (»'c)(a  +  ©'6  +  eoc), 
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where  o)  is  either  of  the  cube  roots  of  unity.    [See  Art. 
139.] 

From  the  above  many  other  identities  can  be  found. 

Ex.  1.    (6+c)»  +  (c  +  a)»  +  (a+6)»-8(6  +  c)(c  +  a)(a+6) 

=2(a«+6»+c»-3a6c). 

Left   side  =i  {h+c  +  c+a  +  a+h}  {(cTa-a  +  b)^+  two  similar 
terms} 

=  {a  +  h+c)  {(6_c)«  +  (c-a)a  +  (a-6)«} 

=  2(a»  +  6«  +  c»-3a6c). 

Ex.  2.  (6+c-a)8  +  (c  +  a-&)"+(a+6-c)» 

-3(6  +  c-a)(c  +  a-6)(a4-6-c)=4(a»  +  6»+c»-3a6c). 
Left  side  =J(a+6  +  c)  {(26-2c)*+  two  similar  terms} 
=  4(a8+6«+c8-3a6c). 

Ex.  3.     (a;2  -  yz)^  +  {y^  -  zxf +(z^-xy)^-  3(x«  -  yz)  {y^  -  zx)  (z*  -  xy) 

=  (05*  +  y*  +  «•  -  3icyz)*. 

Left  side    =i{x'^+y^+z^-yz-zx-xy)[(jf*-zx-z^-xyy  ■{■  two 
similar  terms] 

=  i{x^+y^+z*-yz-zx-'Xy)  (x+y  +  z)^  [(y-^)*  +  two 
similar  terms] 

=  (x +y  ^-  zy^  {x^ +y^  +  z^  -yz  -  zx  -  xy)^ 

=  {a?+y^+!?-3xyz)K 

Ex.    4.      Shew    that    (sfi+y^+z^-  Sxyz)  (a'  +  6» + c«  -  Sahc)    can    be 
expressed  in  the  form  X^+Y^  +  Z^-SXYZ. 

We  have 

{x+y  +  z){a+h  +  c)  =  {ax  +  by+cz)  +  {bx+cy  +  <iz)  +  {cx  +  ay+bz), 

{x  +  <i)y  +  ul'z)  (a+ «*6+ wc)  =  (ox  +  6y  +ez)+u^(hx+ey-{-az) 

+  uf  (ex  +  ay + bz), 
and 

(aj+ w^  +  ««)  (a+ w6  +  «*c)  =  (ax  +  by+cz)  +  (u  (6a?  +  cy  +  (m;) 

+  w*  (ca?  +  ay  +  6«). 

The  continued  product  of  the  left  members  of  the  above  equations 
is 

(si^+y^  +  z^-3xyz){a^  +  h^  +  c^-Babc); 
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and  the  continued  product  of  the  expressions  on  the  right  is 

(aac+by-^cz)^+{bx  +  cy  +  az)*  +  (cx  +  ay+bz)^ 

-S{ax+by  +  ez){bx+ey  +  az)  (cx  +  ay  +  bz), 

which  is  of  the  required  form. 

156.  Definitions.  The  symbol  =  is  often  used  to 
denote  that  the  two  expressions  between  which  it  is 
placed  are  identically  equal.    Thus  a'  —  6'  =  (a  +  6)  (a  —  6). 

The  sum  of  any  number  of  quantities  of  the  same 
type  is  often  expressed  by  writing  only  one  of  the  terms 
preceded  by  the  symbol  S.  Thus  S6c  means  the  sum 
of  all  such  terms  as  6c ;  so  that  if  there  are  three  letters 
a,  b,  c,  Xbc  =  6c  +  ca  +  oft.     So  also  the  identity 

(a  +  6  +  c  +  ...)'  =  a'  +  &"  +  c'+...  +  2(a6  +  ac  +  ...), 

may  be  written  (2a)'  =  2a*  +  22a6. 

The  product  of  any  number  of  quantities  of  the  same 
type  is  often  expressed  by  writing  only  one  of  the 
factors  preceded  by  the  sjrmbol  11.  Thus  II  (6  +  c)  means 
the  product  of  aU  such  factors  as  (6  +  c) ;  so  that  if  there 
are  three  letters  a,  6,  c,  11  (6  +  c)  =  (6  +  c)  (c  ■]-a)(a  +  6). 

157.  The  following  examples  illustrate  cases  of 
frequent  occurrence. 

Ex.  1.    If  a8  +  &»+c8={a+6  +  c)»,  then  will 

a9»H-i  +  5a»+i  +  c*H-i  =  (a  +  b  +  cp+i, 

where  n  is  any  positive  integer. 

Since  {a+b  +  cy=a^+b^+(^+S(b +  c)  (c  +  a){a-\- b),  the  given 
relation  shews  that  (5  +  e){c+ a)  (a+b)=0. 

Hence  either  6+c=0,  or  c  +  a=0  or  a+b=0. 

If   b  +  e  =  0;   then  b^+^  =  {- c)^+^=  -  c^+\  and    therefore 

Thus  if  6+c=0,  a«»+i  +  &*^^  +  c*"+i-(a  +  &  +  c)*^i  becomes 
flSii+l  +  52n+l  ^  ^AH-l  _  ^an+i  —  jaH-i  +  c^+i  —  0. 

Hence  a*^i  +  6*^i  +  c2"+i=(a+6  +  c)*^^  if  6  +  c=0;  and  so  also 
if  c  +  a  =  0,  or  if  a  +  b  =  0.  This  proves  the  proposition,  since 
(b+c)  {c  +  a)(a  +  b)=0. 
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Ex.  2.  If  X,  y,  z  he  nnequal,  and  if  y^+  z^  +  m{y^  +  z')  =  z^  +  x^ 
+m  («^+x*)=x'+y'  +  m  (x^+y®),  prove  that  each  equals  2xyZj  and 
that  x+y+z+m=0, 

Since  y*  +  z^+m{y^+z^=z^+x^  +  m(is^  +  x^,  we  have 

y^-a^  +  m(y^-  x^)=0, 
that  is  {y-x){y^  +  xy  +  x^  +  m{x-^y)}=0. 

Therefore,  y-x  not  being  equal  to  zero,  we  have 

y^  +  xy  -{■  x^+  m  {x  +  y)=iO (i). 

So  also,  since  y^z, 

z^  +  yz  +  y^-\-m(z-\-y)  =  0 (ii). 

From  (i)  and  (ii)  we  have  by  subtraction 

x^-z^+y  {x-z)  +  m  {x~z)=0. 

Hence,  &&x^z,  we  have 

x+y  +  z  +  m=0 (iii). 

Substitute  -(x  +  y  +  z)  for  m  in  (i) ;  and  we  have 
sc^ + xy +y^  -  (x+y)  (x +y  ■\-  z) =0 ; 

.*.  yz  +  zx  +  xy  =  0 (iv). 

Then   y^+^  +  m{y^+z^)=y^  +  i^-{y^+z^)  {x+y+z)  from  (ui) 

=  -  {y^x  +  z^y  +  yh  +  z^x) 
=  -  y{xy+  yz)  -  z  (yz+zx) 
=  2xyz,  from  (iv). 

Ex.  3.    Shew  that,  ifa+h+c  +  d=0,  then  will 

a4  +  64  +  c4  +  d4=2  (ah-cd)^  +  2{ac  -  bd)^  +  2{ad-bc)^  +  ^abcd. 

We  have  to  prove  that 

2;a*=2Sa262_8a6cd 

Since  a  +  b  +  c  +  d^O;  we  have,  by  squaring  and  transposing, 
a^+b^  +  €^  +  d^=  ~2{bc  +  ca  +  db  +  ad  +  bd+cd). 

Hence  by  squaring 

Sa*+2Sa36«=4(S6c)2. 

Now  (26c)2  =  SftV  +  6abcd  +  2bcd{b  +  c  +  d)  +  2cda (c  +  d+a) 

+2dab  (d  +  a  +  b)  +  2abc  {a  +  h  +  c)  =  S6 V  +  Qabcd  -  Qabcd, 

Hence  Sa*  +  22a^b^ = 42a8&2  -  Sabcd ; 

.-.  Sa4=2Sa36«-8a6cd. 
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/>      ii      /* 

Ex.  4.     Prove  that,  if  ax+by  +  cz=0,  and  -  +  -  +  -=0,  then  will 

X     y     z 

cm^-hhy^+cs^=  -(a  +  b  +  c){y+z){z  +  x)  (x+y). 

From  the  given  relations  we  have,  as  in  Art.  143, 

a b  c 

y     z~~  z      x~ X     y' 
z      y     X     z      y     X 

Hence  [Art.  113]  each  fraction  is  equal  to 
aa^  +  h^+cz^ a  +  b  +c 

\z      y)     ^    \x     zj         \y     xj      z      y      X     z      y     X 

Hence 

as^  +  by^  +  cz^  _x^(y^-z^)+y^{z^-x^)  +  2!^(x^-y^ 
a  +  b  +  c       "  x{y^-z^)  +  y(z'^-'X^)-\-z{x'^-y^) 

^  -  (y""-  ^')  (z^-x^)(a^-y^) 
~  {y-z)(z-x)(x-y) 

=     {y+z)(z  +  x)(x  +  y). 
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1.  Shew  that,  if  =  a,  -^—  =  b  and  =  c :  then 

y+z  z  +  x  ix:  +  y 

.,,     ct  b  c        - 

will  ^ +   . 7  +   = =  1. 

1+a     1+6      1 +c 

2.  Shew  that,  if  ax  +  by  =  0  and  ex*  +  dxy  +  e^  =  0,  then 
will  a^e  +  b'c  =  abd, 

3.  Eliminate  x,  y,  z  from  the  equations 

y-.z  z-x      ,      x-y 

y  +  z  z+  X  x  +  y 

4.  Eliminate  x,  y,  z  from  the  equations 

y     X  z     y     ,      X     z 

^+-=a,     -+^=6,     -+-=c. 
X      z  y     X  z      y 
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5.  If  03+  -  =  1  and  y  +  -  =  1;  prove  that  «+  -  =  1. 

6.  Eliminate  x  from  the  equations 

b      , 
a  +  c= cte, 

X 

a  —  c  =  —  hx, 

X 

7.  Eliminate  a?,  y,  %  from  the  equations 

af-yz  =  a,  y^-zx  =  h,  7?-xy  =  c,  ax  +  hy +  cz=:d, 

8.  Prove  that  the  equations 

05  +  y  +  »  =  a, 
ixl'  +  y'  +  z^^h\ 
x^-k-^  +  7^-  3xyz  =  c^ 
do  not  give  any  roots,  but  simply  a  relation  between  a,  b  and  c. 

9.  Shew  that,  if 

bz  +  cy  =  cx  +  az  =  ay  +  bx,  and  a^  +  y""  +  z' -  2yz  -  2zx  -  2xy  =  0; 
then  will  ^  ±  5  ±  c  =  0. 


10.     Shew  that,  if -+!+?=!  and  ?+-+-  =  0- 

a      0     c  X     y     z        ' 

will  ~  +  |^+  -^=1. 


then 


11.  If  ^+-=y  +  -=2J+-;  thena;VV=l,  ora;  =  y  =  «. 

12.  Shew  that,  if  x  =  cy  +  bz,  y  =  az-^cx  and  z  =  bx  +  av' 
then  '^ ' 


EXAMPLES.  191 

13.     Shew  that,  if  ic*  =  y*  +  »'  +  2ayz,  y'  =  »*  +  a*  +  2bzx  and 
2j'=ic'  +  ^  +  2ca^;  then 

of  y'  z' 


l_a«      l_-6»      l_c*' 

14.  Shew  that,  if  a;,  y,  «  be  unequal,  and 

a  +  6«  a-hbx       ,  a  +  hy 

y  = 3" ,  »  = -J-   and  a;  = /  , 

c  +  aa;  c  +  ao?  c  +  dy 

then  will  oc?  +  5c  +  6*  +  c*  =  0. 

15.  Eliminate  x,  y,  2;  from  the  equations 

01?     yz     ,    'if     zx  7?      xy 

—  +  —  =  ;,  ^+-5  =  m,   —  +  -f^=w. 
yz     or         zx     y^  xy      z^ 

16.  Eliminate  a,  y,  «  from  the  equations  hx?  +  fo;  +  c  =  0, 

17.  Eliminate  a;,  y,  2;  from  the  equations 

y'  +  2;'  =  ay»,  »*  +  a^  =  62:0;,  a'  +  y*  =  cay, 
a?y2;  not  being  zero. 

18.  Eliminate  (i)  a;,  y,  2;  and  (ii)  a,  &,  c  from  the  equations 

b'  +  c~  =  ay  c  --^-a-^b,  and  a  -  +  6  -  =  c. 
»        y  05        2J       '  y       aJ 

19.  Eliminate  x,  y,  2?  from  the  equations 

ax  +  yz  =  bcy     by  +  zx  =  cay     cz  +  ocy=^ab,     SLad  ocyz  =  abc. 

20.  Eliminate  x,  y,  z  from  the  equations 

a^-xy-oczy'-yz-yx     7^  -zx-zy 
a  b  ~~  c         ' 

and  CMC  +  6y  +  C2;  =  0. 

21.  From  the  equations  a'y^;  =  a*  (y  +  «)*,  ft'«a;  =  ^*  («  +  a?)*, 
6'xy  =  y'  (x  +  yY^  deduce  the  relation 

abc      a*      b'      c'     , 


192  EXAMPLES. 

22.  Prove  that,  if 

y*  +  «"  +  ^2  =  a",     s^  +  zx  +  a^  =  h^y     x^  +  xy  -^y'  =  c\ 
and  yz  +  zx  +  Qcy  =  0 ;  then  will  a  ±  6  ±  c  =  0. 

Ill  1 

23.  Prove  that,  if  -+■=-+-  =  -, ^ ^  ,  then  will 

a     b      0      (a  +  6  +  c) 


1  + 


1  1 


where  n  is  any  positive  integer. 


24.     Shew  that,  if 


=  1, 


26c  2ca  2ab 

then  (6  +  c  -  a)  (c  +  a  -  6)  (a  +  6  -  c)  =  0, 

and 

V      26c      /       "^V      2^«      /       "^V      2a6      /       "" 

25.  If  aV  +  6y  +  cV  =  0, 

aV  +  6y  +  cV  =  0, 

and  —  a'  =  —  6*  =  —  c* : 

X  y  z 

prove  that  a V  +  6 V  +  cV  =  0, 

and  a  V  +  6y  +  cV  =  aV  +  6y  +  c  V. 

26.  If  05  -  -^  =  y g-  =  2?  — -J-,  and  05,  y,  z  be  unequal ; 

then  each  member  of  the  equations  is  equal  too3  +  2/  +  2;  —  a. 

iz  -  xY 

27.  If  05,  y,  «  be  unequal,  and  if  2a  —  3y  =  ^^ —  and 

2a  -  3«  -  l^:i2^ ,  then  will  2a  -  3a;  =  ^^-^)-' ,  and 
z  X 

x+  y-\-z  =  a. 
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28.  If  a? +  -^—5 — 3  be  not  altered  in  value  by  inter- 
changing X  and  y,  it  will  not  be  altered  by  interchanging  x  and 
Zy  and  it  will  vanish  if  aj  +  y  +  »  =  l,  the  letters  being  all 
unequal. 

29.  If  Xf  j/f  z  be  unequal,  and 

y*  +  «■  +  w  (y  +  »)  =  «®  +  aj®  +  m  («  +  «)  =  as'  +  y®  +  m  (a?  +  y), 
then  each  will  equal  2xyz, 

30.  If  X,  yy  z  be  unequal,  and 

y*  +  «*  +  m/yz  =  ^'  +  05*  +  mzx  =  a*  +  y*  +  mo:^, 
then  each  will  equal  J  (aj*  +  y*  + 1^"). 

31.  If  g^^ybe  unequal,  and  if  (^^-V-^Y  J'^V-^'^Y 

X  y 

then  will  each  equal  ^^ —> 

32.  Shew  that,  if  a,  5,  c,  c?  be  all  real  quantities  not  zero, 
and  (a*  +  6*)  (c*  +  c?*)  =  iahcd :  then  will  a  =  ±  6  and  c  =  *  c?. 

33.  If  a,  &,  e,  a;  be  all  real  quantities,  and 

(a*+6')aj*-26(a  +  c)aj  +  6*  +  c"  =  0; 

then  7  =  -  =  a;. 

6     a 

34.  Shew  that,  if 

(a;*  +  y"  +  j&')  (a*  +  6'  +  c')  =  (oa?  +  6y  +  c«)*, 
then  xja  =  y/6  =  zlc. 

35.  Prove  the  following : 

(i)      K  2  (a»  +  6»)  =  (a  +  6)»,  then  a  =  6. 

(ii)      If  3 (a"  +  6'  +  c")  =  (a  +  6  +  c)',  then  a=h  =  c. 

(iii)     If  4  (a'  +  6»  +  c«  +  cf)  =  (a  +  6  +  c  +  e^»,  then 

and 

,  -•'^'^  (iv)     If  71  (a"  +  6»  +  c»  + )  =  (a  +  6  +  C+ )",  then 

a  =  6  =  c= ,w  being  the  number  of  the  letters. 

S.  A.  13 
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36.  Prove  that,  if  a,  b,  c,  dhe  all  real  and  positive,  and 

a*  +  b*  +  c*  +  d*  =  iahcd  \ 
then  will  a  =  ft  =  c  =  rf. 

37.  If 

{n - 1) aj'  +  2x («! -aj  +  a^  +  ^a^  +  2a^-^  ...  +  2a*^_^  +  a% 

=  2  (a^a,  +  a^a3+ +a^_,  a,) 

for  real  values  of  a?,  a^,  a^,  ...  ,  a„;  then  will 

Verify  the  following  identities : 

38.  a^  (6  +  c)  +  6®  (c  +  a)  +  c*  {a-\-h)  +  ahc  (a  +  b  +  c) 

=  (a^  +  6*  +  c*)  (6c  +  ca  +  ab), 

39.  (6  +  c-a-c?)*(6-c)(a-c?)  +  (c  +  a-.6-c?)*(c-a)(6-c?) 
+  (a  +  6-c-c?)*(a-6)  (c-d) 

=  U(b-c){c-a)(a-b){d-a){d-b)(d-c), 

40.  8(a  +  6  +  cy-(6  +  c)«^(c  +  <-(a+.6)« 

=  3  (2a  +  6  +  c)  (a  +  26  +  c)  (a  +  6  +  2c). 

41.  (a  +  6  +  c  +  c?)*  -  (6  +  c  +  c^)''  -  (c  +  cf  +  a)*  -  (c?  +  a  +  6)* 
-  (a  +  6  +  c)*  +  (6  +  cy  +  (c  +  a)'  +  (a  +  6)"  +  (a  +  c?)' 

+  (5  +  (^)5+(c  +  c?)'^-a*-6'^-c'-6;'=60a6cc?(a  +  6  +  c+c?). 

42.  (a  +  6  +  cy  abc  -  (be  +  ca  +  aby  =  ahc  (a^  +  6^  +  c*) 

-(6V+cV  +  aW). 

43.  (a*  +  6»  +  cy  +  2  (6c  +  ca  +  a6)' 

-  3  (a*  +  6*  +  cf)  (6c  +  ca  +  aby  =  (a«  +  6'  +  c"  -  3a6c)'. 

44.  .  (oo^-  6')  {ab  -  c')  +  (a6  r.  c?)  (6c  -  (»")  +  (6c  -  a')  (ca  -  6*) 

=  (6c  +  c«  +  a6)  (6c  +  ca  +  ab  -a*  -  6*  -  c*). 
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45.  2(c'  +  ca  +  a'){a'  +  ab  +  b')-{b'  +  hc  +  c'') 
+  2(a'  +  a6  +  6')(6«  +  6c  +  c»)-.(c»  +  ca  +  a")» 
+  2  (6*  +  6c  +  c")  (c»  +  ca  +  a')  -  (a»  +  a6  +  6»)» 
=  3  (6c  +  ca  +  a6)'. 

46.  Shew  that 

(3a- 6 -c)' +  (36- c- a)»+ (3c-a- 6)» 
«3(3a-6-c)(36-c-a)(3c-a-6)  =  16(a«  +  6"  +  c»-3a6c). 

47.  Shew  that 

(na -r-h^cf  -k- {nb  -^ c  -  (if  -^  {nc  -a-lif 

—  3  (na  —  h—c)  {nb  —  c-^a)  (nc  —  a  —  b) 

=  (w+l)"(ii-2)(a'»  +  6»  +  c«-3a6c). 

48.  Shew  that 

(«•  +  2yzy  +  (y"  +  2zxy  +  («•  +  2iry)' 

-  3  (of -^  2yz)  (7f  ■¥  2zx)  (^'■f  2^2/)  =  (aj»  +  y"  +  ^' -  ^oy^s)'. 

49.  Shew  that 

{by  +  oaf  +  (6«  +  aa;)'  +  (6a;  +  ay)^  -  3  (61/  +  a^)  (6«  +  oa;)  (6a;  +  (vy) 

=  (a»  +  6')  (a;"  +  y' +  »' -  3a;y«). 

60.  Shew  that,  if  1  +  w  +  w'  =  0,  then 

[(6  —  c)  (a;-a)  +  (0  (c -  o)  (a;-  6)  +  co*  (a -6)  (a;-c)]* 
+  [(6'-c)  (a;-  a)  +  o)' (c  -  a)  (a; -  6)  -f  w  (a  -  6)  (a;  -  c)]® 
=  27  (6-c)(c-a)(a-6)  (a;-a)(a;-6)  {x-c), 

61.  Shew  that  the  product  of  any  number  of  factors,  each 
of  which  is  the  sum  of  two  squares,  can  be  expressed  as  the 
sum  of  two  squares. 

52.     Verify  the  identity 

(a*  +  6'  +  c*  +  rf')  (p*  +  g'  +  r'  +  «*)=  {ap-¥bq'¥cr  +  d8y 
+  (aq  —  bp-¥C8-  dry  +  (ar  -  6s  -  c^  +  dqy 
+  (ew  +  6r  —  eg  -  dpy. 

Hence  shew  that  the  product  of  any  number  of  factors, 
each  of  which  is  the  sum  of  four  squares,  can  be  expressed  as 
the  sum  of  four  squares. 

13—2 
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53.     Shew  that  (a*  +  icy  +  ^)  (a*  +  a5  +  6')  can  be  expressed 
in  the  fonn  X'-\-X7^  7'. 

64.     Shew  that  (a?  ■\- pxy  +  q^  {a^ -^  pah  +  qh^)  can  be  ex- 
pressed in  the  form  X^  ■¥ pXY  +  qY^, 

55.  Shew  that,  if  2«  =  a  +  i  +  c, 

(i)      a  («  -  6)  («  -  c)  +  i  (s  -  c)  («  -  a)  +  c  («  —  a)  («  —  6) 

+  2  («  —  a)  («  -  6)  (*  —  c)  =  ahc, 

(ii)     {8  -  af  +  («  -  hf  +  (fi  -  c)»  +  3a5c  =  8\ 

(iii)  (6  +  c)  5  («  —  a)  +  a  («  -  6)  («  —  c)  —  2«6c 
=  (c  +  a) «  («  -  6)  +  6  («  -  c)  (s  -  a)  -  2«ca 
=  (a  +  6) « («  —  c)  +  c  (s  —  a)  («  -  6)  —  2«a6. 

(iv)     a(6-.c)(a-a)"  +  6(c-a)(«-.6)» 

+  c(a-5)(«-c)"  =  0. 

(v)     s  («  -  6)  (s  -  c)  +  «  («  —  c)  («  -  a)  +  s  («  —  a)  («  —  5) 

-(«-«)(«-  5)  (s  -  c)  =  a6c. 

(vi)     (8  -  a)»  (s  -  by  {8  -  c)»  +  *•(«-  by  {8  -  c)» 

56.  Shew  that,  if  2«  =  a  +  6  +  c  +  cZ, 

4(6c  +  a(^»- (6»  +  c»-a'-(^)'  =  16  («-a)(«-6)(8-c) («-(;). 

Shew  also  that 

a (8-b) («-c)  (s-d)  +b{8-c)(8'-d)(8  —  a)  +  c{8-  d){8  -  a)  (8  —  6) 
+  rf(5-a)(«-5)(5-c)  +  2  («-a)(s-6)(«-c)  («-c?) 
—  5  (6cc?  +  cda  +  dab  +  ahc)  =  —  2ahcd, 

57.  Shew  that,  ifa  +  6  +  c  +  cf=0,  then 
ac?  (a  +  c?)'  +  6c  (a  -  c?)"  +  ah{a+by  +  cd  (a  -  6)* 

+  ac  (a  +  c)'  +  6c?  (a-cy  +  4a6cc?=  0. 
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58.  Shew  that,  if 

(a  +  6)  (6  +  c)  (c  +  d)(d-\-a) 

=  (a-hb  +  c  +  d)  (bcd+  cda  +  dah  +  ahc)  ; 
then  ae  =  hd. 

59.  Shew  that,  ifa  +  b  +  c  =  0  and  x  +  y  +  z  =  0,  then 

4  (ax  +  by  +  czf  -  3  {ax  +  by  +  cz)  (a'  +  6*  +  c')  (aj*  +  y"  +  »*) 

-  2  (6  —  c)  (c  -  a)  (a  -  6)  (y  -  »)  («  -  a;)  {x  —  y)  =  b^ahcxyz. 

60.  Shew  that,  ifa+6  +  c  =  0j  then 

(i)  2  (a^  +  6^  +  cO  =  7a5c  (a*  +  6*  +  c*). 

(ii)  6(a^  +  6^  +  c0  =  7(a'  +  6»  +  c»)(a*  +  6*  +  c*). 

(iu)  aV  6*  +  c*  =  3a'6 V  +  (a*  +  6»  +  c»)». 

(iv)  25  (a'  +  6^  +  c')  (a"  +  6'  +  c")  =  21  (a*  +  6'  +  c*). 

61.  If  a  +  6  +  c  +  rf=0,  prove  that 

(a«  +  6»  +  c"  +  (/«)» =  ^bcd  +  cda  +  dab-<^  abc)' 

=  9(6c  -  ad)  (ca  -  bd)  {ah  -  cd). 

62.  Shew  that,  if  a  +  6  +  c  =  0,  then 

/b  —  c     c  —  a     a—b\/a  b  c    \ 

\  a  b  c    J  \b-c     c  —  a     a  —  bj 

63.  Prove  that,  if 

1                    m                   nm  - 

r  +  1 1  +  T =  1> 


I  +  l-^ln     1  +  m-^ml     l  +  n  +  wm 

I  ml  1  - 

and  - — = — J-  +  = J  +  T -  =  A, 

1  +  t  +  m      l  +  m  +  mt     l+n  +  wm 

and  none  of  the  denominators  be  zero,  then  will  l=m  =  n, 

64.     Shew  that 
a  +  (l-a)6  +  (l-a)(l-.6)c  +  (l-a)(l-6)(l-c)c? 

+  ...  =  l-(l-a)(l-6)(l-c)(l-c^)... 


r\ 
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66.     Shew  that 
i=l  +  2(l-a)  +  3(l-a)(l-2o)+... 


+  {w  (1  -  a)  (1  -  2a)  ...  (1  -  n  -  la)} 

+  -{(l-a)(l-2a)  ...  (l-na)}. 
a 

66.  Prove  that,  if 

a  +  b  +  c  +  d  =  Oy 
x  +  y  +  z  +M  =  0, 
and  aa;  +  6y  +  c«  +  rfw  =  0 ; 

then  2  {a^x  +  h*y  +  c^z  +  d^v) 

=  (a'a?  +  6'y  +  c*»  +  c?m)  (a*  +  6*  +  c*  +  cP), 

67.  Shew  that 

a^  +  oT^'  (1  -a")  +  a"-»(l  -a")  (1  -a""^)  +  ... 
+  {a(l-a-)(l-a-^)...(l-a«)}  +  {(l-a-)(l-a"-^)...(l-a)} 
=  1. 

68.  Shew  that,  if  n  be  any  positive  integer 
l~a"      (l~a")(l-a"-^)      (1  - g")  (1  - g-^) (1  - g-*) 
l-g"^  l-a»  "^  l-a»  "*"  "•• 


1  — g 


69.     Prove  that,  if  n  be  any  positive  integer, 

JL-_L      _L 

^n" n+\     71+ 2    ^2n* 


1111  11  1  1 


70.     Prove  that,  if  • 

111  1  1  1 


-+-=--T-L+  r— T=T7T-1/  + 


w      V     u+  a     v  —  b     u-\-a'     v  —  h'    f 
then  P  (ah'  -  a'hy  =  aaW  (a  -  a')  {b  -  b'). 


CHAPTER  XIII. 

PowEBS  AND  Roots.    Fractional  and  Negative 

Indices. 

158.  The  process  by  which  the  powers  of  quantities 
are  obtained  is  often  called  involution;  and  the  inverse 
process,  namely  that  by  which  the  roots  of  quantities  are 
obtained,  is  called  evolution. 

We  proceed  to  consider  some  cases  of  involution,  and 
of  evolution. 

159.  Index  Laws.  We  have  proved  in  Art.  31,  that 
when  m  and  n  are  any  positive  integers, 

a"*  X  a"  =  a'"-"" (i). 

This  result  is  called  the  Index  Law. 
From  the  Index  Law,  we  have 

and  so  on,  however  many  factors  there  may  be. 

Hence      a**  x  a"  x  a^  x  ...  =  a"*'-""*"*"'- (ii). 

Thus  the  index  of  the  product  of  any  number  of  powers 
of  the  same  quantity  is  the  sum  of  the  indices  of  the  factors. 

Also,         a*^  X  a"*  X  a"*  X  ...  to  71  factors 

:=  /iW+m+m+ to  » terms 
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Hence  {a'y^aT (iii). 

Thus,  to  raise  any  power-  of  a  quantity  to  any  otiier 
power,  its  original  index  must  he  multiplied  by  the  index  of 
the  power  to  which  it  is  to  he  raised. 

Again,  to  find  (a6)"*. 

(a&)"*  =  aft  X  a6  X  oft  X to  m  factors,  by  definition, 

=  (a  X  a  X  a to  m  factors)  x  (6  x  6  x  6 to 

m  factors),  by  the  Commutative  Law 

=  a"*  X  6"*,  by  definition. 

Hence  (ahT'  =  a**  x  6"*. 

Similarly        (a6c. .  .)"*  =  a"*  x  ft"*  x  c"*  x (iv). 

Thus,  the  mth  power  of  a  product  is  the  product  of  the 
mth  powers  of  its  factors. 

The  most  general  case  of  a  monomial  expression  is 
a*6V 

Now         (a"6V T  =  (aT  (6^)"  (cT from  (iv) 

^a'^b^cT  from  (iii). 

Hence      (a*6V )"*  =  a'^iT^cT . . . (v). 

Thus  any  power  of  an  expression  is  obtained  by  talcing 
each  of  its  factoids  to  a  power  whose  index  is  the  product  of 
its  original  index  and  the  index  of  the  power  to  which  the 
whole  expression  is  to  be  raised. 

As  a  particular  case 


( 


ax"     /       IN"       „      1      aT 


160.  It  follows  from  the  Law  of  Signs  that  all  powers 
of  a  positive  quantity  are  positive,  but  that  successive 
powers  of  a  negative  quantity  are  alternately  positive  and 
negative.     For  we  have 


ROOTS  OF  ARITHMETICAL  NUMBERS.  201 

{-ay  =  (-a)  (-  a)  =  +  a\ 
(-a)»=(-a)"(-a)  =  (+a^(-a)  =  -a», 
(-a)*  =  (-a)«(-a)  =  (-a«)  (-«)  =  +  «*, 
and  so  on. 

Thus    (-  a/*  =  +  a*',  and  (-  a)'"*'  =  -  a'"'*-\ 

Hence  all  even  powers,  whether  of  positive  or  of 
negative  quantities,  are  positive;  and  all  odd  powers  of 
any  quantity  have  the  same  sign  as  the  original  quantity. 

161.     Roots    of    Arithmetical    numbers.      The 

approximate  value  of  the  square  or  of  any  other  root  of 
an  arithmetical  number  can  always  be  found :  this  we 
proceed  to  prove.  It  will  be  seen  that  the  process 
described  would  be  an  extremely  laborious  one;  we  are 
not  however  here  concerned  with  the  actual  calculation 
of  surds. 

Consider,  for  example,  *y62.  First  write  down  the 
squares  of  the  numbers  1,  2,  3,  &c.  until  one  is  found 
which  is  greater  than  62 :  it  will  then  be  seen  that  7^  is 
less  and  8'  is  greater  than  62.  Now  write  down  the 
squares  of  the  numbers  7*1,  7*2,  7*3,  . . .,  7*9  :  it  will  then 
be  seen  that  (7'8)"  is  less,  and  {7'9y  greater  than  62. 
Now  write  down  the  squares  of  7'81,  7*82,  ...,  7*89  :  it  will 
then  be  seen  that  (7*83)*  is  less,  and  (7*84)"  greater 
than  62. 

By  continuing  this  process,  we  get  at  every  stage  two 
numbers  such  that  62  is  intermediate  between  their 
squares,  and  such  that  their  difference  becomes  smaller 
and  smaller  at  every  successive  stage;  moreover,  this 
difference  can,  by  sufficiently  continuing  the  process,  be 
made  less  than  any  assigned  quantity  however  amalh 

Thus,  although  we  can  never  find  any  number  whose 
square  is  exactly  equal  to  62,  we  can  find  two  numbers 
whose  squares  are  the  one  greater  and  the  other  less  than 
62,  and  whose  difference  is  less  than  any  assigned  quantity 
however  small.     The  limiting  value  of  these  two  numbers. 
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when  the  process  is  continued  indefinitely,  is  called  the 
square  root  of  62. 

The  process  above  described  for  finding  a  square  root 
can  clearly  be  applied  to  find  any  other  root. 

Thus  an  nth  root  of  any  integral  or  fractional  number 
can  always  be  found. 

162.  8urds  obey  the  Fundamental  Laws  of 
Algebra.  The  fundamental  laws  of  Algebra  were  proved 
for  integral  or  fractional  values  of  the  letters ;  and  it  can 
be  proved  that  they  are  also  true  for  surds. 

Consider,  for  example,  the  Commutative  Law. 
We  have  to  prove  that 

We  can  find  whole  numbers  or  fractions  a?,  y  and  p,  q 
such  that 

x>  s/cb>y, 
and  p>lijh>q\ 

and  the  difference  between  x  and  y,  and  also  the  difference 
between  p  and  q,  can  be  made  less  than  any  assigned 
quantity  however  small. 

Hence  x  x  p  >  J^a  x  ^b  >  y  x  q, 

and  p  X  x>iyb  X  ^/a>qxy. 

But,  since  a?,  y,  p,  q  are  integral  or  fractional  numbers, 
we  know  that  x  x  p=p  x  x,  and  yxq  =  q>^yi  also  the 
difference  between  px  and  qy  can  be  made  less  than  any 
assigned  quantity  however  small. 

It  therefore  follows  that  J^a  x  76  and  76  x  y/a,  which 
are  both  always  intermediate  to  xp  and  yq,  must  be  equal. 

Thus  the  Commutative  Law  holds  for  Surds,  and  the 
other  laws  can  be  proved  in  a  similar  manner. 

163.  We  already  know  that  there  are  two  square 
roots,  and  three  cube  roots  of  every  quantity ;  and  we  may 
remark  that  there  are  always  n  nth.  roots.     Thus  there  is 
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an  important  difference  between  powers  and  roots ;  for 
there  is  only  one  nth  power,  but  there  is  more  than  one 
nth  root.  ' 

164.  We  have  proved  in  Art.  159  that  the  mth  power 
of  a  product  is  the  product  of  the  mth  powers  of  its  factors ; 
and,  since  surds  obey  the  fundamental  laws  of  Algebra,  the 
proposition  holds  good  when  all  or  any  of  the  factors  are 
irrational.     Hence 

Also  {J ah, . .)'  =  a6. . . ,  by  definition. 

.•.  (^ax  tjb.,.y  =  (jab...y. 

Hence  A/a  x  ^^/b. . .  must  be  equal  to  one  of  the  square 
roots  of  a6... . 

We  can  write  this 

ts/a  j\/b,,,  =  Jab.,,  y 

meaning  thereby  that  the  continued  product  of  either  of 
the  square  roots  of  a,  either  of  the  square  roots  of  6,  &c.  is 
equal  to  one  or  other  of  the  square  roots  of  a6  . . . 

Similarly  we  have,  with  a  corresponding  limitation, 

:^ajb,,,=^ab.,,,  and    ^^a/j- 

Also  !^a'^  =  ''Ja'^^,  for  their  rip*^  powers  are  both  equal 
to  a"^. 

Again,  since  the  Tith  power  of  a  monomial  expression  is 
obtained  by  multiplying  the  index  of  each  of  its  factors  by 
n,  it  follows  conversely  that  an  nth  root  of  a  monomial 
expression  is  obtained  by  dividing  the  index  of  each  of  its 
factors  by  n,  provided  the  division  can  be  performed. 

Thus  one  value  of  ^/a^  is  a^  one  value  of  l]a^  b^  c'  is 
a*  b^  c,  and  one  value  of  Ja^  b^  c'^'^  is  a*  b^  c\ 
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Fractional  and  Ne§rative  Indices. 

165.  We  have  hitherto  supposed  that  an  index  was 
always  a  positive  integer ;  and  this  is  necessarily  the  case 
so  long  as  we  retain  the  definition  of  Art.  9 ;  for,  with  that 

definition,  such  expressions  as  or  and  a^  have  no  meaning 
whatever. 

We  might  extend  the  meaning  of  an  index  by  assigning 
meanings  to  a"  when  n  is  fractional,  and  when  n  is  negative. 
It  is,  however,  essential  that  algebraical  symbols  should 
always  obey  the  same  laws  whatever  their  values  may  be ; 
we  therefore  do  not  begin  by  assigning  any  meaning  to  a** 
when  rt'  is  not  a  positive  integer,  but  we  first  impose  the 
restriction  that  the  meaning  of  a*  must  in  all  cases  be  stock 
that  the  fundamental  index  law,  namely 

shall  alvmys  he  true ;  and  it  will  be  found  that  the  above 
restriction  is  of  itself  sufficient  to  define  the  meaning  of  a" 
in  all  cases,  so  that  there  is  no  further  freedom  of  choice. 

For  example,  to  find  the  meaning  of  a  . 

Since  the  meaning  is  to  be  consistent  with  the  Index 
Law,  we  must  have 

Thus  a*  must  be  such  that  its  square  is  a,  that  is  a^ 
must  be  ^/a. 

Again,  to  find  the  meaning  of  a"\ 

By  the  index  law 

a'     1 
a"^  X  a^  =  a"*"^  =  a* :  therefore    a"*  =  -5  =  -'. 

'  a      a^ 

Thus  a"*  must  be  - . 

a 
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166.     We  now  proceed  to  consider  the  most  general 
cases. 

.     I.    To  find  the  meaning  of  a^  where  n  is  any  positive 
integer. 

By  the  index  law, 

111 
i  a!"  xa!"  xdJ"  x to  n  factors 

1,1,1...  » 


I 

1 


=  a*    »*    »   =a*  =  a*  =  a. 


1 


Hence  a*  must  be  such  that  its  nth  power  is  a,  that  is 


a"  =  ^a. 


t» 


II.  To  find  the  meaning  of  a",  where  m  and  n  are  any 
positive  integers. 

By  the  index  law, 

^         r-  i         /.     .  -+-+ to » terms  -x»         ^ 

a'^xa  X to n factors  =  a»    »*  =a'^     =a"*. 

»»        

Hence  a*  =  v^a*". 

We  have  also 

^         i  .  r     .  ^  +  ^+ torn  terms         ^ 

arxax to  m  factors  =  a**    ^  =a^, 

m  1 

Hence  a**  =  (a*)*". 

Thus  we  may  consider  that  a**  is  an  nth  root  of  the 
mth  power  of  a,  or  that  it  is  the  mth  power  of  an  nth  root 
of  a ;  which  we  express  by 

m 

With  the  above  meaning  of  a**  it  follows  from  Art. 

m         tnp 

164  that  a**  =  a*"". 


1 
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Note.  It  should  be  remarked  that  it  is  not  strictly 
true  that  ^J{a'^)  =  [J^a^  except  with  a  limitation  corre- 
sponding to  that  of  Art.  164,  or  unless  by  the  nth  root  of 
a  quantity  is  meant  only  the  arithmetical  root.  For 
example,  ^{a*)  has  two  values,  namely  ±a*,  whereas  (if a)* 
has  only  the  value  +  a^. 


III.  To  find  the  meaning  of  a°. 

* 

By  the  index  law. 

Thus  a"  =  1,  whatever  a  may  be. 

IV.  To  find  the  meaning  of  a"**,  where  m  has  any 
positive  value. 

By  the  index  law, 

a"**  X  a*"  =:  a'*"^*"  =  a' ;  and  a'  =^  1,-  by  III. 

.  Hence  a-~  =  — ,  and  a*"=  —  • 

167.  We  have  in  the  preceding  Article  found  that  in 
order  that  the  fundamental  index  law,  a"*  x  a"  =  a"*"^",  may 
always  be  obeyed,  a"*  must  have  a  definite  meaning  when 
n  has  any  given  positive  or  negative  value.  We  have  now 
to  shew  that,  luith  the  meanings  thus  obtained, 

a"  X  a"  =  a"-"",    (a'^y  =  a*^,    and  (aby  =  a"6", 

are  true  for  all  valves  of  m  and  n.  When  these  have  been 
proved,  the  final  result  of  Art.  159  is  easily  seen  to  be  true 
in  all  cases. 
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I.  To  prove  that  a!^  xa^  =  a*^"^"",  for  all  values,  of  m 
and  n. 

We  already  know  that  this  is  true  when  m  and  n  are 

positive  integers.    Let  m  and  n  be  any  positive  fractions  - 
and  -  respectively.     Then 

P  r 

ff^y^cC'-a^xa'^ ya^  x  ^a%  by  definition 

=  3^^'  X  V^'  =  :y^^^        .      [Art.  164] 

ps+rq 

=  a    *?*    ,  by  definition 

2  +  t 

Thus  the  proposition  is  true  for  all  positive  values  of 
m  and  n.  To  shew  that  it  is  true  also  for  negative  values, 
it  is  necessary  and  sufficient  to  prove  that 

»""•  X  a"*  =  a'"*"",  and  a*^  x  a""  =  a"*"*, 

where  m  and  n  are  positive. 

Ill 

Now  a-*^  X  a"**  =  —  X  -;i  =  -sr^;  =  a^"*"*- 

a       a       a      , 

And,  if  m  —  7?  be  positive,  a*^'**  x.a*  =  a"*,  and 

a"*  X  a""  X  a"  =  a"* ;  therefore  a*"""  =  a*^  x  a"". 

Hence,  if  m  -  n  be  negative,   -r^x -^  =  ^^3;^, 

'  *  * 

that  is,  a**  x  a"*  =  a"*"^ 

Hence  a*^  xa*'  =  a^,  for  aM  t;a?i^€5  of  m  and  ri. 

Cor.  Since  a"*"**  x  a''  =  a*^  for  all  values  of  m  and  w, 
it  follows  that  a*"  -r  a**  =  a"*"". 
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II.  To  prove  that  (a")"  =  a"**,  for  all  values  of  m  and  n. 

First,  let  n  be  a  positive  integer,  m  having  any  value 
whatever. 

Then  (a"*)"  ^a"*"  x  aTxa^y to  w  factors, 

__^i»+m+«i+ to  n  tenuB   })y  J 

Next,  let  n  be  a  positive  fraction  -^  where  p  and  q  are 
positive  integers. 

Then(a"')"  =  (a~V=  V{(a"'y},=  V(0>  since  p  is  an 
integer, 

mp 

Finally,  let  n  be  negative,  and  equal  to  —  p. 
Then  (a"*)"  =  (a")  "'^  =  ^^r^  =  -4,  =  »""*  =  «"^. 
Hence  for  all  values  of  m  and  n  we  have 

III.  To  prove  that  (aby  =  a^ft**,  for  all  values  of  n. 

We  have  proved  in  Art.  159  that  (aby  =  a''b'',  where 
?i  is  a  positive  integer. 

And,  whatever  m  may  be,  provided  that  g  is  a  positive 
integer,  we  have 

(cTV^y  =  a^"^  X  a!^ir  x  ,,.to  q  factors 

=  /;j«»+«*+..-toaterm8  ^  J^iii+»+...to«teniia 

Let  n  be  a  positive  fraction  -2,  where  p  and  g'  are 
positive  integers.    Then 
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(aby  =  (aby  =^  i/(aby  =  ^{a^b^),  since   j9    is    a  positive 
integer. 

Also    {a%^y  =  a**^6"^   since  g  is  a  positive  integer. 

Hence  a"6"  =  ^{a^b"")  =  (aby. 

Thus  (ahy  =  a**6**,  for  all  positive  values  of  n. 

Finally,  if  n  be  negative,  and  equal  to  —  m,  we  have 

(a6)- =  (at)-"  =  ^  =  ^  =  a-»6-"  =  a"6". 

Ex.  (i).    Simplify    aJxa'^. 


Ex.(ii).    SimpUfy    aHt  x  a'i 

Ex.  (iii).    Simplify    (a-H^y^. 

(a-«6^)-*=aH)(-t)6*(-*)=:a86-2  =  ^' 

Ex.  (iv).    Simplify   ^/(a-^ 63^-1)^  8^(^*6*0-1) 

168.  Rationalizing  Factors.  It  is  sometimes  re- 
quired to  find  an  expression  which  when  multiplied  by  a 
given  irrational  expression  will  give  a  rational  product. 
The  following  are  examples  of  rationalizing  factors. 

Since  (a+Jb){a-^b)=a^-b^  it  follows  that  a±/^6  is  made 
rational  by  multiplying  by  aw,J}>, 

So  also  a,Jb^CsJd  is  made  rational  by  multiplying  by  a^Jb^c^d, 
Again  from  the  known  identity 

26«c2  +  2c2a2  +  2a262  _  a*  -  6*  -  c* 
-{a-\-b-\'C){,-a-\-h  +  c)  (a-6  +  c)(a  +  6-c), 

S.  A.  14 
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it  follows  that  the  rationalizing  factor  of 

The  rationalizing  factor  of  Jp+^q  +  ^Jrm&y  aiiso  be  found  as^ 
follows, 

Wp  +  ^q  +  »Jr){^p+,Jgi-^r)=p  +  q-r  +  2jpq, 
and 

(p  +  q-r  +  2s/pq){p  +  q-r-2jpq)=(p  +  q-rf-ipq. 
Thus  the  reqnired  rationalizing  factor  is 

Up  +  ^/q-^r){p  +  q'-r-2jp^), 
which  is  the  same  as  before. 
From  the  identity 

the  rationalizing  factor  of  a  +  68  is  seen  to  be  a*  -  ab»  +  6 » . 

169.     To  find  the  rationalizing  fcLctor  of  any  binomial, 

p  r 

Let  the  expression  to  be  rationalized  be  aos^  ±  hy^, 

p  r 

Put  X=^a^,  and  T=^hy^,  and  let  n  be  the  L.C.M.  of 
q  and  s. 

Then  it  is  easily  seen  that  X"  and  F*  are  both  ra- 
tional. 

Hence,  from  the  identities 

(z+P){X~-^-j:**-^r+....+(-i)"-*F»-^}=z-+(-i)'*-^7~ 

and    (Z  -  Y)  (Z"-^  +  Z**"*  Y+ +  F""')  =  Z**  -  F", 

the  rationalizing  factors  of  Z+  F  and  Z  —  Fare  seen  to 
be  respectively 

and  Z'^-^+Z'^-^Fh- +  F"-\ 

Ex.    To  find  a  factor  which  will  rationalize 
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Here  X  =  xi,  Y-ay^,  n  =  6. 

The  factor  required  is  therefore 


EXAMPLES   XVII. 

1.  Simplify     c^h^  x  a~^6~^. 

2.  Simplify     a^  x  a"^  x  (a*)"^  x . 

3.  Simplify     (aft- V)*  x  (aVc"*)*. 

4.  Simplify  {x  o-aja-b  x  (a;  a-h^^-c  x  (cc  ft-^^c^, 

5.  Multiply  x^  +  x^y^  +  y^  by  jc^-y^. 

6.  Multiply  aj"  +  1  +  «-«  by  cc»  -  1  +  a;*". 

7.  Multiply 

a*  +  y*  +  »*-3/M-«M-a;4y^  by  aji  +  y^  +  ij;*. 

8.  Divide    x^-2  +  x~^  by  iB^-a"f 

9.  Divide     a^  —  x  by   a^-aj^, 

10.  Divide     x^  —  ccy*  +  x^y  —  y^   by   a;^  -  y^, 

11.  Shew  that 

x^  -  405^  +  2aj*  +  4aj  -  4a;^  +  x^=  {x^  -  2x^  +  a;*)'. 

12.  Multiply     4a;*-5a;-4-7a;"'  +  6aj-'   by   3a;- 4+ 2a; 
and  divide  the  product  by  3a;-  10  +  lOa;"^  -  4a;~'. 

14—2 
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13.     Divide 

a._a.-»_2(a:*-aj"*)  +  2(aj*-a"*)   by  a*-®"*. 

15.     Divide    -Ti  +  S;    ^7  ~i  +  ^  • 


16.     Shew  that 


aj  a;*  1  1 


X 


!*-l       05* +1       05*-!       »*+! 


17.  Shew  that 

(2aj  +  y-')  (2y  +  «"*)  =  (2aj V*  +  aj"V"*)'- 

18.  Shew  that 

a«  +  5'--a-',5-«     (a -g-^)  (ft -ft-')  _ 
aV-a-»ft-»     "^       oft  +  a-V       " 

19.  Shew  that,  if 

a?*  +  y*  +  «i  =  0,    then    (a;  +  y  +  «)*  =  27ajy«. 

20.  Find    factors    which  will    rationalize    the    following 
expressions : 

(i)       a*  +  ft^  (ii)     Jx^  +  y\ 

(iii)     a  +  bx^  +  cx^,         and         (iv)     a'  +  y*  +  »*. 


CHAPTER  XIV. 
SuBDS.    Imaginary  and  Complex  Quantities. 

170.  Definitions.  A  surd  is  a  root  of  an  arithmetical 
number  which  can  only  be  found  approximately. 

An  algebraical  expression  such  as  V^  is  S'lso  often 
called  a  surd,  although  a  may  have  such  a  value  that  *>/a 
is  not  in  reality  a  surd. 

Surds  are  said  to  be  of  the  same  order  when  the  same 
root  is  required  to  be  taken.  Thus  V2  and  V6  are  called 
surds  of  the  second  order,  or  quadratic  surds ;  also  ^^4  is  a 
surd  of  the  third  order,  or  a  cubic  surd  ;  and  J^a  is  a  surd 
of  the  nth  order. 

Two  surds  are  said  to  be  similar  when  they  can  be 
reduced  so  as  to  have  the  same  irrational  factors.  Thus 
V8  and  s/lS  are  similar  surds,  for  they  are  equivalent  to 
2V2  and  3\/2  respectively. 

The  rules  for  operations  with  surds  follow  at  once  from 
the  principles  established  in  the  previous  chapter. 

Note.  It  should  be  remarked  that  when  a  root  symbol 
is  placed  before  an  arithmetical  number  it  denotes  only 
the  arithmetical  root,  but  when  the  root  symbol  is  placed 
before  an  algebraical  expression  it  denotes  oris  of  the  roots. 
Thus  hja  has  two  values  but  V2  is  only  supposed  to  denote 
the  arithmetical  root,  unless  it  is  written  +  V2. 


214  SURDS. 

171.  Any  rational  quantity  can  be  written  in  the  form 
of  a  surd.     For  example, 

2=^4  =  ^8  =  ^2", 
and  a  =  ^a»  =  >»  =  J^a\ 

Also,  since  ^ax  Ajb  =  »Jah   [Art.  165], 

we  have        2^2  =  V4  x  V2  =  \/(4  x  2)  =  ^8, 

5^3  =  ^5^^  X  ^3  =  ^(5«  X  3)  =  ^375, 
and        a  ::lah  =  ^a"  x  lljah  =;^{arxah)=^  iJaT^h. 

Conversely,  we  have  »JIS  =  V(9  x  2)  =  V9  x  ^2  =  3\/2, 
and 
^135  +  >^40  =  y(3»  X  5)  +  >^(2»  x  5)  =  3^5  +  2^5  =  5^5. 

172.  Any  two  surds  can  be  reduced  to  surds  of  the 
same  order.     For  if  the  surds  be  J^a  and  l^h,  we  have 

7a  =  "^a",  and  76  =  •^ft"   [Art  164]. 

Ex.     Which  is  the  greater,  4^14  or  ,^6? 

The  surds  must  be  reduced  to  equivalent  surds  of  the  same  order. 

Now  4/14 =4/14»= 4/196,  and  4/6=4^63=4/216.    Hence,  as  4/2I6  is 

greater  than  4^196,  4^6  must  be  greater  than  ^1^, 

Thus  we  can  determine  which  is  the  greater  of  two  surds  without 
finding  either  of  them. 

173.  The  product  of  two  surds  of  the  same  order  can 
be  written  down  at  once,  for  we  have  Hjax  !yb  =  ^db. 
Hence,  in  order  to  find  the  product  of  any  number  of 
surds,  the  surds  are  first  reduced  to  surds  of  the  same 
order :  their  product  is  then  given  by  the  formula 

J^ax^hx  l/c. .  .=  yabc, . . 

Ex.1.    Multiply  V5  by  4/2. 

x/5  X  ^2 = 4^63  X  4/22 = 4/(5»  X  23) = 4/500. 

Ex.2.    Multiply  3^6  by  24/2. 

3^6  X  24^2=3  X  2  X  V6  X  4/2=6  X  4^5»  x  4/2»=64/600. 
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Ex.  3.     Multiply  ^2  by  ^^2. 

^%y.il2= ^28  X  4^2« = ^  2»ir22 = ^32.    Or  thus : 

V2x4^2  =  2ix2i=2i+i=2*=</26. 

Ex.4.    Multiply  ^2+^/3  by  ^3+^/5. 

(V3+V2)  (/s/3+V6)=V3x;^3+V2  X  V3  +  x/3  x  s/5+V2  x ^5 

=  3+^6+^15  +  ^/10. 

Ex.6.    Divide  )y4  by  4/8. 

6/42  6/1 

174.  The  determination  of  the  approximate  value  of 
an  expression  containing  surds  is  an  arithmetical  rather 
than  an  algebraical  problem ;  but  an  expression  containing 
surds  must  always  be  reduced  to  the  form  most  suitable 
for  arithmetical  calculation.  For  this  reason  when  surds 
occur  in  the  denominators  of  fractions,  the  denominators 
must  be  rationalized.     [See  Art.  168.] 

The  following  examples  will  illustrate  the  process : 

2         2x^/5       2 
V6""^/6xV6"5 /^ 


;     ___Hy5+i)__3 

^"(J6-l)(J6  +  l)-4^^^  +  ^^- 


^6-l"(V5-l)(V5  +  l) 
l+^/3+^/5  +  v'16=(l+V3)(l+^/5)"8(^^"^)<^^"■^)• 

175.  The  product  and  the  quotient  of  two  similar 
quadratic  surds  are  both  rational. 

This  is  obvious ;  for  any  two  similar  quadratic  surds 
can  be  reduced  to  the  forms  ajh  and  c^Jh, 

Conversely,  if  the  product  of  the  quadratic  surds  ^Ja 
and  ^Jb  is  rational  and  equal  to  Xy  we  have  x  =  ^ax  ^s/b; 
therefore  x\/b  =  ^/ax\/bXfJb  =  b^a,  which  shews  that  the 
surds  are  similar.  So  also,  if  isja  +■  \Jb  is  rational,  the  surds 
must  be  similar. 
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V  176.     The  following  is  an  important 
Theorem.     If  a  +  V&  =  a;  +  Vyi  ^^^^  a  and  x  are 
rational,  and  ijh  and  tjy  are  irrational ;  then  will  a  =  a?, 
and  b  =  y. 

For  we  have  a  —  x  +  ^Jh  —  hjy. 

Square  both  sides ;  then,  after  transformation,  we  have 
^ia  —  x)  \/b  =  y  —  b  —  (a  —  x)\ 

Hence,  unless  the  coefficient  of  ijh  is  zero,  we  must  have 
an  irrational  quantity  equal  to  a  rational  one,  which  is 
impossible. 

The  coefficient  of  ijh  in  the  last  equation  must  there- 
fore be  zero,  so  that  a  =  x.  And  when  a  =  a?,  the  given 
relation  shews  that  ^Jh  =  \/3/>  3,nd  therefore  6  =  y. 

As  a  particular  case  of  the  above, 

,y/a  4^  6  +  s/Cy  unless  6  =  0  and  a^c. 
Hence  ^Ja  +  \/c  can  only  be  rational  when  it  is  zero. 

Ex.  1.    Shew  that  ^a+Jb  +  Jc^Oj  unless  the  surds  are  aU  similar. 
For  we  should  have/^/a +fjb=  -^c;  and  therefore  a  +  6 + 2Ja^h = c. 
Hence  ^a^b  is  rational,  wnich  shews  [Art.  175],  that  ^Ja  and  >/6  are 
similar  surds. 

177.  The  expressions  a  +  »Jb  and  a—  \/b  are  said  to  be 
conjugate  quadratic  surd  expressions. 

It  is  clear  that  the  sum  and  the  product  of  two  conju- 
gate quadratic  surd  expressions  are  both  rational. 

Conversely,  if  the  sum  and  the  product  of  the  expres- 
sions a-Ys/b  and  c  +  s/d  are  both  rational,  then  a  =  c  and 
f^b  +  is/d  =  0,  so  that  the  two  expressions  are  conjugate. 

For  a-\-c  +  \/b-\-\/d  can  only  be  rational  when  V6  +  V^ 
is  zero.     [Art.  176.] 

And,  when  a/c?  =  —  \/6,  the  product  (a  +  f^b)  (c  +  *Jd) 
=  ac  +  (c  —  a)^b  —  6,  which  cannot  be  rational  unless  c  =  a. 

178.  In  the  expression 

ax""  +  bx"^^  +  cx^~^  + -hk, 

where  a,bfC, k  are  all  rational,  let  a  +^B  be  substi- 
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tuted  for  x ;  and  let  P  be  the  sam  of  all  the  rational  terms 
in  the  result  and  Q  >v//8  the  sum  of  all  the  irrational  terms. 
Then  the  given  expression  becomes  P'\-Q  Vy8- 

Since  P  and  Q  are  rational,  they  contain  only  squares 
and  higher  even  powers  of  »J^,  and  hence  P  and  Q  will  not 
be  changed  by  changing  the  sign  of  V/8.  Therefore  when 
a  —  »J^  IS  substituted  for  x  in  the  given  expression  the 
result  will  be  P  -  Q  V^. 

*  If  now  the  given  expression  vanish  when  a  +  \/)8  is 
substituted  for  x,  we  have 

Hence,  as  P  and  Q  are  rational  and  \//3  is  irrational, 
we  must    have  both  P  =  0  and    Q  =  0 ;    and   therefore 

Therefore  if  the  given  expression  vanish  when  a  +  VyS  is 
substituted  for  x  it  will  also  vanish  when  a  —  \/y8  is  substi- 
tuted for  X. 

Hence  [Art.  88],  if  a?  —  a  —  tJ/3  be  a  factor  of  the  given 
expression,  a?  —  a  +  V^  will  also  be  a  factor. 

Thus,  if  a  rational  and  integral  expression  be  divisible 
by  either  of  two  conjugate  quadratic  surd  expressions  it 
mil  also  be  divisible  by  the  other, 

179.  The  square  root  of  a  binomial  expression 
which  is  the  sum  of  a  rational  quantity  and  a  quadratic 
surd  can  sometimes  be  found  in  a  simple  form.  The  pro- 
cess is  as  follows. 

To  find  ^/(a  4-  V^)>  where  j^b  is  a  surd. 

Let  a/ {a  +  ^/b)  =  *Jx  +  tjy. 

Square  both  sides ;  then 

Now,  since  isjb  is  a  surd,  we  can  [Art.  176]  equate  the 
rational  and  irrational  terms  on  the  different  sides  of  the 
last  equation ;  hence  a?  +  y  =  a,  and  4txy  =  6. 
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Hence  x  and  y  are  the  roots  of  the  equation 

a?'  —  GW?  +  7  =  0, 
4 

and  these  roots  are 

i  {a  +  V(a'  -  6)}  and  i  {a  -  V(a'  -  h)]. 

Thus     V(a  +  V^)  =  y"^^f"^>4-y/"-^f"^^ 

It  is  clear  that,  unless  ij{a?  —  h)  is  rational,  the  right 
side  of  the  last  equation  is  less  suitable  for  calculation  than 
the  left.  Thus  the  above  process  fails  entirely  unless 
d^  --h  is  a  square  number ;  and  as  this  condition  will  not 
often  be  satisfied,  the  process  has  not  much  practical 
utility. 

It  should  be  remarked  that  if  x  and  y  are  really 
rational,  they  can  generally  be  written  down  by  inspection. 

Ex.  1.     FmdV(6  +  V5). 

Let  *y(6_Hh  2^6)  =^x+ ^y.    Then,  by  squaring,  we  have  6  +  2^5 = 

x-\-y-\-2  Jxy.  Hence,  equating  the  rational  and  irrational  parts* 
x  +  y—^  and  art/ =  5.  "WTience  obviously  x  =  l  and  y  =  5.  Thus 
V(6  +  2V5)  =  1  +  V6. 

Ex.2.    Find  V(28  -  5;v'12). 

Let  ^(28  -  6^12) =^Jx  -  Jy.  Then,  as  before,  4a?t/  =  25  x  12,  or 
xy=75  and  x+y=^2S;  whence  a; = 25  and  y=S.  Thus  ^(28  -  6/J'12 ) 
=  5  -  /^3.  [If  we  had  taken  x=B  and  2/  =  25  we  should  have  had  the 
negative  root,  namely  ^3  -  5.] 

Ex.  3.    Find  ^(18  + 12^/3). 

In  this  case  ^{a^  -  6)  is  irrational  and  therefore  the  required  root 
cannot  be  expressed  in  the  form  ^x+Jy  where  x  and  y  are  rational. 
The  root  can  however  be  expressed  in  the  form  ^x  +  f^y ;  for 
^(l8  +  12j3)=V{x/3  (12  +  6V3)}  =  4/3  x^(12  +  6V3)  =  .y3x  (3+^/3) 
= 4/243 +  V27. 

Ex.  4.     Find  ^^(10  +  2^6  +  2^10  +  2^16). 

Assume  J  (10  +  2J&  +  2;^10  +  2^15)  =^^Jx  +  s/y+Jz;  then  10  +  2^6 
+  2^10  +  2jl5=:x+y  +  z  +  2^xy  +  2jxz  +  2^yz.  We  have  now  to 
find,  if  possible,  rational  values  of  x^  y,  z  such  that  xy=Qf  xz=ilO, 
yz  —  lb  and  x-\-y-\-z=10.  The  first  three  equations  are  satisfied  by 
the  values  a;=2,  t/=3,  «=5,  and  these  values  satisfy  a; +2/ +  2= 10. 
Hence  ^(10  +  2^6  +  2^10  +  2^16)  =^/2 + ^3  +  ^/S. 
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Ex.  5.    Prove  that,  if  /{/ (a + ^b)  =x  +  ^y;  then  will ^{a - ^b) =x-^y. 
We  have  a+Jb=i(x+Jyy={x^+3xy+^y  (3aj"+y). 
Hence,  equating  the  rational  and  irrational  parts,  we  have 

a=x^  +  Hxyj  aii6.Jb=,Jy  (3x2+ y). 
Hence       a-fjb=x^+ Sxy  -  ^Jy  {Sx^  +  y) ; 
.'.  il(a-,Jb)  =  x-,Jy, 


EXAMPLES  XVIII. 


Simplify  the  following: 

1       n/^1   -.  ^-  v-5  2  V^        --  ^-  -'"'^ 

V3+V6       ^/6  +  V2"^V2  +  V3■  ' 

(7-2V5)(5+V7)(31  +  13V5)  ^  ,^i. 
"•      (6-2V7)(3  +  V5)(ll  +  V7)- 

7.      -..^ L ^-.         <V8_ 


9. 


10. 


V2  +  s/3  +  n/5*  J3  +  J5-J2- 
1_    

1 

V6  +  V21  -  ^10  -  V35  ■ 


11.       .rJ-^  + -:;7^.  .  12.         477^+        ^ 


4/2-1   4/2  + r  4^9-1   ^9  +  1 

13.     .     ..1    .,..  14.  ^ 


1  +  4^2+^4-  '^    ^2  +  4^6  +  ^18- 
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15.  ^(101-28713).  18.     7(28-5^12).  i 

17.  ^^{11  +  2  (1  +  V5)  (1  +  V7)}. 

18.  V{6-4n/3  + 7(16-8^3)}. 

19.  ^(97-5673).  20.      f^^j^y 


21. 


22. 


s/2  +  V45 


72+^(7-2^10)" 

73+72  73-72 


72+7(2+73)    72-7(2+73)' 


7(5  +  2  76)- 7(5-276) 
''*'•      7(5  +  276)  +  7(5-276)- 

24.  7{6  +  2  72  +  2  73  +  276}. 

25.  7{ll  +  6  72  +  473  +  2  76}. 

26.  7{17  +  472  -  473  _  476  -  4  75  -  2710  +  273O}. 

27.  Shew  tliat 

1  1  2 


7(12-7140)      7(8-760)      7(10+784) 
28.     Shew  that 


=  0. 


7(  11  -  2730)    7(7  -  2  710)    7(8  +  473) 


=0. 


Imaginary  and  Complex  Quantities. 

^  180.  We  have  already  seen  that  in  order  that  the 
formula  obtained  in  Art.  81  for  the  factors  of  a  quadratic 
expression  may  be  applicable,  to  all  cases,  it  is  necessary 

to  consider  expressions  of  the  form  7— a,  where  a  is 
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positive,  and  to  assume  that  such  expressions  obey  all  the 
fundamental  laws  of  algebra. 

Since  all  squares,  whether  of  positive  or  of  negative 

quantities,  are  positive,  it  follows  that  J  —  a  cannot 
represent  any  positive  or  negative  quantity ;  it  is  on  this 
account  called  an  imaginary  quantity.     Also  expressions 

of  the  form  a  +  6  ^/—  1  where  a  and  h  are  real,  are  called 
complex  quantities. 

181.  The  question  now  arises  whether  the  meanings 
of  the  symbols  of  algebra  can  be  so  extended  as  to  include 
these  imaginary  quantities.  It  is  clear  that  nothing  would 
be  gained,  and  that  very  much  would  be  lost,  by  extending 
the  meanings  of  the  symbols,  except  it  be  possible  to  do 
this  consistently  with  all  the  fundamental  laws  remaining 
true. 

Now  we  have  not  to  determine  all  the  possible  systems 
of  meanings  which  might  be  assigned  to  algebraical 
symbols,  both  to  the  symbols  which  have  hitherto  been 
regarded  as  symbols  of  quantity  and  to  the  symbols  of 
operation,  subject  only  to  the  restriction  that  the  funda- 
mental laws  should  be  satisfied  in  appearance  whatever  the 
symbols  may  mean  :  our  problem  is  the  much  simpler  and 
more  definite  one  of  finding  a  meaning  for  the  imaginary 

expression  J— a  which  is  consistent  with  the  truth  of  all 
the  fundamental  laws. 

'^  182.  We  already  know  that  —  1  is  an  operation  which 
performed  upon  any  quantity  changes  it  into  a  magnitude 
of  a  diametrically  opposite  kind.    And,  if  we  suppose  that 

J—1  obeys  the  law  expressed  by  1  x  ^/—  1  x  a/^^=  -  1, 
it  follows  that  >/—  1  must  be  an  operation  which  when 
repeated  is  equivalent  to  a  reversal. 

Now  any  species  of  magnitude  whatever  can  be  re- 
presented by  lengths  set  oflf  along  a  straight  line ;  and, 
when  a  magnitude  is  so  represented,  we  may  consider  the 
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operation  J—  1  to  be  a  revolution  through  a  right  angle, 
for  a  repetition  of  the  process  will  turn  the  line  in  the 
same  direction  through  a  second  right  angle,  and  the  line 
will  then  be  directly  opposite  to  its  original  direction. 
Hence,  when  magnitudes  are  represented  by  lengths 

measured  along  a  straight  line,  we  see  that  ^/—  1,  regarded 
as  a  symbol  of  operation,  has  a  perfectly  definite  meaning. 

The  symbol  s/—  1  is  generally  for  shortness  denoted  by 
i,  and  the  operation  denoted  by  i  is  considered  to  be  a 
revolution  through  a  right  angle  counter-clockwise,  —  i 
denoting  revolution  through  a  right  angle  in  the  opposite 
direction. 

183.  It  is  clear  that  to  take  a  units  of  length  and 
then  rotate  through  a  right  angle  counter-clockwise  gives 
the  same  result  as  to  rotate  the  unit  through  a  right  angle 
counter-clockwise  and  then  multiply  by  a.     Thus  ai  =  ia. 

Again,  to  multiply  ai  by  K  is  to  do  to  ai  what  is  done 
to  the  unit  to  obtain  bi,  that  is  to  say  we  must  multiply 
by  b  and  then  rotate  through  a  right  angle;  we  thus 
obtain  ab  units  rotated  through  two  right  angles,  so  that 
ai  xbi  =  —  ab  =  abii. 

From  the  above  we  see  that  the  symbol  i  is  commuta- 
tive with  other  symbols  in  a  product. 

Since  (ai)  x  (ai)  =  a^ii  =  a*  (—  1)  =  —  a',  it  follows  that 

ij—a^  =  ai;    it  is  therefore   only  necessary  to  use  one 
imaginary  expression,  namely  J—  1. 


184.  With  the  above  definition  of  J—  1  or  i,  namely 
that  it  represents  the  operation  of  turning  through  a  right 
angle  counter-clockwise,  magnitudes  being  represented  by 
lengths  measured  along  a  straight  line,  the  truth  of  the 
fundamental  laws  of  algebra  for  imaginary  and  complex 
expressions  can  be  proved.  Some  simple  cases  have  been 
considered  in  the  previous  Article:  for  a  full  discussion 
see  De  Morgan's  Double  Algebra;  see  also  Clifford's 
Common  Sense  of  the  Exact  Sciences,  Chapter  i v.  §§12 
and  13. 
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185.  If  a  +  6i  =  0,  where  a  and  6  are  real,  we  have 
a  =  —  hi.  But  a  real  quantity  cannot  be  equal  to  an  im- 
aginary one,  unless  they  are  both  zero. 

Hence,  if  a  +  hi  =  0,  we  have  both  a  =  0  and  6  =  0. 

Note.  In  future,  when  an  expression  is  written  in 
the  form  a  +  6i,  it  will  always  be  understood  that  a  and  h 
are  both  real. 

■ 

186.  If  a  +  6i  =  c  +  di,  we  have  a  —  c  +  (5  --  d)  i  =  0 ; 
and  hence,  from  Art.  185,  a  —  c  =  0  and  6  —  d  =  0. 

Thus,  two  complex  expressions  cannot  he  equal  to  one 
another,  v/nless  the  real  and  imaginary  parts  are  separately 
equal. 

187.  The  expressions  a  +  hi  and  a  —  hi  are  said  to  be 
conjugate  complex  expressions. 

The  sum  of  the  two  conjugate  complex  expressions 
a  +  hi  and  a  — hi  is  a  +  a  +  (6  —  6)  i  =  2a ;  also  their  pro- 
duct is  aa  +  ahi  —  ahi  —  6V  =  a*  -f  6'. 

Hence  the  sum  and  the  product  of  two  conjugate  complex 
expressions  are  hoth  real. 

Conversely,  if  the  sum  and  the  product  of  two  complex 
expressions  are  both  real,  the  expressions  must  be  con- 
jugate. 

For  let  the  expressions  be  a  +  6i  and  c  +  di.  The  sum 
is  a  +  6i  +  c  +  di  =  a  +  c  +  (6  +  d)  i,  which  cannot  be  real 
unless  6  4-  d  =  0.     Again, 

(a  -f  hi)  (c  +  di)  =  oc  +  hci  +  adi  +  hdi^=^  ac  —  hd+  {he  +  ad)i, 

which  cannot  be  real  unless  hc-\'ad  =  0.  Now,  if  6  +  d  =  0 
and  also  hc-{-ad=-  0,  we  have  6  (c  —  a)  =  0  ;  whence 
a  =  c  or  6  =  0.  If  6  =  0,  d  is  also  zero,  and  both  expres- 
sions are  real ;  and,  if  6  4=  0,  we  have  a  =  c,  which  with 
6  =  —  d,  shew  that  the  expressions  are  conjugate. 

188.  Definition.  The  positive  value  of  the  square 
root  of  a'  +  6'  is  called  the  modulus  of  the   complex 
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quantity    a  +  hi,  and    is    written    mod  (a  +  M).      Thus 

mod  (a  +  hi)  =  +  JaF+V. 

It  is  clear  that  two  conjugate  complex  expressions  have 
the  same  modulus  ;  also,  since  (a  +  bi)  (a  —  bi)  =  a^  +  6' 
[Art.  187],  the  modulus  of  either  of  two  complex  expres- 
sions is  equal  to  the  positive  square  root  of  their  product. 

Since  a  and  b  are  both  real,  a"  +  6*  will  be  zero  if,  and 
cannot  be  zero  unless,  a  and  b  are  both  zero.  Thus  the 
modulus  of  a  complex  expression  vanishes  if  the  expression 
vanishes,  and  conversely  the  expression  will  vanish  if  the 
modulus  vanishes. 

If  in  mod  (a  +  bi)  =  +  J  a*  +  6'  we  put  6  =  0,  we  have 
mod  a  =  +  ^/a^  so  that  the  modulus  of  a  real  quantity  is 
its  absolute  value. 

189.  The  product  of  a  +  bi  and  c  +  diis 

ac  +  bd  +  adi  +  bdi^  =  (ic  —  bd+  {bc  +  ad)  i. 

Hence  the  modulus  of  the  product  of  a  +  bi  and 
c  -1-  di  is 

V{(ac  -  bdf  +  {be  +  ad)'}  =  V{(a'  +  &*)  (c'  +  cP)} 

=  V(a'  +  b')  X  Jic'  +  d^). 

Thus  the  modulus  of  the  product  of  two  complex 
expressions  is  equal  to  the  product  of  their  moduli. 

The  proposition  can  easily  be  extended  to  the  case  of 
the  product  of  more  than  two  complex  expressions ;  and, 
since  the  modulus  of  a  real  quantity  is  its  absolute  value, 
we  have  the  following 

Theorem.  The  modulua  of  the  product  of  any  nvmber 
of  quantities  whether  real  or  complex^  is  equal  to  the 
product  of  their  moduli. 

190.  Since  the  modulus  of  the  product  of  two  com- 
plex expressions  is  equal  to  the  product  of  their  moduli,  it 
follows  conversely  that  the  modulus  of  the  quotient  of  two 
expressions  is  the  quotient  of  their  moduli.  This  may 
also  be  proved  directly  as  follows : 
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_ac  +  bd  +  {bc  —  ad)i 
c'  +  (f 

Hence        mod  {^]  =  V{(«c  +  W  +  (6c  -  ad?] 

_  V{a'  +  6'}  __  mod  (a  +  &t) 
~  V{c'  +  d^}  "  mod  (c  +  di) ' 

191.  It  is  obvious  that  in  order  that  the  product  of 
any  number  of  real  factors  may  vanish,  it  is  necessary  and 
sufficient  that  one  of  the  factors  should  be  zero ;  and,  by 
means  of  the  theorem  of  Art.  189,  the  proposition  can  be 
proved  to  be  true  when  all  or  any  of  the  factors  are 
complex  quantities. 

For,  since  the  modulus  of  a  product  of  any  number  of 
factors  is  equal  to  the  product  of  their  moduli,  and  since 
the  moduli  are  all  real,  it  follows  that  the  modulus  of  a 
product  cannot  vanish  unless  the  modulus  of  one  of  its 
factors  vanishes. 

Now  if  the  product  of  any  number  of  factors  vanishes 
its  modulus  must  vanish  [Art.  188];  therefore  the  modulus 
of  one  of  the  factors  must  vanish,  and  therefore  that  factor 
must  itself  vanish.  Conversely,  if  one  of  the  factors 
vanishes,  its  modulus  will,  vanish;  and  therefore  the 
modulus  of  the  product  and  hence  the  product  itself  must 
vanish. 

192.  In  the  expression 

where  a,  6,  c,. .  .h  are  all  real,  let  a  +  /8t  be  substituted  for  x\ 
and  let  P  be  the  sum  of  all  real  terms  in  the  result,  and 
Qi  the  sum  of  all  the  imaginary  terms.  Then  the  given 
expression  becomes  P  +  Qt. 

Since  P  and  Q  are  both  real,  they  can  contain  only 

s.  A,  15 
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squares  and  higher  even  powers  of  i,  and  hence  P  and  Q 
will  not  be  changed  by  changing  the  sign  of  i.  Therefore 
when  a  —  ^i  is  substituted  for  a?  in  the  given  expression 
the  result  will  be  P  —  Qi. 

If  now  the  given  expression  vanishes  when  a  +  /8i  is 
substituted  for  ^,  we  have  P  +  Qi  =  0. 

Hence,  as  P  and  Q  are  real,  we  must  have  both  P  =  0 
and  Q  =  0,  and  therefore  P  —  Qi  =  0, 

Hence  if  the  given  expression  vanishes  when  a  +  ^i  is 
substituted  for  x,  it  will  also  vanish  when  a  —  I3i  is  sub- 
stituted for  00. 

Therefore  [Aft.  88]  if  a?  —  a  —  /8i  is  a  factor  of  the 
given  expression,  a?  —  a  +  /8i  will  also  be  a  factor. 

Thus,  if  any  expression  rational  and  integral  in  x,  and 
with  all  its  coefficients  real,  be  divisible  by  either  of  two 
conjugate  complex  expressions  it  will  also  be  divisible  by  the 
other. 


CHAPTER  XV. 
Square  and  Cube  Roots. 

193.  We  have  already  shewn  how  to  find  the  square  of 
a  given  algebraical  expression ;  and  we  have  now  to  shew 
how  to  perform  the  inverse  operation,  namely  that  of  find- 
ing an  expression  whose  square  will  be  identically  equal 
to  a  given  algebraical  expression.  It  will  be  seen  that  our 
knowledge  of  the  mode  of  formation  of  squares  will  enable 
us  in  many  cases  to  write  down  by  inspection  the  square 
root  of  a  given  expression. 

194.  From  the  identity 

a^±2ab  +  V  =  (a±b)\ 

we  see  that  when  a  trinomial  expression  consists  of  the  sum 
of  the  squares  of  any  two  quantities  plus  (or  minus)  twice 
their  product,  it  is  equal  to  the  square  of  their  sum  (or 
difference). 

Hence,  to  write  down  the  square  root  of  a  trinomial  ex- 
pression which  is  a  perfect  square,  arrange  the  expression 
according  to  descending  powers  of  some  letter ;  the  square 
root  of  the  whole  expression  will  then  be  found  by  taking 
the  square  roots  of  the  extreme  terms  with  the  same  or 
with  different  signs  according  as  the  sign  of  the  middle  term 
is  positive  or  negative. 

Thus,  to  find  the  square  root  of 

4a'-12a*6'  +  96^ 

15—2 
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The  square  roots  of  the  extreme  terms  are  ±  2a*  and 
+  36'.  Hence,  the  middle  term  being  negative,  the  re- 
quired square  root  is  ±  (2a*  —  36"). 

Note.  In  future  only  one  of  the  two  square  roots  of  an 
expression  will  be  given,  namely  that  one  for  which  the 
sign  of  the  first  term  is  positive :  to  find  the  other  root  all 
the  signs  must  be  changed. 

195.  When  an  expression  which  contains  only  two 
diCFerent  powers  of  a  particular  letter  is  arranged  accord- 
ing to  ascending  or  descending  powers  of  that  letter,  it  will 
only  consist  of  three  terms.  For  example,  the  expression 
a*  +  6'  +  c'  +  26c  +  2ca  +  2a6  when  arranged  according  to 
powers  of  a  is  the  trinomial 

a'*  +  2a(6  +  c)+(6»  +  c'  +  26c). 

It  follows  therefore  from  the  preceding  article  that 
however  many  terms  there  may  be  in  an  expression  which 
is  a  perfect  square,  the  square  root  can  be  written  down  hy 
inspection,  provided  that  the  expression  contains  only  two 
different  powers  of  some  particular  letter, 

Ex.  1.    To  find  the  square  root  of 

Arranged  according  to  powers  of  a,  we  have 

a*  +  2a  (6  +  c)  +  (6  +  c)\  that  is  {a  +  (6  +  c)}  «. 
Hence  the  required  square  root  is  a+6  +  c. 

Ex.  2.    To  find  the  square  root  of 

4ic*  +  9y*  +  16;e*  +  12a;  V  -  l^a^^  -  24yh^. 
The  given  expression  is 

^x*  +  4j;«  (3y2  -^)  +  9y*  -  24.yh^  + 16^*, 
that  is,  (2x2)2  +  2  {2x^)  (Sy^  -  iz^)  +  (3y«  -  4z*)^ 

which  is  {2x^ + (3^3  -  ie^) }». 

Hence  the  required  square  root  is  2a:^+ 3^^  _  4^9. 


SQUARE  ROOT.  229 

Ex.  3.    To  find  the  square  root  of 

a^  +  2abx  +  (b^  +  2ac)  a?a + 26cx»  +  c  V. 
Arrange  according  to  powers  of  a ;  we  then  have 
a^  +  2a  (hx  +  cx^)  +  h^x^  +  2bcsi?  +  c  V, 
that  is,  a^ + 2a  (bx  +  cx^)  +  {bx  +  cx^f. 

Hence  the  required  square  root  is  a  +  6a;  +  cx^» 

Ex.  4.    To  find  the  square  root  of 

afi-'23fi-\-%xl^-{-2sfi(y-l)  +  7?(l-^)^2xy  +  y^. 

The  expression  only  contains  y^  and  y ;  we  therefore  arrange  it 
according  to  powers  of  y,  and  have 

y*-\-2y  (q^  -  x^  +  x)  +  x^  -2x^  ■\-Zx^-2a?  +  x\ 

Now,  if  the  expression  is  a  complete  square  at  all,  the  last  of  the 
three  terms  must  be  the  square  of  half  the  coefficient  of  y ;  and  it  is 
easy  to  verify  that 

(a;8  -  a;2  +  af)*=ar«  -  2a:«  +  3a:*  -  2^3 +x«. 
Hence  the  required  square  root  i&y+ofi-x^+x, 

196.  To  find  the  square  root  of  any  algebraical  ex- 
pression. 

Suppose  that  we  have  to  find  the  square  root  of  {A  +  5)*, 
where  A  stands  for  any  number  of  terms  of  the  root,  and  B 
for  the  rest ;  the  terms  in  A  and  B  being  arranged  accoi^d- 
ing  to  descending  {or  ascending)  powers  of  some  letter y  so 
that  every  term  in  A  is  of  higher  {or  lower)  degree  in  that 
letter  than  any  term  of  B. 

Also  suppose  that  the  terms  in  A  are  known,  and  that 
we  have  to  find  the  terms  in  B. 

Subtracting  A*  from  {A  +  £)",  we  have  the  remainder 
{2A  +  B)B. 

Now  from  the  mode  of  arrangement  it  follows  that  the 
term  of  the  highest  (or  lowest)  degree  in  the  remainder  is 
twice  the  product  of  the  first  term  in  A  and  the  first  term 
injB. 

Hence,  to  obtain  the  next  term  of  the  required  root,  that 
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is,  to  obtain  the  highest  (or  lowest)  term  of  B,  we  subtract 
from  the  whole  expression  the  square  of  that  part  of  the  root 
which  is  already  found,  and  divide  the  highest  (or  lowest) 
term  of  the  remainder  by  twice  the  first  term  of  the  root 

The  first  term  of  the  root  is  clearly  the  square  root  of 
the  first  term  of  the  given  expression ;  and,  when  we  have 
found  the  first  term  of  the  root,  the  second  and  other  terms 
of  the  root  can  be  obtained  in  succession  by  the  above 
process. 

For  example,  to  find  the  square  root  of 

a:«-4x«  +  6aj*-8ic5+9x2-4a:  +  4. 
The  process  is  written  as  follows : 

(a;3)2  =  ^6 

(x^  -  2x^)^=xf^-4x^  +  4x* 
{x^  -  2x^  +  x)^=x^  -  4a;g  +  Qx*  -  ix^  +  x^ 
(iii^-2si^  +  x-2)^=x^-4x^  +  ^x*-Sx^  +  9x^-ix  +  4^ 

We  first  take  the  square  root  of  the  first  term  of  the  given 
expression,  which  must  be  arranged  according  to  ascending  or  de- 
scending powers  of  some  letter :  we  thus  obtain  a^,  the  first  term  of 
the  required  root. 

Now  subtract  the  square  of  x^  from  the  given  expression,  and 
divide  the  first  term  of  the  remainder,  namely  ~4x*,  by  2a;':  we 
thus  obtain  -  2a^^  the  second  t^rm  of  the  root. 

Now  subtract  the  square  of  sfi-2x^  frcan  the  given  expression, 
and  divide  the  first  term  of  the  remainder,  namely  2x*,  by  2a^ :  we 
thus  obtain  x,  the  third  term  of  the  root. 

Now  subtract  the  square  oi  a?  —  2x^-\-x  from  the  given  expression, 
and  divide  the  first  term  of  the  remainder,  namely  -  4a;^,  by  2a^ :  we 
thus  obtain  —  2,  the  fourth  term  of  the  root. 

Subtract  the  square  of  a^-2x^  +  x-2  from  the  given  expression 
and  there  is  no  remainder. 

Hence  a^  -  2x^-^x-  2  is  the  required  square  root. 

The  squares  of  a^,  a?-2x'^,  &c.  are  placed  under  the  given 
expression,  like  terms  being  placed  in  the  same  column,  so  that  in 
every  case  the  first  term  of  the  remainder  is  obvious. 

197.  The  square  root  of  an  algebraical  expression  may 
also  be  obtained  by  means  of  the  theorem  of  Art.  91. 

Take  for  example  the  case  just  considered. 
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The  required  root  will  be  ao^  +  6ai'  +  ca?  4-  d,  provided 
that  the  given  expression  is  equal  to  (ad^  +  6a?*  +  ca?  +  d)*, 
that  is  equal' to 

aV  +  ^ciha^  +  (2ac  +  6")  a;*  +  2  (ad  +  he)  x^ 

+  (26d4c*)a^  +  2cda?  +  d'. 

Hence,  equating  the  coefficients  of  corresponding 
powers  of  x  in  the  last  expression  and  in  the  expression 
whose  root  is  required,  we  have 

a"  =  l;  2ab  =  -4i;  2ac  +  6"  =  6;  2ad  +  26c  =  -8; 

26d  +  c*  =  9;  2cd  =  -4;  d*  =  4. 

The  first  four  of  these  equations  are  sufficient  to 
determine  the  values  of  a,  bj  c,  d;  these  values  are  (taking 
only  the  positive  value  of  a),  a  =  1,  6  =  —  2,  c  =  1,  d  =  —  2. 

The  last  three  equations  will  be  satisfied  by  the  values 
of  a,  by  c,  d  found  from  the  first  four,  provided  the  given 
expression  is  a  perfect  square,  which  is  really  the  case. 

Thus  the  required  square  root  is  a;'  —  2a^  +  a?  —  2. 


198.  When  any  number  of  terms  of  a  square  root  have 
been  obtained  as  many  more  can  be  found  by  ordinary 
division. 

For  suppose  the  expression  whose  square  root  is  to  be 
found  is  the  square  of 

(a,a?*  +  a^x""-'  +. . .  +  aX""*')  +  (ar+i^""'  +•  •  •  +  ^ar^**"^')  +  ^• 

The  coefficients  a,,  a,,...  a^  can  be  found  by  equating 
the  coefficients  of  the  first  2r  powers  of  x  in  the  square  of 
the  above  to  the  coefficients  of  the  corresponding  powers 
of  X  in  the  given  expression. 
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The  square  of  the  above  expression  is 
(a^x""  +  a^x""-'  +. . .  +  aX"^')"  +  2  (a,^"  +. . .  +  a^a?**"^') 

+[(«.+y  +. .  •  +  a^X"^"')'  +  212  (ay  +. . .  +  aX"^^') 

+  2R  (a,^y-^  +. . .+  a^^^O  +  i2^. 

Now,  since  the  coeflBcient  of  the  highest  power  of  x  in 
R  is  a?"^**,  the  highest  power  of  x  in  the  expression  within 
square  brackets  is  a?*""**". 

Hence  the  expression  within  square  brackets  will  not 
affect  any  of  the  terms  from  which  a^,  a^,..,  a^  are 
determined,  for  the  first  2r  terms  of  the  given  expression 
extend  from  a!^  to  ^'^"*-^\ 

It  therefore  follows  that  if  the  square  of  the  sum  of 
the  first  r  terms  of  the  root  be  subtracted  from  the  given 
expression,  and  the  remainder  be  divided  by  twice  the 
sum  of  the  first  r  terms,  the  quotient  will  give  the  next 
r  terms  of  the  root. 

Cube  Root. 
199.     From  the  identity 

we  see  that  the  cube  of  a  binomial  expression  has  four 
terms,  and  that  when  the  cube  is  arranged  according  to 
ascending  or  descending  powers  of  some  letter,  the  cube 
roots  of  its  extreme  terms  are  the  terms  of  the  original 
binomial. 

Hence  the  cube  root  of  any  perfect  cube  which  has 
only  four  terms  can  be  written  down  by  inspection,  for  we 
have  only  to  arrange  the  expression  according  to  powers 
of  some  letter  and' then  take  the  cube  roots  of  its  extreme 
terms. 

For  example,  if  27a«  -  64a«6  +  36a*62  _  e^s^  is  a  perfect  cube  its 
cube  root  must  be  Sa*  -  2ab ;  and  by  forming  the  cube  of  Sa^  -  2ab 
it  is  seen  that  the  given  expression  is  really  a  perfect  cube. 
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When  an  expression  which  contains  only  three  different 
powers  of  a  particular  letter  is  arranged  according  to 
powers  of  that  letter,  there  will  be  only /our  terms. 

It  therefore  follows  that  however  many  terms  there 
may  be  in  an  expression  which  is  a  perfect  cube,  the  cube 
root  can  be  written  down  hy  inspection^  provided  that  the 
expression  contains  only  three  different  powers  of  some 
particular  letter. 

For  example,  to  find  the  cnbe  root  of 

a8 + 68 + c«  +  3a«6  +  3a2c  +  3a62  4. 3ac« + 6aJc  +  36«c  +  36c3. 
Arranged  according  to  powers  of  a,  we  have 

a8+3a»(5+c)  +  3a(62+c«  +  26c)+6«  +  c»+362c  +  3ftc», 
that  is,  a»  +  3a2(6+c)+3a(&  +  c)2+(6  +  c)». 

Hence  the  required  root  is  a  +  6  +  c. 

200.     To  find  the  cuhe  root  of  any  algebraical  eoapression. 

Suppose  we  have  to  find  the  cube  root  of  (A  +  By, 
where  A  stands  for  any  number  of  terms  of  the  root,  and 
B  for  the  rest ;  the  terms  in  A  and  B  being  arranged  ac- 
cording to  descending  (or  ascending)  powers  of  some  letter, 
so  that  every  term  of  A  is  of  higher  (or  lower)  degree  in 
that  letter  than  any  term  of  B, 

Also  suppose  the  terms  in  A  are  known,  and  that  we 
have  to  find  the  terms  in  B. 

Subtracting  A^  from  (A  +  By,  we  have  the  remainder 
(SA*  +  SAB  +  ff)B. 

Now  from  the  mode  of  arrangement  it  follows  that  the 
term  of  the  highest  (or  lowest)  degree  in  the  remainder  is 
3  X  square  of  the  first  term  o{  A  x  first  term  of  B. 

Hence  to  obtain  the  next  term  of  the  required  root, 
that  is,  to  obtain  the  highest  (or  lowest)  term  of  B  we 
subtract  from  the  whole  expression  the  cube  of  that  part  of 
the  root  which  is  already  found  and  divide  the  highest  (or 
lowest)  term  of  the  remainder  by  three  tim£s  the  square  of 
the  first  term  of  the  root 
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This  gives  a  method  of  finding  the  successive,  terms  of 
the  root  after  the  first ;  and  the  first  term  of  the  root 
is  clearly  the  cube  root  of  the  first  term  of  the  given  ex- 
pression. 

For  example,  to  find  the  cube  root  of 

a;«  -  6a;«y  +  21a;^«  -  44a:V  +  QSxY  -  54a^3  +  27y^, 
The  process  is  written  as  follows. 

x^  -  Qx^  +  210^2  _  44a;8j^8 + eSa;^^*  -  54a^«  +  27y^ 
{x^)^=x^_ 

(x^  -  2xy)^ =afi-6x^y-{'12x*y^-&xY 
(x^  -  2xy  +  ByY =x^-  Qx^y  +  21a;4|/2  _  44^Sy9  +  63a;  V  -  54a:y8 + 27y« 

Haying  arranged  the  given  expression  according  to  descending 
powers  of  a;,  we  take  the  cube  root  of  the  first  term :  we  thus  obtain 
x^j  the  Jirst  term  of  the  required  root. 

We  then  subtract  the  cube  of  x^  from  the  given  expression,  and 
divide  the  first  term  of  the  remainder,  namely  -  Qx^y,  by  3  x  (x^)^ : 
we  thus  obtain  -•  2a;y,  the  second  term  of  the  root. 

We  then  subtract  the  cube  of  x^  -  2xy  from  the  given  expression, 
and  divide  the  first  term  of  the  remainder  by  3  x  (a;*)^:  this  will  give 
the  third  term  of  the  root. 

Note.  The  above  rule  for  finding  the  cube  root  of  an 
algebraical  expression  is  rarely,  if  ever,  necessary. 

In  actual  practice  cube  roots  are  found  as  follows. 

Take  the  case  just  considered ;  the  first  and  last  terms 
of  the  root  are  x^  and  Sy^,  the  cube  roots  of  the  first  and 
last  terms  of  the  given  expression ;  also  the  second  term  of 
the  root  will  be  found  by  dividing  the  second  term  of  the 
given  expression  by  3  x  (oo^y,  so  that  the  second  term  of 
the  root  is  —  2xy. 

Hence,  if  the  given  eaypression  is  really  a  perfect  cube, 
it  must  be  (oc^  -  2xy  ■\-  Sy'y,  and  it  is  easy  to  verify  that 
(a?*  —  2ooy  +  Sy^  is  equal  to  the  given  expression. 

Again,  to  find  the  cube  root  of 
a;»  _  Qa^y  +  UxY  -  2^xY  +  51^y*  -  60a?y  +  64/z?y 
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If  the  given  expression  is  really  a  perfect  cube  the 

first  and  last  terms  of  the  root  must  be  IJx^  and  ^— 27y 
respectively,  that  is  a?  and  —  3y®. 

The  second  term  of  the  root  must  be  —  %cb^y  -^  3  {a?f 
=  —  2x^y ;  and  the  term  next  to  the  last  must  be 
27xy^-T-S{-Syy=^  +  xy\ 

Hence  the  given  expression,  if  a  cube  at  all, 
must  be  {a?  -  2a^y  +  x^  —  33/')' ;  and  by  expanding 
(a?*  —  2o?y  +  x]f^  —  32/*)'  it  will  be  found  that  the  given 
expression  is  really  a  perfect  cube. 

201.     From  the  identity  [see  Art.  249] 

(a  +  Vf  =  a"  +  noT^  b  +  terms  of  lower  degree  in  a, 

it  is  easy  to  shew,  as  in  Articles  196  and  200,  that  the  nth 
root  of  any  algebraical  expression  can  be  found  by  the 
following 

Rule.  Arrange  the  expression  according  to  descending 
or  ascending  powers  of  some  letter,  and  take  the  nth  root  of 
the  first  term :  this  gives  the  first  term  of  the  root. 

Also,  having  found  any  number  of  terms  of  the  root, 
subtract  from  the  given  expression  the  nth  power  of  that 
part  of  the  root  which  is  already  found,  and  divide  the  first 
term  of  the  remainder  by  n  times  the  (n  —  l)th  power  of  the 
first  term  of  the  root :  this  gives  the  next  term  of  the  root. 


EXAMPLES  XIX. 

Write  down  the  square  roots  of  the  following  expressions  : 

1.  4:x''  -  1 2xY  +  9y\ 

2.  of  +  9xy'  -  6xy. 

3.  a'  +  W  +  9c*  +  1 26c  -  6ca  -  iab. 

4.  25a*  +  96*  +  4c*  +  1 26*c'  -  20c V  -  30a"6^ 
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Find  the  square  roots  of 

5.  aj«  +  "Ix^  +  3a;*  +  4a^  +  3rc»  +  2a;  +  1 . 

6.  4a;*  -  8a;y  +  ^^^  +  y^ 

7.  49  +  1 12a;»  +  70a;»  +  64a;*  +  80a;'*  +  25a;«. 

8.  a;*-  2a;»  +  5a;'-  6a;  +  8  -  (ox"^  +  5a;-* -  2a;-*  +  a;"^. 

g.      25a;*       'if       cm^^     ^V     c^ 
\f       25ar  y     ^^ 

10.  a;^  -  4a;*  +  2a;  +  4a;*  +  a;^. 

11.  Q^  -  4aj^  +  4a;  +  2a;*  -  4a;*  +  o^* 

12.  a;^  -  2a  ^a;"  +  2a*a;*  +  a^x^  -  2a^x^  +  a*. 

Find  the  cube  roots  of 

13.  a;' -  24a;*  +  192a; -512. 

14.  x^  -  3x'y  +  6a;y  -  7a;y  +  6a;*2/*  -  3xy'  +  y\ 

15.  1  -  9a;*  +  33a;*  -  63a;«  +  66a;«  -  36a;^*'  +  8a;". 

16.  Find  the  square  root  of 

2a*  {h  +  c)*  +  26*  (c  +  a)»  +  2c*  (a  +  6)*  +  4a6<;  (a  +  6  +  c). 

17.  Find  the  square  root  of 

a;*  (a;*  +  2/*  4-  ;j;^)  +  y*^  +  2a;  {y  +  «)  (y^;  -  a;*). 

18.  Find  the  square  root  of 

(a_6)*_2(a*  +  6*)  (a -6)* +  2  (a* +6*). 

19.  Shew  that   (x  +  a)  (a;  +  2a)  (a;  +  3a)  (a;  +  4a)  +  a*  is  a 
perfect  square. 

20.  Prove  that  a;*  +  j^a;*  +  qx*  +  ra;  +  »  is  a  square,  if  p^s  =  r* 
and  p^  —  4jog'  +  8r  =  0. 
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21.  Find  the  values  of  Ay  B  and  G  in  order  that 

4a;«  -  24a;»  +  ilaj*  +  ^aj»  +  Oa;' -  40iB  +  25 
may  be  a  perfect  square. 

22.  Shew  that,  if  aa?  +  baf  +  cx  +  d  be  a  perfect  cube,  then 
b'  =  Sac  and  c*  =  Bbd. 

23.  Find  the  conditions  that 

oaf  +  by'  +  C3^  +  2/yz  +  2gzx  +  ^kocy 

may  be  the  square  of  an  expression  which  is  rational  in  a?,  ^ 
and  z. 

24.  Shew  that  if 

(a  — X)  a;'  +  (6  -  X)  y'  +  (c  -  X)  »'  +  2^«  +  2gzx  +  2Aa^ 

be  the  square  of  an  expression  which  is  rational  in  a?,  y  and  z, 
then  will 

'  9^-h      ^^-n      ^^-\ 

a  — 7  =0 =c—  -7-  =  A. 

f  9  ^ 

25.  Shew  that  when  the  first  r  terms  of  the  cube  root  of 
an  algebraical  expression  are  known,  r  more  terms  can  be 
found  by  ordinary  division. 


CHAPTER  XVI. 
Ratio.    Proportion. 

202.  Definitions.  The  relative  magnitude  of  two 
quantities,  measured  by  the  number  of  times  the  one 
contains  the  other,  is  called  their  ratio. 

Concrete  quantities  of  different  kinds  can  have  no  ratio 
to  one  another:  we  cannot,  for  example,  compare  with 
respect  to  magnitude  miles  and  tons,  or  shillings  and 
weeks. 

The  ratio  of  a  to  6  is  expressed  by  the  notation  a  :  6 ; 
and  a  is  called  the  first  terrriy  and  h  the  second  term,  of  the 
ratio.  Sometimes  the  first  and  second  terms  of  a  ratio  are 
called  respectively  the  antecedent  and  the  consequent 

It  is  clear  that  a  ratio  is  greater,  equal  or  less  than 
unity  according  as  its  first  term  is  greater,  equal  or  less 
than  the  second.  A  ratio  which  is  greater  than  unity  is 
sometimes  called  a  ratio  of  greater  inequality,  and  a  ratio 
which  is  less  than  unity  is  similarly  called  a  ratio  of  less 
inequality. 

The  ratio  of  the  product  of  the  first  terms  of  any 
number  of  ratios  to  the  product  of  their  second  terms,  is 
called  the  ratio  compounded  of  the  given  ratios. 

Thus  ac  :  hd  is  the  ratio  compounded  of  the  two  ratios  a  :  h  and  c  :  d. 

The  ratio  a^ :  h^  is  sometimes  called  the  duplicate  ratio 
of  a  :  6 ;  so  also  a® :  6®,  and  i^a  :  V&  ^re  called  respectively 
the  triplicate,  and  the  sub-duplicate  ratio  of  a  :  6. 
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203.  Magnitudes  must  always  be  expressed  by  means 
of  numbers,  and  the  number  of  times  which  one  number 
contains  another  is  found  by  dividing  the  one  by  the  other. 

Thus  ratios  can  be  expressed  a;8  fractions. 

The  principal  properties  of  fractions  and  therefore  of 
ratios  have  already  been  considered  in  Chapter  viil. 

Thus,  a  ratio  is  unaltered  in  value  by  multiplying  each 
of  its  terms  by  the  same  number.     [Art.  107.] 

DifiFerent  ratios  can  be  compared  by  reducing  to  a 
common  denominator  the  fractions  which  express  their 
values.     [Art.  109.] 

The  theorems  of  Art.  113  are  also  true  for  ratios. 

The  following  theorem  is  of  importance : 

204.  Theorem.  Any  ratio  is  made  more  nearly  equal 
to  unity  by  adding  the  same  positive  quantity  to  each  of  its 
terms. 

By  adding  x  to  each  term  of  the  ratio  a  :  b,  the  ratio 
a-f-x  lb -{-x  is  obtained. 

XT  CL     t      a—b       la  +  x     ^      a  —  b 

JNow  T  —  1  =  — i — , and  , 1  =  -, , 

b  b    '         b  +  x  b  +  x' 

and  it  is  clear  that  the  absolute  value  of  ■; is  less  than 

0  +  X 

7 

that  of  — J— :  this  proves  the  proposition. 

When  X  is  very  great,  the  fraction  ^ is  very  small ; 

and  I ,  which  is  the  difference  between  , and  l.can 

b+x  b+x 

be  made  less  than  any  assignable  difference  by  taking  x 

suflSciently  great. 

This  is  expressed  by  saying  that  the  limiting  value  of 
r— —  ,  when  X  is  infinite,  is  unity. 
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Now  two  quantities,  whether  finite  or  not,  are  equal  to 
one  another  when  their  ratio  is  unity.  Thus  a  +  x  and 
b  -{-X  are  equal  to  one  another  when  x  is  infinite,  a  being 
supposed  not  equal  to  b.    [See  Art.  118.] 

205.  Since  any  ratio  is  made  more  nearly  equal  to 
unity  by  the  addition  of  the  same  quantity  to  each  of  its 
terms,  it  follows  that  a  ratio  is  diminished  or  increased  by 
such  addition  according  as  it  was  originally  greater  or  less 
than  unity.  This  proposition  is  sometimes  enunciated : 
A  ratio  of  greater  inequality  is  diminished  and  a  ratio  of 
less  inequality  is  increased  by  the  addition  of  the  same 
quantity  to  each  of  its  terms, 

206.  Incommensurable  numbers.  The  ratio  of 
two  quantities  cannot  always  be  expressed  by  the  ratio  of 
two  whole  numbers ;  for  example,  the  ratio  of  a  diagonal 
to  a  side  of  a  square  cannot  be  so  expressed,  for  this  ratio 
is  V2  :  1,  and  we  cannot  find  any  fraction  which  is  exactly 
equal  to  \/2. 

Magnitudes  whose  ratio  cannot  be  exactly  expressed  by 
the  ratio  of  two  whole  numbers,  are  said  to  be  incom- 
mensurable. 

Although  the  ratio  of  two  incommensurable  numbers 
cannot  be  found  exactly,  the  ratio  can  be  found  to  any 
degree  of  approximation  which  may  be  desired ;  and  the 
different  theorems  which  have  been  proved  with  respect  to 
ratios  can,  by  the  method  of  Art.  162,  be  proved  to  be  true 
for  the  ratios  of  incommensurable  numbers. 

Proportion. 

207.  Four  quantities  are  said  to  be  proportional  when 
the  ratio  of  the  first  to  the  second  is  equal  to  the  ratio  of 
the  third  to  the  fourth. 

Thus  a,  b,  c,  d  are  proportional,  if 

a  :b  =  c  :  d. 
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This  is  sometimes  expressed  by  the  notation 

a  :b  ::  c  :  d, 

which  is  read  "a  is  to  6  as  c  is  to  d." 

The  first  and  fourth  of  four  quantities  in  proportion, 
are  sometimes  called  the  extremeSy  and  the  second  and  third 
of  the  quantities  are  called  the  means. 

208.  If  the  four  quantities  a,  h,  c,  d  are  proportional, 
we  have  by  definition, 

a  ^c 

I'd' 
Multiply  each  of  these  equals  by  bd ;  then 

ad  =  be. 

Thus  the  produot  of  the  extremes  is  equal  to  the  product 
of  the  means. 

Conversely,  if  ad^  be,  then  a,  b,  c,  d  will  be  propor- 
tional. 

For,  if  ad  =  6c,  then 

ad  _  6c 
6d~6d' 

a_  c 
•*•       6  ""5' 

that  is  a  :  b  =  c  :  d. 

Hence  also,  the  four  relations 

a  :  6  =  c  :  d, 

a  :  c  =  b  :  d, 

6  :  a  =  d  :  c, 
and  b  :  d=a  :  c, 

are  all  true,  provided   that    ad  =  6c.     Hence  the  four 
proportions  are  all  true  when  any  one  of  them  is  true. 

s.  A.  16 
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Ex.     If  a  :  b=c  :  d,  then  will  a  +  h  :  a-h=c  +  d  :  c-d. 

This  has  already  been  proved  in  Art.  113 :  it  may  also  be  proved 
as  follows: 

a  +  b  :  a-b=:c  +  d  :  c-d, 

if  (a  +  b)(c-d)  =  (a-b){c  +  d), 

that  is,  t/  ac-bd  +  bc-ad=ac-bd-bc+ad; 

or,  if  bc=ad. 

But  be  is  equal  to  od,  since  a  :  b=c  :  d. 

209.  Quantities  are  said  to  be  in  continued  proportion 
when  the  ratios  of  the  first  to  the  second,  of  the  second 
to  the  third,  of  the  third  to  the  fourth,  &c.,  are  all  equal. 

Thus  a,  6,  c,  d,  &c.  are  in  continued  proportion  if 

a  :  b  =  b  :  c  =  c  :  d  =  &c., 

1       •     •/•  a     b     c      0 

that  IS,  if  T  =  -  =  J  =  ®c. 

bed 

If  a  :  6  =  6  :  c,  then  b  is  called  the  mean  proportional 
between  a  and  c  ;  also  c  is  called  the  third  proportional  to 
a  and  b. 

If  a,  6,  c  be  in  continued  proportion,  we  have 

a  ^b 
b"c' 
.-.  6'  =  ac,  or  6  =  ^/oc. 

Thus  the  mean  proportional  between  two  given  quantities 
is  the  square  root  of  their  product 

.  1  a     b     b     b 

Also  |-  X  -  =-  X  -, 

b      c     c     c 

^,    ,  .  a     V     a^ 

tnat  IS  ~  =  "¥  =  ri  • 

Thus,  i/"  ^Aree  qua/ntities  are  in  continued  proportion, 
the  ratio  of  the  first  to  the  third  is  the  duplicate  ratio  of  the 
first  to  the  second. 
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210.  The  definition  of  proportion  given  in  Euclid  is 
as  follows  :  Four  quantities  are  proportionals,  when  if  any 
equimultiples  whatever  be  taken  of  the  first  and  the  third, 
and  also  any  equimultiples  whatever  of  the  second  and 
the  fourth,  the  multiple  of  the  third  is  always  greater 
than,  equal  to  or  less  than  the  multiple  of  the  fourth, 
according  as  the  multiple  of  the  first  is  greater  than,  equal 
to  or  less  than  the  multiple  of  the  second. 

If  the  four  quantities  a,  6,  c,  d  satisfy  the  algebraical 

test  of  proportionality,  we  have  r^^-jl  therefore  for  all 

,         -  ,      ma     mc 

values  01  m  and  n,  -^-  =  —j . 

no      na 

Hence  mc  =  nd,  according  as  mu  =  nb.    Thus  a,  b,  c,  d 

satisfy  also  Euclid's  test  of  proportionality.  • 

Next,  suppose  that  a,  b,  c,  d  satisfy  Euclid's  definition 
of  proportion. 

If  a  and  b  are  commensurable,  so  that  a  :  b  =  m  :  n, 
where  m  and  n  are  whole  numbers ;  then 

a     m  - 

r  =  — ;   /.  na  =  mo. 
b      n 

But  by  definition 

nc  =  md  according  as  ?ia  =  mb. 

Hence  nc  =  md ; 

c      m     a 

•       __  .^_ 

"  d      n      b' 
Thus  a,  b,  c,  d  satisfy  the  algebraical  definition. 

If  a  and  b  are  incommensurable  we  cannot  find  two 
whole  numbers  m  and  n  such  that  a  :b  =  m  :  n.  But,  if 
we  take  any  multiple  na  of  a,  this  must  lie  between  two 
consecutive  multiples,  say  mb  and  (m  +  1)  6  of  6,  so  that 

na  >  mb  and  na  <(m  + 1)  6. 

16—2 
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Hence  by  the  definition, 

nc  >  md  and  nc  <  {m  + 1)  d. 

Hence  both  ^  and  -,  lie  between  —  and . 

0         a  n  n 

Thus  the  difference  between  r  and  -^  is  less  than  -  :  and 

h         d  n 

as  this  is  the  case  however  great  n  may  be,  -%  must  be  equal 

to  T ,  for  their  difference  can  be  made  less  than  any 
assignable  difference  by  sufl&ciently  increasing  n, 

Ex.  1.    For  what  value  of  x  will  the  ratio  7  +  x  :  12  +  a;  be  eqnal  to 
the  ratio  .5:6?  Ans.   18. 

Ex.  2.    If  6ar» + %2  _  X3a;y ,  what  is  the  ratio  of  xtoyf 

Am.  2  :  3  or  3  :  2. 

Ex.  3.    What  is  the  least  integer  which  when  added  to  both  terms  of 
the  ratio  5  :  9  will  make  a  ratio  greater  than  7  :  10?  Ans,  5. 

Ex.  4.    Find  x  in  order  that  x  +  1  :  a; +6  may  be  the  duplicate  ratio  of 

3  :  6.  Ans.  ^c- 

16 

Ex.  5.     Shew  that,  if  a  :  &  ::  c  :  d,  then 

(i)    a^+ab  +  b^  :  c^  +  cd+<P  ::  a^~ab  +  h^  :  c^-cd+dP, 

(ii)    a  +  b  :  c  +  d  ::  V(2a2-36«)  :  ^{2c^-Sd?), 

(iii)    a2  +  62  +  c2  +  d2  :  (a+b)^  +  (c  +  d)^  ::  (a+c)8+(6  +  d5)« 

:  {a  +  b  +  c  +  d)K 
[See  Art.  113.] 

Ex.  6.     Ii  a  :  b  ::  c  :  d,  then  will  ah  +  cd  he  &  mean  proportional 
between  a*  +  c^  and  6*  +  d^. 


Variation. 

211.  One  magnitude  is  said  to  vary  as  another  when 
the  two  are  so  related  that  the  ratio  of  any  two  values  of 
the  one  is  equal  to  the  ratio  of  the  corresponding  values 
of  the  other. 
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Thus,  if  ttj,  dj  be  any  two  measures  of  one  of  the 
quantities,  and  6^,  6^  be  the  corresponding  measures  of  the 
other,  we  have 

—  =  r;  and  therefore  r^  =  r^ . 

Hence  the  measures  of  corresponding  values  of  the  two 
magnitudes  are  in  a  constant  ratio. 

The  symbol  oc  is  used  for  the  words  varies  as:  thus 
J.  oc  5  is  read  *  A  varies  as  B  \ 

If  a  oc  6,  the  ratio  a  :  6  is  constant ;  and  if  we  put  m 
for  this  constant  ratio,  we  have 

r  =  w ;  .'.  a  =  mh. 

To  find  the  constant  m  in  any  case  it  is  only  necessary 
to  know  one  set  of  corresponding  values  of  a  and  5. 

a  15 

For  example,  if  a  a  6,  and  a  is  15  when  6  is  5,  we  have  -  =m = -=- ; 

.'.  a=3&. 


212.  One  quantity  is  said  to  vary  inversely  as  another 
when  the  first  varies  as  the  reciprocal  of  the  second. 

1 . 
Thus  a  varies  inversely  as  6  if  the  ratio  a  :  t  is  constant, 

and  therefore  ab  =  m. 

One  quantity  is  said  to  vary  as  two  others  jointly  when 
the  first  varies  as  the  product  of  the  other  two.  Thus  a 
varies  as  b  and  c  jointly  if  a  «  be,  that  is  if  a  =  mbc, 
where  m  is  a  constant. 

One  quantity  is  said  to  vary  directly  as  a  second  and 
inversely  as  a  third  when  the  ratio  of  the  first  to  the 
product  of  the  second  and  the  reciprocal  of  the  third  is 
constant. 
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Thus  a  is  said  to  vary  directly  as  h  and  inversely  as  c, 

if  a  :  6  X  -  is  constant,  that  is,  if  a  =  m  -  ,  where  m  is  a 
c  c 

constant. 

In  all  the  diflferent  cases  of  variation  defined  above, 

the  constant  will  be  determined  when  any  one  set  of 

corresponding  values  is  given. 

For  example,  if  a  varies  jointly  as  h  and  c ;  and  if  a  is  6  when  h 
is  4  and  c  is  3,  we  have 

and  6=mx4x3. 

Hence  ?»=-  ,  and  therefore  a^-hc, 

213.     Theorem.     If  a  depends  only  on  h  and  c,  and 

if  a  varies  as  h  when  c  is  constant,  and  varies  as  c  when 
b  is  constant ;  then,  when  both  h  and  c  vary,  a  will  vary 
as  be. 

Let  a,  b,  C'y   a',  V,  c  and  a",  V  d  be  three  sets  of 
corresponding  values. 

Then,  since  c  is  the  same  in  the  first  and  second,  we 
have 

a      b  ... 

a'^y -W- 

And,  since  V  is  the  same  in  the  second  and  third,  we 
have 

a       c  /••\ 

a"  =  c'  (")• 


Hence  from  (i)  and  (ii),  — /  =  ^ 


V 


which  proves  the  proposition. 

The  following  are  examples  of  the  above  proposition. 

The  cost  [C]  of  a  quantity  of  meat  varies  as  the  price  [P]  per 
pound  if  the  weight  [W[  is  constant,  and  the  cost  varies  as  the 
weight  if  the  price  per  pound  is  constant.  Hence,  when  both  the 
weight  and  the  price  per  pound  change,  the  cost  varies  as  the 
product  of  the  weight  and  the  price. 
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Thus,  UC  cc  Pt  when  W  is  constant, 
and  C  cc  W,  when  P  is  constant ; 

then  C  X  PW,  when  both  P  and  W  change. 

Again,  the  area  of  a  triangle  varies  as  the  base  when  the  height 
is  constant;  the  area  also  varies  as  the  height  when  the  base  is 
constant ;  hence,  when  both  the  height  and  the  base  change,  the 
area  will  vary  as  the  base  and  height  jointly. 

Again,  the  pressnre  of  a  gas  varies  as  the  density  when  the 
temperature  is  constant;  the  pressure  also  varies  as  the  absolute 
temperature  when  the  density  is  constant ;  hence  when  both  density 
and  temperature  change,  the  pressure  will  vary  as  the  product  of  the 
density  and  absolute  temperature. 

Ex.  1.  The  area  of  a  circle  varies  as  the  square  of  its  radius, 
and  the  area  of  a  circle  whose  radius  is  10  feet  is  314*169  square 
feet.    What  is  the  area  of  a  circle  whose  radius  is  7  feet  ? 

Ex.  2.  The  volume  of  a  sphere  varies  as  the  cube  of  its  radius, 
and  the  volume  of  a  sphere  whose  radius  is  1  foot  is  4*188  cubic  feet. 
What  is  the  volume  of  a  sphere  of  one  yard  radius  ? 

Ex.  3.  The  distance  through  which  a  heavy  body  falls  from  rest 
varies  as  the  square  of  the  time  it  falls ;  also  a  body  falls  64  feet  in 

2  seconds.     How  far  does  a  body  fall  in  6  seconds  ? 

Ex.  4.  The  volume  of  a  gas  varies  as  the  absolute  temperature 
and  inversely  as  the  pressure ;  also  when  the  pressure  is  15  and  the 
temperature  260  the  volume  is  200  cubic  inches.  What  will  the 
volume  be  when  the  pressure  becomes  18  and  the  temperature  800  ? 

Ex.  5.  The  distance  of  the  offing  at  sea  varies  as  the  square  root 
of  the  height  of  the  eye  above  the  sea  level,  and  the  distance  is 

3  miles  when  the  height  is  6  feet :  find  the  distance  when  the  height 
is  72  yards. 


EXAMPLES  XX. 

1.     Shew  that,  if  a  +  6,  6  +  c,  c  +  a  are  in  continued  propor- 
tion, then  b-¥c:c  +  a  =  c-a:a-b. 


2.  Shew  that,  ii  x  :  a  =  y  :  l^=z  :  c,  then 

^'  4.  ^  4.  ?.'  =  (■^+y+^)' 

a'     b'      c'      (a  +  6  +  c)*' 

3.  Shew  that,  ii(a  +  b  +  c  +  d)(a-b-c  +  d)  =  (a-b  +  c-d) 
(a  +  6  —  c  -  c?),  then  a,  6,  c,  d  are  proportionals. 
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4.  Shew  that,  if  6*  =  a'  +  c",  then 

a  +  b  +  c  :c-\-a  —  b=sa  +  b-c:b  +  c-a. 

5.  What  number  must  be  subtracted  from  each  of  the 
numbers  7,  10,  19,  31  in  order  that  the  remainders  may  be  in 
proportion  1 

6.  Find  a  :  b  :  c,  having  given 

b        a+c—b       a+b+c 


7.     If 


a  +  b     b  +  c-a     2a  +  b  +  2c' 
X  y  z 


19 


b+c—a     c+a-b     a+6-c' 
shew  that  (a  +  b  +  c)  {yz  +  zx  +  ocy)  =  (x  +  y  +  z)  (ax  +  by  +  cz), 

8.  li  a  (y  +  z)  -b  (z  +  x)  =  c  (x  +  y\  prove  that 

y  —  z  z  —  x     _    x  —  y 

a(b-c)     b  (c  —  a)      c(a  —  b)' 

9.  Shew  that  the  ratio 

^i«i  +  ^A + ^8^3  + '-hh-^hK-^hK-^ 

is  intermediate  to  the  greatest  and  least  of  the  ratios  a,  :  b 
a^  :  b„  (fee,  the  quantities  being  all  positive. 

10.  li  a  :b  :\  c  :  d,  then 

a-^  +  b-^  +  c-^  +  d-^'  ^"^^"^^  ' 

11.  Shew  that,  if  (a  +  b)  {b  +  c)  (c  +  d)  {d  +  a) 

=  (a  +  b  +  c+d)  (bed  +  cda  +  dab  +  ahc\ 
then  a  :b  ::  c  \  d, 

12.  If  {J>cd  +  cda  +  dab  +  obey  -  abed  (a  +  b  +  c  +  dy=0, 

then  it  will  be  possible  to  arrange  a,  b,  c,  d  ao  as  to  be  propor- 
tionals. 


CHAPTER  XVII. 

Akithmetical,  Geometrical,  and  Harmonical 

Progression. 

214  Series.  A  succession  of  quantities  the  members 
of  which  are  formed  in  order  according  to  some  definite 
law  is  called  a  series. 

Thus  1,  2,  3,  4, ,  in  which  each  term  exceeds  the 

preceding  by  unity,  is  a  series. 

So  also  3,  6, 12,  24, ,  in  which  each  term  is  double 

the  preceding,  is  a  series. 

We  shall  in  the  present  Chapter  consider  some  very 
simple  cases  of  series,  and  shall  return  to  the  subject  in  a 
subsequent  Chapter. 

Arithmetical  Progression. 

215.  Definition.  A  series  of  quantities  is  said  to  be 
in  Arithmetical  Progression  when  the  diflference  between 
any  term  and  the  preceding  one  is  the  same  throughout 
the  series. 

Thus,  a,  6,  c,  d,  &c.  are  in  Arithmetical  Progression 
[a.  P.]  if  6  —  a  =  c  —  6  =  d  —  c  =  &c. 

The  difference  between  each  term  of  an  A.  P.  and  the 
preceding  term  is  called  the  common  difference. 
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The  following  are  examples  of  Arithmetical  progressions  : — 

1,    3,    5,    7,    Ac. 

3,     -1,     -5,   -9,     &c. 

a,    a +  26,    a +  46,    <fcc. 

In  the  first  series  the  common  difference  is  2,  in  the  second  it  is 
—  4,  and  in  the  last  it  is  26. 

216.  If  the  first  term  of  an  arithmetical  progression 
be  a,  and  the  common  difiference  d ;  then,  by  definition, 

the  2nd  term  will  he  a  +  d, 
„    3rd       „        „      a  +  2d, 
„    4th       „         „      a  +  Sd, 

and  so  on,  the  coefficient  of  d  being  always  less  by  unity 

than  the  number  giving  the  position  of  the  term  in  the 

series. 

Hence  the  nth.  term  will  be  a  +  (71  —  1)  d 

We  can  therefore  write  down  any  term  of  an  A.  p. 

when  the  first  term  and  the  common  difference  are  given. 

For  example,  in  the  a.  p.  whose  first  term  is  5,  and  whose 
common  difference  is  4,  the  10th  term  is  5 +  (10 -1)4 =41,  and  the 
30th  term  is  5  +  29  x  4  =  121. 

217.  An  arithmetical  progression  is  determined  when 
any  two  of  its  terms  are  given. 

For,  suppose  we  know  that  the  mth  term  is  a,  and  that 
the  nth  term  is  /8. 

Let  a  be  the  first  term,  and  d  the  common  difiference ; 
then  the  mth  term  will  be  a  +  (m  —  1)  d,  and  the  nth.  term 
will  be  a  +  (n  —  1)  d. 

Hence  a  +  (m  —  1)  d  =  a,  i 

and  a+(n  —  l)d=^,  j 

Thus  we  have  two  equations  of  the  first  degree  to 
determine  a  and  d  in  terms  of  the  known  quantities  m,  n, 
a  and  /8. 
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Ex.    Find  the  10th  term  of  the  a.  p.  whose  7th  term  is  15  and  whose 
21st  term  is  22. 

If  a  be  the  first  term,  and  d  be  the  common  difference,  we  have 

a  +  M=15y  and  a  +  20d=22. 

1  9 

Hence  d = ^ ,  a = 12.     The  10th  term  is  therefore  12 + ^ = 16 J . 

218.  When  three  quantities  are  in  arithmetical  pro- 
gression, the  middle  one  is  called  the  Arithmetic  Mean  of 
the  other  two. 

If  a,  6,  c  are  in  A.  P.,  we  have,  by  definition, 

J  _  a  =  c  —  6 ;  and  therefore  6  =  J^  (a  +  c). 

Thus  the  arithmetic  mean  of  two  given  quantities  is  half 
their  sum. 

When  any  number  of  quantities  are  in  arithmetical 
progression  all  the  intermediate  terms  may  be  called 
arithmetic  means  of  the  two  extreme  terms. 

Between  any  two  given  quantities  any  number  of  arith- 
metic means  may  be  inserted. 

Let  a  and  b  be  the  two  given  quantities,  and  let  n  be 
the  number  of  terms  to  be  inserted. 

Then  b  will  be  the  n  +  2th  term  of  the  A.  p.  whose  first 
term  is  a. 

Hence, if  d  be  the  common  difference,  b  =  a+{n  +  l)d; 

^and  therefore  d  = =  . 

w  +  1 

Then  the  series  is 

b-a       ,  ci^  —  ^    0 
71  + 1  n+  1 

the  required  arithmetic  means  being 

6  — a  ctb  —  a  b  —  a 

n  + 1  n  +  1  n  +  1 

na  +  b    (ri - 1) g 4-  2&    (/i-2)a  +  36  a+nb 

^^    n+T'         ^T+l        '         ^i        '    '     n  +  1' 
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219.  To  find  the  sum  of  any  number  of  terms  of  an 
arithmetical  progression. 

Let  a  be  the  first  term  and  d  the  common  difference. 
Let  n  be  the  number  of  the  terms  whose  sum  is  required, 
and  let  I  be  the  last  of  them. 

Then,  since  I  is  the  nth  term,  we  have 

l  =  a  +  {n^l)d (i). 

Hence,  if  S  be  the  required  sum, 
fif  =  a  +  (a  +  rf)  +  (a  +  2(i)+ +(l-2d)  +  (l-d)  +  L 

Now  write  the  series  in  the  reverse  order ;  then 
fi[=;  +  (i-d)  +  (Z-2d)+ +  (a  +  2d)  +  {a'\'d)  +  a. 

Hence,  by  addition  of  corresponding  terms,  we  have 

2fif  =  (a  +  r)  +  (a  +  0  +  (a  +  0  + to  ^  terms 

=  n(a  +  l); 

r,S  =  l{a+l) (ii), 

or,  from  (i), 

Sf=|{2a+(7i-l)d} (iii). 

From  the  formulae  (i),  (ii),  (iii)  the  value  of  all  the 
quantities  a,  d,  n,  I,  8  can  be  found  when  any  three  are 
given. 

Ex.  1.    Find  the  snm  of  20  terms  of  the  arithmetical  progression 
3  +  6  +  9  +  &C. 

Here  a=3,  d=3,  n=20; 

Of) 

.-.  fif=^{6  +  19x3}=630. 

Ex.  2.    Shew  that  the  sum  of  any  nnmber  of  oonsecntiye  odd  numbers, 
beginning  with  unity,  is  a  square  number. 

The  series  of  odd  numbers  is 

1+3+6+ 
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Here  a= 1,  d=2 ;  hence  the  sum  of  n  terms  is  given  by 
fif=|{2a+(n-l)d}=|{2  +  (n-l)2}=n2. 

Ex.  3.    How  many  terms  of  the  series  1  +  5  +  9+ must  be  taken 

in  order  that  the  sum  may  be  190  ? 

We  have  S-^{2a  +  (n-l)d},wheTQS=l90y  a=l,  d=4. 

Hence  n  is  to  be  found  from  the  quadratic  equation 

190=^(2  +  4  (n-1)}, 

or  2n»-n-190=0, 

that  is  (n  - 10)  (2n  + 19)  =  0. 

19 
Hence  n  =  10.    The  value  n  =  -  -jr-  is  to  be  rejected  for  n  must 

necessarily  be  2k positive  integer*, 

Ex.  4.    How  many  terms  of  the  series  6  +  7  +  9  + must  be  taken 

in  order  that  the  sum  may  be  480. 

Here  we  have 

480=:|{10  +  (n-l)2}; 

.•.  n2  +  4w-480=0, 

or  (»-20)(w+24)=0. 

Hence  n  must  be  20,  for  the  value  n  =  -  24  must  be  rejected  as  a 
Tiegative  number  of  terms  is  altogether  meaningless*. 

Ex.  5.    What  is  the  14th  term  of  the  a.  p.  whose  5th  term  is  11  and 
whose  9th  term  is  7  ?  Ans.  2. 

Ex.  6.    What  is  the  2nd  term  of  the  a.  p.  whose  4th  term  is  b  and 
whose  7th  term  is  3a + 46  ?  Ans.    -2a-b. 

Ex.  7.     Which  term  of  the  series  6,  8,  11,  &c.  is  320? 

Am.  The  106th. 

Ex.  8.     Shew  that,  if  the  same  quantity  be  added  to  every  term  of  an 
A.  p.,  the  sums  will  be  in  a.  p. 

Ex.  9.    Shew  that,  if  every  term  of  an  a.  p.  be  multiplied  by  the  same 
quantity,  the  products  will  be  in  a.  p. 


*  The  inadmissible  value  is  a  root  of  the  equation  to  which  the 
problem  leads,  but  it  is  not  a  solution  of  the  problem,  [See  Chapter  xi.] 
It  should  be  remarked  that  a  negative  value  of  n  cannot  mean  a  number 
of  terms  reckoned  backwards. 
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Ex.  10.  Shew  that,  if  between  every  two  conseontive  terms  of  an 
A.  p.,  a  fixed  number  of  arithmetic  means  be  inserted,  the  whole  wiU 
form  an  arithmetical  progression. 

Ex.  11.    Find  the  sum  of  the  following  series : 
(i)    2J  +  4i  +  6i+ to  23  terms. 

(ii)    2"*"  6  "6" *^  12  terms. 

(iii)    (a  +  96)  +  (a  +  76)  +  (a  +  56)+ to  10  terms. 

..  .n-1     n-2     n-3 

(iv) 1 + + ton  terms. 

'       n  n  n 

Am.   (i)  621,   (ii)  -16,    (iii)  10a,   (iv)  hn-l). 

Ex.  12.  The  7th  term  of  an  a.  p.  is  15,  and  the  21st  term  is  8 ;  find 
the  sum  of  the  first  13  terms.  Am,  195. 

Ex.  13.    Find  the  sum  of  21  terms  of  an  a.  p.  whose  11th  term  is  20. 

Am,  420. 

Ex.  14.  Shew  that,  if  any  odd  nmnber  of  quantities  are  in  a.  p.,  the 
first,  the  middle  and  the  last  are  in  a.  p. 

Ex.  15.  Shew  that,  if  unity  be  added  to  the  sum  of  any  number  of 
terms  of  the  series  8, 16,  24,  <fec.,  the  result  will  be  the  square  of  an 
odd  number. 

Ex.  16.    How  many  terms  of  the  series  15  +  11  +  7  + must  be 

taken  in  order  that  the  sum  may  be  35  ?  Am,  5. 

Ex.  17.  The  sum  of  5  terms  of  an  a.  p.  is  -  5,  and  the  6th  term  is 
- 13 ;  what  is  the  common  difference  ?  Am,  -  4. 

Ex.  18.  Find  the  sum  of  all  the  numbers  between  200  and  400  which 
are  divisible  by  7.  Am,   8729. 

Ex.  19.  If  a  series  of  terms  in  a.  p.  be  collected  into  groups  of  n  terms, 
and  the  terms  in  each  group  be  added  together,  the  results  form  an 
A.  p.  whose  common  difference  :  the  original  conmion  difference  as 
n^  :  1. 


Geometrical  Progression. 

220.  Definition.  A  series  of  quantities  is  said  to  be 
in  Qeometrical  Progression  when  the  ratio  of  any  term 
to  the  preceding  one  is  the  same  throughout  the  series. 
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Thus  a,  6,  c,  d,  &c.  are  in  Geometrical  Progression 

(G.P.)if-  =  ^  =  -  =  &c. 
a     0     c 

The  ratio  of  each  term  of  a  geometrical  progression 
to  the  preceding  term  is  called  the  common  ratio. 

The  following  are  examples  of  geometrical  progressions : 

1,    3,    9,    27,    Ac. 
4,     -2,     1,      -J,     &o. 
a,     a^,    a\     a^,     &o. 

In  the  first  series  the  common  ratio  is  3,  in  the  second  series  it  is 
~  J,  and  in  the  third  series  it  is  a\ 

221.  If  the  first  term  of  a  G.  p.  be  a,  and  the  common 
ratio  r ;  then,  by  definition, 

the  2nd  term  will  be  ai\ 
„    3rd      „  „      ar^, 

„    4th      „  „      ar^, 

and  so  on,  the  index  of  r  being  always  less  by  unity  than 
the  number  giving  the  position  of  the  term  in  the  series. 

Hence  the  nth  term  will  be  ar^~^. 

We  can  therefore  write  down  any  term  of  a  G.  P.  when 
the  first  term  and  the  common  ratio  are  given. 

For  example,  in  the  a.  p.  whose  first  term  is  2,  and  whose  common 
ratio  is  3,  the  6th  term  is  2  x  8<^,  and  the  20th  term  is  2  x  8^. 

222.  A  Geometrical  Progression  is  determined  when 
any  two  of  its  terms  are  given. 

For,  suppose  we  know  that  the  mth  term  is  a,  and 
that  the  nth  term  is  /8. 

Let  a  be  the  first  term,  and  r  the  common  ratio; 
then  the  mth  term  will  be  ar'""^  and  the  nth  term  will 
be  ar"~\ 
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Hence  ar"*"*  =  a,  ar''~^=B:  and  .*.  r~""  =  3. 

P 

1  1  l-n     l-m 


Hence  r  =  a^~^j3^~^,  and  therefore  a  =  a^'^l3^~^. 

Ex.    Find  the  first  term  of  the  a.  p.  whose  drd  term  is  18  and  whose 
5th  term  is  40j^. 

If  a  be  the  first  term,  and  r  the  common  ratio,  we  have 

81  9 

2  4 

4 
Hence  a=18x  q  =8. 

Thus  the  series  is  8,  12, 18,  &o. 

223.  When  three  quantities  are  in  G.  P.,  the  middle 
one  is  called  the  Oeometric  Mean  of  the  other  two. 

If  a,  b,  c  are  in  G.  p.,  we  have  by  definition 

-  =  7;   .*.  0=  ±  vac. 

Thus  the  geometric  mean  of  two  given  qtuintities  is 
a  sqivare  root  of  their  product 

When  any  number  of  quantities  are  in  geometrical 
progression  all  the  intermediate  terms  may  be  called 
geometric  means  of  the  two  extreme  terms. 

Between  two  given  quantities  any  number  of  geometric 
means  may  be  inserted. 

For  let  a  and  b  be  the  two  given  quantities,  and  let  n 
be  the  number  of  means  to  be  inserted. 

Then  b  will  be  the  {n  +  2)th  term  of  a  G.  P.  of  which  a 
is  the  first  term.  Hence,  if  r  be  the  common  ratio^  we 
have 


Hence  the  requiied  means  are  ar,  ar^, ar*", 

n      _1_       n-}    _2_  1        n 

that  is,        a^+i6»+i,  a^+ij'^+i, a'^+i6»+i. 
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224.  To  find  the  sum  of  any  number  of  terms  in 
geometrical  progression. 

Let  a  be  the  first  term,  and  r  the  common  ratio.  Let 
n  be  the  number  of  the  terms  whose  sum  is  required,  and 
let  I  be  the  last  of  them. 

Then,  since  I  is  the  nth  term,  we  have  I  =  ar^"^. 
Hence,  if  8  be  the  required  sum, 

8=a  +  ar  +  ar*+ +  ar*"*. 

Multiply  by  r ;  then 

8r=        ar -{•  ar^ '\- ar^ -\^  -{- ar"""^  +  ar\ 

Hence,  by  subtraction, 

8"  8r  =  a  —  ar''  'y 

1  —  r" 

.-.  8  =  a  -^ . 

1  —r 

Ex.  1.    Find  the  sum  of  10  terms  of  the  series  3,  6,  12,  &o. 
Here  a=3,  r=2,  n=10. 

Hence  fif = 3  Ip^^  =  3  (2io  - 1) = 3069. 

225.  From  the  preceding  article  we  have 

1  —  r*        a  ar^ 


8=a 


1  —r      1  — r     1  —r' 


Now  when  r  is  a  proper  fraction,  whether  positive  or  nega- 
tive, the  absolute  value  of  r**  will  decrease  as  n  increases ; 
moreover  the  value  of  r*  can  be  made  as  small  as  we 
please  by  sufficiently  increasing  the  value  of  n. 

Hence,  when  r  is  numerically  less  than  unity,  the  sum 

of  the  series  can  be  made  to  differ  from  iz by  as  small 

a  quantity  as  we  please  by  taking  a  sufficient  number  of 
terms. 

s.  A.  17 
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Thus  the  sum  of  an  infinite  number  of  terms  of  the 
geometrical  progression  a  +  ar  +  ar*+ ,  in  which  r  is 

nv/mericcdly  less  than  unity,  is  .j . 

Ex.  1.    Find  the  sum  of  an  infinite  number  of  terms  of  the  series 

9-6+4- 

2 
Here  a=9,  r=  -  ^  . 


Hence        S  = 


3 

a  9  27 


l-r":     r2\~  6  * 


TD 


Ex.  2.    Find  the  geometrical  progression  whose  sum  to  infinity  is  4J, 
and  whose  second  term  is  -  2. 

Let  a  be  the  first  term,  and  r  be  the  common  ratio. 

Then  we  have        ar=  -  2,  and  -       =  ^r . 

l-r     2 


Whence 

9r»-9r-4=0. 

Hence 

1              4 

If 

r=--,a=   ^=6; 

and  the  series  is 

6,     -2,    |,&c. 

4 

The  value  r=  ^  is  inadmissible,  for  r  must  be  numerically  less  than 
o 

unity. 

Ex.  3.  The  3rd  term  of  a  o.p.  is  2,  and  the  6th  term  is  -  J  ;  what  is 
the  10th  term?  Ans,  -t^. 

Ex.  4.  Insert  two  geometric  means  between  8  and  -1,  and  three 
means  between  2  and  18.  Ans.  -4,  2;  =b2\/3,  6,  db6\/3. 

Ex.  5.  Shew  that  if  all  the  terms  of  a  o.p.  be  multiplied  by  the  same 
quantity,  the  products  will  be  in  o.p. 

Ex.  6.    Shew  that  the  reciprocals  of  the  terms  of  a  a.p.  are  also  in  o.p. 

Ex.  7.  Shew  that,  if  between  every  two  consecutive  terms  of  a  o.p.,  a 
fixed  number  of  geometric  means  be  inserted,  the  whole  will  form  a 
geometrical  progression. 
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Ex.  8.    Find  the  sum  of  the  followmg  series : 

(i)    12  +  9  +  6S+...  to  20  terms. 

2     4 
(ii)     1  -  a  +  Q  +  •••  *o  ^  terms. 

(iii)    4  +  '8  +  -16  +  . . .  to  infinity. 

^n*.(i)48Jl-(|)"'j.    (u)g,    (iii)  5. 

Ex.  9.    Shew  that  the  continued  product  of  any  number  of  quantities 

n 

in  geometrical  progression  is  equal  to  (jjrZ)^,  where  n  is  the  number  of 
the  quantities  and  g,  I  are  the  greatest  and  least  of  them. 

Ex.  10.  Shew  that  the  product  of  any  odd  number  of  terms  of  a  g.p. 
will  be  equal  to  the  Tzth  power  of  the  middle  term,  n  being  the  number 
of  the  terms. 

Ex.  11.  The  sum  of  the  first  10  terms  of  a  certain  o.p.  is  equal  to  244 
times  the  sum  of  the  first  5  terms.    What  is  the  common  ratio? 

Ans,  3. 

Ex.  12.  If  the  common  ratio  of  a  a.p.  be  less  than  i,  shew  that  each 
term  will  be  greater  than  the  sum  of  all  that  foUow  it. 
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226.  Definition.  A  series  of  quantities  is  said  to  be 
in  Harmonical  Progression  when  the  difference  between 
the  first  and  the  second  of  any  three  consecutive  terms  is 
to  the  difference  between  the  second  and  the  third  as  the 
first  is  to  the  third. 

Thus  a,  6,  c,  d  &c.,  are  in  Harmonical  Progression 
[H.  P.],  if 

a  —  h  :  h  —  c  ::  a  :  c, 

h  —c  :  c  —  d  ::  h  :  d, 
and  so  on. 

If  a,  b,  c  be  in  harmonical  progression,  we  have  by 
definition 

a  —  b  :  h  —  c  ::  a  :  c; 

.*.  c  (a  —  6)  =  a  (6  —  c). 

17—2 
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Hence,  dividing  by  abc,  we  have 

b     a^  c     b 

which  shews  that  -»  i ,  -  are  in  arithmetical  progression. 

Thus,  if  quantities  are  in  harmonical  progression,  their 
reciprocals  are  in  arithmetical  progression, 

227.    Harmonic  Mean.     If  a,  b,  c  be  in  harmonical 
progression,  ->  t,  -  will  be  in  arithmetical  progression. 

2     11 

Hence  r  =  ~  +    5 

6     a     c 

7       2ac 
.*.  6  = 


a  +  c 


Thus  the  harmonic  mean  of  two  quantities  is  twice 
their  product  divided  by  their  sum. 

If  we  put  A,  0,  H  for  the  arithmetic,  the  geometric, 
and  the  harmonic  means  respectively  of  any  two  quantities 
a  and  6,  we  have 

A  =  \{a^b),  Q^Jab,  S  =  ^; 

.\A.H=:G\ 

Thus  the  geometric  mean  of  any  two  quantities  is  also 
the  geometric  mean  of  their  arithmetic  and  harmonic 
means, 

228.  Theorem.  The  arithmetic  mean  of  two  unequal 
positive  quantities  is  greater  than  their  geometric  mean. 

If  a,  6  be  the  two  positive  quantities  we  have  to  shew 
that  _ 

\[a+b)>JcS>, 

or  i  (Va  -  V&)'  >  0. 
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Now  {hja  —  V&)'  is  always  positive,  and  therefore  greater 
than  zero,  unless  a  =  6. 

Since  the  arithmetic  mean  of  two  positive  quantities  is 
greater  than  their  geometric  mean,  it  follows  from  Art.  227 
that  the  geometric  mean  is  greater  than  the  harmonic. 

229.  To  insert  n  harmonic  means  between  any  two 
quantities  a  and  h. 

1  1 

Insert  n  arithmetic  means  between  -  and  t  >  and  the 

a  0 

reciprocals  of  these  will  be  the  required  harmonic  means. 

The  arithmetic  means  are 

a     n-\-l\h     a)'  a     n  +  l\h     a)' 

Hence,  by  simplifying  these  terms  and  inverting  them, 
the  required  harmonic  means  will  be  found  to  be 

(7i+l)a6       (yi  + 1)  ah  (n  +  1)  ab 

nb  +  a   *  {n-l)b-\-2a' b  +  na 

230.  It  is  of  importance  to  notice  that  no  formula  can 
be  found  which  will  give  the  sum  of  any  number  of  terms 
in  harmonical  progression. 
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1.  Shew  that,  if  a,  5,  c  be  in  A.  p.,  then  will  a'  (b  +  c), 
b'  (c  +  a),  c"  (a  +  6)  be  in  A.  p. 

2.  Find  four  numbers  in  A.  P.  such  that  the  sum  of  their 
squares  shall  be  120,  and  that  the  product  of  the  first  and  last 
shall  be  less  than  the  product  of  the  other  two  by  8. 

3.  If  a,  b,  c  be  in  A.  P.,  and  6,  c,  d  he  in  h.  p.,  then  will 
a  :  b  =  c  :  d, 

4.  Find  three  numbers  in  G.  p.  such  that  their  sum  is  14, 
and  the  sum  of  their  squares  84. 
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5.  If  a,  by  e  be  in  arithmetical  progression,  and  x  be  the 
geometric  mean  of  a  and  &,  and  y  be  the  geometric  mean  of  b 
and  G ;  then  will  a;*,  6*,  y"  be  in  arithmetical  progression. 

6.  Shew  that,  if  a,  5,  c  be  in  harmonical  progression^  then 

will  y ,   i   and    — j —  ,  be  also  in  harmonical 

b-hc-a    c  +  a-b  a  +  b-c' 

progression. 

7.  Shew  that,  if  a,  5,  c,  c?  be  in  harmonical  progression, 
then  will 

3{b-a)(d'-c)  =  (c-b)(d-a). 

8.  Shew  that,  if  a,  5,  c  be  in  harmonical  progression, 

2         1  1 


b     b  —  a     b  —  c' 

9.     Shew  that,  if  a,  6,  c  be  in  h.  p.,  then  will 

b  +  a     b  +  c 


b—a     b—c 


=  2. 


10.  If  a,  5,  c  be  in  a.  p.,  b,  c,  d  in  o.  p.,  and  c,  d,  e  in  h.  p.; 
then  will  a,  c,  e  be  in  g.  p. 

11.  If  a,  by  c  be  in  h.  p.,  then  will  a  —  « ,  „  t  c  —  ;r  be  in  G.  p. 

12.  If  a,  by  c  are  in  h.  p.,  then  a,  a  —  c,  a  -  6  are  in  h.  p., 
and  also  c,  c  —  a,  c  —  6  are  in  h.  p. 

13.  If  Xy  a^y  a^y  y  he  in  a.  p.,  oj,  g^y  g^y  ^  in  g.  p.,  and 
aJ|  ^,,  ^a,  y  in  H.  p.,  then 

14.  The  sum  of  the  first,  second,  and  third  terms  of  a  G.  p. 
is  to  the  sum  of  the  third,  fourth  and  fifth  terms  as  1  :  4,  and 
the  seventh  term  is  384.     Find  the  series. 
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15.  If  aj,  ttg,  a^, »,  ^©  iJi   harmonical   progression, 

prove  that  a^a^  +  a^a^  +  a^a^  + +  a,_ia^  =  (w  -  1)  a^a^. 

16.  If  a,  X,  f/f  b  \ye  in  arithmetical  progression,  and 
a,  u,  Vy  b  be  in  harmonical  progression,  then  icv  =  yu  =  ab. 

17.  Three  numbers  are  in  arithmetic  progression,  and  the 
product  of  the  extremes  is  5  times  the  mean  ;  also  the  sum  of 
the  two  largest  is  8  times  the  least.     Find  the  numbers. 

18.  If  = r .  b.  z — r-  be  in  A.  P.  :  then  a.  ^t  c  will  be 

1  —  aol-6c  6 

in  H.  p. 

19.  If  a,  by  c,  be  in  a.  p.,  and  a',  b%  c'  be  in  h.  p.,  prove 
that  —  ^ ,  6,  c  are  in  o.  p.,  or  else  a  =  b  =  c, 

20.  If  a;  be  any  term  of  the  arithmetical  progression  and  y 
be  the  corresponding  term  of  the  harmonical  progression  whose 
first  two  terms  are  a,  6,  then  will  as  —  a:y  —  a::6:y. 

21.  Shew  that,  if  a  be  the  arithmetic  mean  between  b  and 
c,  and  b  be  the  geometric  mean  between  a  and  c,  then  will  c  be 
the  harmonic  mean  between  a  and  b, 

22.  The  series  of  natural  numbers  is  divided  into  groups  as 
follows  :  1 ;  2,  3  ;  4,  5,  6 ;  7,  8,  9,  10  ;  and  so  on.  Prove  that 
the  sum  of  the  numbers  in  the  W^  group  is  \h  (k'  +1). 

23.  An  A.  p.  and  an  h.  p.  have  each  the  first  term  a,  the 
same  last  term  l,  and  the  same  number  of  terms  n ;  prove  that 
the  product  of  the(r+l)***  term  of  the  one  series  and  the 
(n  -  r)*^  term  of  the  other  is  independent  of  r. 

24.  Terms  equidistant  from  a  given  term  of  an  A.  p.  are 
multiplied  together ;  shew  that  the  differences  of  the  successive 
terms  of  the  series  so  formed  are  in  A.  p. 

25.  Shew  that,  if  aS^^,  aS^^,  S^  be  the  sum  of  n  terms,  of 
271  terms,  and  of  3n  terms  respectively  of  any  Q.  P.,  then  will 

26.  If  a,  6,  c  be  either  in  a.  p.,  in  g.  p.,  or  in  h.  p.,  and  n 
be  any  positive  integer,  then  a"  +  c"  >  26". 
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27.  U  P,  Q,  B  he  respectively  the  p*,  5^,  and  r*  terms 
(i)  of  Q-n  A,  p.,  (ii)  of  a  a.  p.,  and  (iii)  of  an  h.  p.,  then  will 

(i)     F{q^r)  +  Q{r^p)^Rip^q)  =  0, 

(ii)    p«-^  ^-i* .  i?p-«  =  1, 

(iii)     QR{q-r)-^RP{r-p)  +  PQ{p-q)  =  0. 

28.  Shew  that,  if  a^  a,,  ^3, ,  a«  be  in  h.  p.,  then 

will  be  in  H.  P. 

29.  Shew  that,  if  aj,  a^,  a^ ,  a„  be  all  real,  and  if 

(a^«  +  a/  + +  a\_^)  (»/  +  »/+ +  «„*) 

=  (»!««  +  ag«8  + +  ««-ia„)', 

then  will  «„  a^,  ag be  in  G.  p. 

30.  Shew  that  any  even  square,  (2n)',  is  equal  to  the  sum 
of  n  terms  of  one  series  of  integers  in  A.  p.,  and  that  any  odd 
square,  (2w+  1)',  is  equal  to  the  sum  of  n  terms  of  another  A.  p. 
increased  by  unity, 

31.  Prove  that  any  positive  integral  power  (except  the 
first)  of  any  positive  integer,  p^  is  the  sum  of  p  consecutive 
terms  of  the  series  1,  3,  5,  7,  ^c. ;  and  find  the  first  of  the  p 
terms  when  the  sum  is  p^, 

32.  If  an  a.  p.  and  a  g.  p.  have  the  same  first  term  and  the 
same  second  term,  every  other  term  of  the  A.  p.  will  be  less  than 
the  corresponding  term  of  the  G.  p.,  the  terms  being  all 
positive. 


CHAPTER  XVIII. 

Systems  of  Numeration. 

231.  Ik  arithmetic  any  number  whatever  is  repre- 
sented by  one  or  more  of  the  ten  symbols  0, 1,  2,  3,  4,  5,  6, 
7,  8,  9,  caUed  figures  or  digits,  by  means  of  the  convention 
•that  every  figure  placed  to  the  left  of  another  represents 
ten  times  as  much  as  if  it  were  in  the  place  of  that  other. 
The  cipher,  0,  which  stands  for  nothing,  is  necessary 
because  one  or  more  of  the  denominations,  units,  tens, 
hundreds,  &c.,  may  be  wanting. 

The  above  mode  of  representing  numbers  is  called  the 
common  scale  of  notation^  and  10  is  said  to  be  the  radix  or 
base. 

232.  Instead  of  ten  any  other  number  might  be  used 
as  the  base  of  a  system  of  numeration,  or  as  it  is  generally 
called  the  radix  of  a  scale  of  notation ;  and  to  express  a 
number,  JV,  in  the  scale  whose  radix  is  r,  is  to  write  the 

number  in  the  form d^^d.d^  where  each  of  the  digits 

dj,  d^y  d^y  dg is  less  than  r,  and  where  d^  stands  for  d^ 

units,  d^  stands  for  d^  x  r,  d,  for  d^  x  r',  and  so  on. 


Thus  N^  d^  +  d^r  +  d^r^  +, 


Note,     Throughout  this  chapter  each  letter  stands  for  a 
positive  integer,  unless  the  contrary  is  stated. 
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233.  Theorem.  Any  positive  integer  can  he  expressed 
in  any  scale  of  notation^  and  this  can  he  done  in  only  one 
way. 

For  divide  N  by  r,  and  let  Q.  be  the  quotient  and  c?. 
the  remainder. 

Then  N=d^  +  rxQ,. 

Now  divide  Q^  by  r,  and  let  Q,  be  the  quotient  and  d^ 
the  remainder. 

Then  Q^  =  d^  +  rQ^ ;  therefore  N  =  d^  +  rd^  +  r'Q,. 

By  proceeding  in  this  way  we  must  sooner  or  later 
come  to  a  quotient,  Q^  =  d^,  which  is  less  than  r,  when  the 
process  is  completed,  and  we  have 

N=:d^  +  rd^  +  7^d^-\-r\'\- rV^ 

so  that  the  number  would  in  the  scale  of  r  be  written 
d^ d^d^djd^. 

Each  of  the  digits  d^,  d^,  d!,, is  less  than  r,  and  any 

one  or  more  of  them,  except  the  last,  d^,  may  be  zero. 

Since  at  every  stage  of  the  above  process  there  is  only 
one  quotient  and  one  remainder  the  transformation  is 
unique. 

The  given  number  JV  may  itself  be  expressed  either  in 
the  common  or  in  any  other  scale  of  notation. 

Ex.  1.    Express  2157  in  the  scale  of  6. 

The  quotients  and  remainders  of  the  snccessive  divisions  by  6 
areas  nnder: 

6  1 2157 

6  1 359  remainder  S=dQ 

6|59. 6=di 

6~[9. 5=^3 

X 3=^8 

Thus  2157  when  expressed  in  the  scale  of  6  is  13553. 

Ex.  2.    Change  13553  from  the  scale  of  6  to  the  scale  of  8. 

We  have  the  following  successive  divisions  by  8,  remembering 
that  since  13553  is  in  the  scale  of  6  each  figure  is  six  times  what 
it  would  be  if  it  were  moved  one  place  to  the  left,  so  that  to  begin 
with  we  have  to  divide  1x6  +  3,  and  so  on. 
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8 [ 13553 


8  1125  remainder  6 


8  5'6 5 


4 1 

Henoe  the  number  required  is  4155. 

Ex.  3.    Change  4155  from  the  scale  of  8  to  the  scale  of  10. 
Proceeding  as  before,  we  have 

10 1 4155 
101^57  remainder  7 

10]^ 5 

2 1 

Thas  2157  is  the  nnmber  required. 

Or  thus : 

Since     4155=4 x8»+lx8»+5x8  +  5={(4x 8  +  1)8  +  5}  8+5, 
the  required  result  may  be  obtained  as  follows : — 

Multiply  4  by  8  and  add  1 ;  multiply  this  result  by  8  and  add 
5;  then  multiply  again  by  8  and  add  5. 

Ex.  4.    Express  3166  in  the  scale  of  12.    [Represent  ten  by  t,  and 
eleven  by  eJ]  Ana,  19et, 

Ex.  5.  •  Express  ^  in  the  scale  of  4.  Am,   r^pj . 

«i  111 

Ex.  6.    In  what  scale  is  4950  written  20301?  Aru,  7. 

234.    Radix  Fractions.    Radix  fractions  in  any  scale 

correspond  to  decimal  fractions  in  the  ordinary  scale,  so  that 

,    «    ct      6      c 

'doc...  stands  for- + -i+-,+ 

r     IT     ir 

To  shew  ihat  any  given  fraction  may  he  expressed  by  a 
series  of  radix  fractions  in  any  proposed  scale. 

Let  F  be  the  given  fraction ;  and  suppose  that,  when 
expressed  by  radix  fractions  in  the  scale  of  r,  we  have 

F^abc =  ^  +  p  +  p+ , 

where  each  of  a,  6,  c is  a  positive  integer  (including 

zero)  less  than  r. 
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Multiply  by  r ;  then 

rr  be 

Fxr  =  a+--\-   8+ 

r     r 


Hence  a  must   be   equal  to   the  integral  part,  and 

he 

-  +  -ji  + must  be  equal  to  the  fractional  part  of  Fr. 

(If  Fr  be  less  than  1,  a  is  zero.) 

Let  F^  be  the  fractional  part  of  Fr ;  then 

r,     h     c 


r     7^ 
Multiply  by  r ;  then 

F.  xr  =  6  +  -+ 

Hence  h  must  be  equal  to  the  integral  part  of  F^r. 
Thus  a,b,c, can  be  found  in  succession. 

Ex.  1.    Express  ^  by  a  series  of  radix  fractions  in  the  scale  of  6. 

2^x6=0  +  ^^.  ^'<6  =  l  +  ^7,  ^x6=2. 

Hence  '012  is  the  required  result. 

Ex.  2.    Express  =  by  a  series  of  radix  fractions  in  the  scale  of  3. 

1  Q  ^9  2  6 

^x3=0+^;  ^x3=l+|;  ^x3=0+^; 

?x3=2+-;  -x3=l+|;  ^x3=2+-. 

Hence  '010212  is  the  required  result. 

Ex.  3.    Change  324'26  from  the  scale  8  to  the  scale  6. 

The  integral  and  fractional  parts  must  be  considered  separately. 


^-v 
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6  824 
6  4S  remainder  2 
6 * 6 

•26 
6 

204 
6 

0-30 
6 

2-20 
6 

1-40 
6 

3-00 
Thus  the  required  result  is  552-20213. 

Ex.  4.    In  the  scale  of  8  express  *16315  as  a  vulgar  fraction. 

N=  -16315 ; 
.-.  832^=16-315; 
.-.  8B^^=  16316 -SlS; 

16315  - 16  _  16315  - 16  _  16277 
•*•  ^-    8«  -  88     "     77700     -  77700 ' 

£x.  5.    In  the  scale  of  7  express  *23i  as  a  vulgar  fraction. 

113 
^'    330' 

Ex.  6.    Change  314*23  from  the  scale  of  5  to  the  scale  of  7. 

Ans.    150*3564. 

235.  Theorem.  The  difference  between  any  nwmber 
and  the  sum  of  its  digits  is  divisible  6y  r  —  1,  where  r  is  the 
radix  of  the  scale  in  which  the  number  is  expressed. 

Let  jy  be  the  number,  8  the  sum  of  the  digits,  and  let 
d,,d,,d, be  the  digits. 

Then       ]!^  =  d,-\' rd,-^- r'd^+ +^X» 

and  8^d^  +  d^+d^+ +  d„. 

...  JV^-fif  =  (r-l)d,  +  (r*-l)d,+ +(r"-l)d^. 

Now  each  of  the  terms  on  the  right  is  divisible  by 
r-l  [Art.  86]. 

Hence  N—  S  is  divisible  by  r  —  1. 

Since  N  —  S  is  divisible  by  r  —  1,  iV  and  S  must  leave 
the  same  remainder  when  divided  by  r  —  1. 
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Ex.  1.  The  difference  of  any  two  numbers  expressed  by  the  same 
digits  is  divisible  by  r  -  1. 

For  the  sum  of  the  digits  is  the  same  for  both ;  and  since  N-.-S 
and  N9-S  are  botii  divisible  by  r-1,  it  follows  that  N1-N2  is 
divisible  by  r-1. 

Ex.  2.  Shew  that  in  the  ordinary  scale  a  number  is  divisible  by  9  if 
the  sum  of  its  digits  be  divisible  by  9,  and  by  3  if  the  sum  of  its  digits 
is  divisible  by  3. 

N-8  iBA  multiple  of  9 ;  hence,  if  jS^  be  a  multiple  of  9,  so  also  is 
N ;  and,  if  5  be  a  multiple  of  3,  so  also  is  N, 

Ex.  3.  Shew  that  any  number  is  divisible  by  r+1  if  the  difference 
between  the  sum  of  the  odd  and  the  sum  of  the  even  digits  is 
divisible  by  r+1. 

Let  N=dQ  +  d^r  +  d2r^  +  d^f^+ , 

and  D=dQ-di  +  d2-dj^+ 

Then       i^-D  =  d,  (r  +  l)+dj  (r»-l)  +  <^(r*  +  l)  + 

Each  of  the  terms  on  the  right  is  divisible  by  r  + 1 ;  .*.  ^- D  is 
divisible  by  r'+ 1.    Hence  if  D  is  divisible  by  r + 1  so  also  is  N. 

Ex.  4.  If  Ni  and  N^  be  any  two  whole  numbers,  and  if  the  remainders 
left  after  dividing  the  sum  of  the  digits  in  Nit  N^  and  in  N^xN^  by 
9  be  n^,  Ttj  and  p  respectively ;  then  will  UiU^  be  equal  to  p,  or  differ 
from  p  by  a  multiple  of  9. 

For  Ni=ni  +  &  multiple  of  9,  and  N=n^  +  ek  multiple  of  9; 
therefore  NixN^^nixn^+Bk  multiple  of  9.  Hence  UiU^ + a  multiple 
of  9  is  equal  to  jp  +  a  multiple  of  9. 

If  the  above  is  applied  in  any  case  of  multiplication,  and  it  is 
found  that  niti^  does  not  equal  p,  or  differ  from  it  by  a  multiple  of  9, 
there  must  be  some  error  in  the  process  of  multiplication. 

This  gives  a  method  of  testing  the  accuracy  of  multiplication; 
the  test  is  not  however  a  complete  one,  for  although  it  is  certain  that 
there  must  be  an  error  if  71^  x  rij  does  not  equal  pt  or  differ  from  it  by 
a  multiple  of  9,  there  may  be  errors  when  the  condition  is  satisfied, 
provided  that  the  errors  neutralize  one  another  so  for  as  the  sum  of 
the  digits  in  the  product  is  concerned. 

This  is  called  the  **  Rule  for  casting  out  the  nines," 

Ex.  6.  A  number  of  three  digits  in  the  scale  of  7  has  the  same  digits 
in  reversed  order  when  it  is  expressed  in  the  scale  of  9 :  find  the 
number. 

Let  a,  b,  c  be  the  digits ;  then  we  have 

49a+76  +  c=81c+96  +  a, 

where  a,  b,  c  are  positive  integers  less  than  7. 

Henoe  40c  +  6 = 24a. 
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Now  40c  and  24a  are  both  divisible  by  8 ;  therefore  b  must  be 
divisible  by  8.  But  b  is  less  than  7,  it  must  therefore  be  zero.  And 
since  5  is  zero,  we  have  5c  =  3a,  which  can  only  be  satisfied  when 
c=danda=6. 

Thus  the  number  required  is  503. 

Ex.  6.  A  number  consisting  of  three  digits  is  doubled  by  reversing  the 
digits ;  prove  that  the  same  will  hold  for  the  number  formed  by  the 
first  and  last  digits,  and  also  that  such  a  number  can  be  found  in 
only  one  scale  of  notation  out  of  every  three. 

Let  the  number  be  abc  in  the  scale  of  r. 

Then  we  have  (ahc)  x  2—cba» 

Since  cba  is  greater  than  abc^  c  must  be  greater  than  a. 

Hence  we  must  have  the  following  equations : 

2c=a  +  r (i), 

26  +  1  =  6 +  r (ii), 

2a  +  l=c (iii). 

From  (i)  and  (iii)  we  see  that  the  number  represented  by  ca  is 
double  that  represented  by  ac. 

Also  4a  +  2  =  2c=a+r; 

.«.  r-2=3a. 

Hence,  as  a  is  an  integer,  r  -  2  must  be  a  multiple  of  3,  so  that 
the  number  must  be  in  one  of  the  scales  2,  5,  8, 11,  &o.,  the  numbers 
corresponding  to  these  scales  being  Oil,  143,  275,  3t7,  <&c. 
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1.  Find  the  number  which  has  the  same  two  digits  when 
expressed  in  the  scales  of  7  and  9. 

2.  In  any  given  scale  write  down  the  greatest  and  the 
least  number  which  has  a  given  number  of  digits. 

3.  A  number  of  six  digits  is  formed  by  writing  down  any 
three  digits  and  then  repeating  them  in  the  same  order ;  shew 
that  the  number  is  divisible  by  1001. 

4.  Of  the  weights  1,  2,  4,  8,  &c.  lbs.,  which  must  be  taken 
to  weigh  1027  lbs.  1 
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5.  Shew  that  the  number  represented  in  any  scale  by  144 
is  a  square  number. 

6.  Shew  that  the  numbers  represented  in  any  scale  by 
121,  12321  and  1234321  are  perfect  squares. 

7.  Find  a  number  of  two  digits,  which  are  transposed  by 
the  addition  of  18  to  the  number,  or  by  converting  it  into  the 
septenary  scale. 

8.  A  number  is  denoted  by  4*440  in  the  quinary  scale, 
and  by  4*54  in  a  certain  other  scale.  What  is  the  radix  of 
that  other  scale  ? 

9.  If  S  be  the  sum  of  the  digits  of  a  number  iT,  and  2Q 
be  the  sum  of  the  digits  of  2N',  the  number  being  expressed  in 
the  ordinary  scale,  shew  that  S  '^  Q  ia  a,  multiple  of  9. 

10.  If  a  whole  number  be  expressed  in  a  scale  whose 
radix  is  odd,  the  sum  of  the  digits  will  be  even  if  the  number 
be  even,  and  odd  if  the  number  be  odd. 

11.  Prove  that,  in  any  scale  of  notation,  the  difference  of 
the  square  of  any  number  of  three  digits  and  the  square  of  the 
number  formed  by  reversing  the  digits  is  divisible  by  r*  -  1. 

12.  Prove  that,  in  any  scale  of  notation,  the  difference  of 
the  square  of  any  number  and  the  square  of  the  number  formed 
by  reversing  the  digits  is  divisible  by  r*  -  1. 

13.  A  number  of  three  digits  in  the  scale  of  7,  when 
expressed  in  the  scale  of  11  has  the  same  digits  in  reversed 
order :  find  the  number. 

14.  Prove  that  all  the  numbers  which  are  expressed  in 
the  scales  of  5  and  9  by  using  the  same  digits,  whether  in  the 
same  order  or  in  a  different  order,  will  leave  the  same  remainder 
when  divided,  by  4. 

15.  There  is  a  certain  number  which  is  expressed  by  6 
digits  in  the  scale  of  3,  and  by  the  last  three  of  those  digits  in 
the  scale  of  12.     Find  the  number. 
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16.  Find  a  number  of  four  digits  in  the  scale  of  8  which 
when  doubled  will  have  the  same  digits  in  reverse  order. 

17.  The  digits  of  a  number  of  three  digits  are  in  a.  p. 
The  number  when  divided  by  the  sum  of  its  digits  gives  a 
quotient  15 ;  and  when  396  is  added  to  the  number,  the  sum 
has  the  same  digits  in  inverted  order.     Find  the  number. 

18.  Find  the  digits  a,  by  c  m  order  thssb  the  number 
lBabi6c  may  be  divisible  by  792. 

19.  Pix)ve  that  there  is  only  one  scale  of  notation  in 
which  the  number  represented  by  1155  is  divisible  by  that 
represented  by  12,  and  find  that  scale. 

20.  Find  a  number  of  four  digits  in  the  oi*dinary  scale 
which  will  have  its  digits  reversed  in  order  by  multiplying 
by  9. 

21.  In  the  scale  of  notation  whose  radix  is  r,  shew  that 
the  number  (r*  - 1)  (f  -1)  when  divided  by  r  - 1  will  give  a 
quotient  with  the  same  digits  in  the  reverse  order. 

22.  Shew  that,  in  any  scale  of  notation, 

the  circulating  period  consisting  of  all  the  figures  in  order 
except  r—2  which  is  passed  over.  For  example,  in  the 
ordinary  scale,  ^  =  01234567^. 

23.  There  is  a  number  of  six  digits  such  that  when  the 
extreme  left-hand  digit  is  transposed  to  the  extreme  right-hand, 
the  rest  being  unaltered,  the  number  is  increased  three-fold. 
Prove  that  the  left  hand  digit  must  be  either  1  or  2,  and  find 
the  number  in  either  case. 

24.  Find  a  number  of  three  digits,  the  last  two  of  which 
are  alike,  such  that  when  multiplied  by  a  certain  number  it 
still  consists  of  three  digits,  the  first  two  of  which  are  alike 
and  the  same  as  the  former  repeated  ones,  and  the  third  is  the 
sieime  as  the  multiplier, 

S.  A,  18 
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Permutations  and  Combinations. 

236.  Definition.  The  different  ways  in  which  r 
things  can  be  taken  from  n  things,  regard  being  had  to 
the  order  of  selection  or  arrangement,  are  called  the  per- 
mtUations  of  the  n  things  r  at  a  time. 

Thus  two  permutations  will  be  different  unless  they 
contain  the  same  objects  arranged  in  the  same  order. 

For  example,  suppose  we  have  four  objects,  represented 
by  the  letters  a,  b,  c,  d;  the  permutations  two  at  a  time 
are  aby  ba,  ac,  ca,  ad,  da,  be,  cb,  bd,  db,  cd,  and  dc. 

The  number  of  permutations  of  w  different  things 
taken  r  at  a  time  is  denoted  by  the  symbol  ^P^ 

237.  To  find  the  number  of  permutations  ofn  different 
things  taken  r  at  a  time. 

Let  the  different  things  be  represented  by  the  letters 
a,  b,  c, 

It  is  obvious  that  there  are  n  permutations  of  the  n 
things  when  taken  one  at  a  time,  so  that  ^P^  =  n. 

Now,  if  we  take  one  of  the  different  permutations  r  —  1 
at  a  time,  and  place  after  it  any  one  of  the  »  — (r  — 1) 
letters  which  it  does  not  contain,  we  shall  obtain  a  per- 
mutation of  the  n  things  r  at  a  time.  We  thus  obtain 
n  —  (r  —  1)  different  permutations  r  at  a  time  from  every 
one  of  the  different  permutations  r  —  1  at  a  time. 
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Hence  we  have 

,P,  =  ,P,_,x(n-r  +  l). 

Since  the  above  relation  is  true  for  all  values  of  r,  we 
have  in  succession, 

»i'^,  =  »-P^x  («-»•  + 2), 


,P.  =  J°,x(n-l). 

Also  ^Pj  =  n. 

Multiply  all  the  corresponding  members  of  the  above 
equalities,  and  cancel  all  the  common  factors;  we  then 
have 

„P,  =  7i(n-l)(7i-2) (n-r+1). 

If  all  the  n  things  are  to  be  taken,  r  is  equal  to  n,  and 
we  have 

^P^  =  n(n-1)  (n-2\ 3.2.1. 

Definitions.  The  product  n  (n  -  1)  (n  -  2)  ...2  . 1 
is  denoted  by  the  symbol  \n  or  by  w!    The  symbols  \n 

and  n !  are  read  'factorial  n' 

The  continued  product  of  the  r  quantities  n,  n  —  l, 

n  — 2, (n  — r  +  1),  n  not  being  necessarily  an  integer 

in  this  case,  is  denoted  by  n^.     Thus  n^^n  (n  —  l)  (n  —  2) 
(n  -  3). 

Hence  we  have  ^P^  =  In.  and  P^  =  n^ 

238.  To  find  the  numher  of  permutations  of  n  things 
taken  all  together,  when  the  things  are  not  all  different 

Let  the  n  things  be  represented  by  letters ;  and  sup- 
pose p  of  them  to  be  a's,  q  of  them  to  be  6's,  r  of  them  to 
be  c's,  and  so  on.  Let  P  be  the  required  number  of  per- 
mutations. 

18—2 
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If  in  any  one  of  the  actual  permutations  we  suppose 
that  the  a's  are  all  changed  into  p  letters  different  jfrom 
each  other  and  from  all  the  rest ;  then,  by  changing  only 
the  arrangement  of  these  p  new  letters,  we  should,  instead 
of  a  single  permutation,  have  ]p  different  permutations. 

Hence,  if  the  a's  were  all  changed  into  p  letters 
different  from  each  other  and  from  all  the  rest,  the  6's,  c's, 
&c.  being  unaltered,  there  would  be  P  x  Ip  permutations. 

Similarly,  if  in  any  one  of  these  new  permutations  we 

suppose  that  the  fr's  are  all  changed  into  q  letters  different 

from  each  other  and  from  all  the  rest,  we  should  obtain 

q  permutations  by  changing  the  order  of  these  q  new 

etters.     Hence  the  whole  number  of  permutations  would 
now  be  P  X  Ip  X  lg^ 

By  proceeding  in  this  way  we  see  that  if  all  the  letters 
were  changed  so  that  no  two  were  alike,  the  total  number 
of  permutations  would  be  P  x  [p  x  Ig  x  [r . . . 

But  the  number  of  permutations  all  together  of  n 
different  things  is  |n.     Hence  Pxlpx  Igx  lr...  =  |n; 

•   p= != 

|p[?|r...- 

Ex.1.  Find  ePj,  5P4  and  yPy.  Ans.   120,120,6040. 

Ex.  2.  Shew  that  10^4=7^7. 

Ex.3.  If,^P5=12x,,P„findn.  An»,l. 

Ex.  4.  If  2n^8=  1^  X  n^2»  fiiid  n,  Ans,  13. 

Ex.  6.  If  a^Ps = 2  X  ^P^,  find  n.  Ans.  8. 

Ex.  6.  Find  the  number  of  permutations  of  all  the  letters  of  each  of 
the  words  acaciat  hannah,  sticceas  and  misHssippi. 

Ans,   60,  90,  420,  34650. 

Ex.  7.  In  how  many  ways  may  a  party  of  8  take  their  places  at  a 
round  table ;  and  in  how  many  ways  can  8  different  beads  be  strung 
on  a  necklace?  Ans,  |7,  i  [7. 

Ex.  8.  In  how  many  ways  may  a  party  of  4  ladies  and  4  gentlemen  be 
arranged  at  a  round  table,  the  ladies  and  gentlemen  being  placed 
alternately?  Ans,  144. 
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Ex.  9.    The  number  of  permutations  of  n  things  all  together  in  which 

\n 
r  specified  things  are  to  be  in  an  assigned  order  is  —- , 

Ex.  10.    The  number  of  ways  in  which  n  books  can  be  arranged  on  a 
shelf  so  that  two  particular  books  shall  not  be  together  is  (n  -  2)  In  - 1. 

Ex.  11.    Prove,  by  general  reasoning,  that  „Py = ,^_iPy + ^  •  n-  i^t-v 

Combinations. 

239.  Definition.  The  different  ways  in  which  a 
selection  of  r  things  can  be  made  from  n  things,  without 
regard  to  the  order  of  selection  or  arrangement,  are  called 
the  combinations  of  the  n  things  r  at  a  time. 

Thus  the  different  combinations  of  the  letters  a,  6,  c,  d 
three  at  a  time  are  ahc,  abd,  acd  and  bed. 

The  number  of  combinations  of  n  different  things  r  at 
a  time  is  denoted  by  the  symbol  JJ^, 

240.  To  find  the  number  of  combinations  of  n  different 
things  taken  r  at  a  tims. 

Let  the  different  things  be  represented  by  the  letters 
a,bfC.., 

Now  in  the  combinations  of  the  n  letters  r  together 
the  number  in  which  a  particular  letter  occurs  is  equal  to 
the  number  of  combinations  of  the  remaining  n  —  1  letters 
r  —  1  at  a  time.  Hence  in  the  whole  number  of  combina- 
tions r  together  every  letter  occurs  ^iG^_^  times,  and 
therefore  the  total  number  of  letters  is  n  x  n-S'r-i}  b^^> 
since  there  are  r  letters  in  each  combination,  the  total 
number  of  the  letters  must  be  r  x  ^C^. 

Hence  r  x  ^0^  =  nx  ^fir-v 
Similarly  we  have  in  succession 

(^  -  1)  X  n-iC'r-i  =  (n  -  1)  X  „.,a,^„ 
(r  -  2)  X  ,.,a_,  =  (n  -  2)  X  ^_fir,,. 


2  X  ^+,0,  =  (n-r  +  2)  X  ^^^fi,. 
Also  „-rfiC^i  =  ^-^  +  l- 
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Hence,  by  multiplying  corresponding  members  of  the 
above  equations  and  cancelling  the  common  factors,  we 
have 

[r^x  JlI^  =^n{n-\){n-  2) (n  -  r  +  1), 

thatis,a  =  ^^^"^)^^-f>-^^"-^-^^>  =  ^ .(i). 

By  multiplying  the  numerator  and  denominator  of  the 
fraction  on  the  right  by  In  —  r,  we  have 


n{n  —  l)  (n  — 2)...(n  — r+  1)  x\n  —  r 

Pr"^ " i — i ^==^=^ 

\r  ^n  —  r 

\n 
-  I    }-      (ii). 


By  comparing  the  above  result  with  that  obtained  in 
Art.  238,  it  will  be  seen  that  JP^^^JJ^  x  \r.    The  relation 

^P^  =  «Cr  X  k  ^^^  however  be  at  once  obtained  from  the 
consideration  that  every  combination  of  r  different  things 
would  give  rise  to  \r  permutations,  if  the  order  of  the 

letters  were  altered  in  every  possible  way. 

Note.  In  order  that  the  formula  (ii)  may  be  true 
when  r  =  w,  we  must  suppose  that  |0  =  1,  since  JJ^  =  1. 

We  should  also  obtain  the  result  10  =  1  by  putting  w  =  1  in 

the  relation  n=n  \n  —  l, 

241.  Theorem.  The  number  of  combinations  of  n 
different  things  r  together  is  equal  to  the  nu/mber  of  the 
combinations  n  —  r  together. 

The  proposition  follows  at  once  from  the  fact  that 
whenever  r  things  are  taken  out  of  n  things,  n  —  r  must 
be  left;  and  therefore  the  number  of  different  ways  of 
taking  r  things  must  be  just  the  same  as  the  number  of 
different  ways  of  leaving  or  taking  w  —  r  things. 

The  result  can  also  be  obtained  from  the  formula 
(ii)  of  the  last  Article. 
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For       0  =  .    y-      .  and    G      = — != 


n^r 


Irjn  — r'  n    n-r  71  — 7'jy«' 


It  should  be  remarked  that  the  first  method  of  proof 
holds  good  when  the  n  things  are  not  all  different,  to  which 
case  the  formulae  of  Art.  240  are  not  applicable. 

Ex.  1.  Find  ^^G^,  ^C^  and  ^C^,                           Ana.  210,  220, 1140. 

Ex.2.  Ifn<^6=nC']2»find^(7ie.  Ans.   15S. 

Ex.  3.  Find  n,  having  given  that  ffis=tfi6'  -^'i**  !!• 

Ex.  4.  Find  w,  having  given  that  Sy^G^=5x  n-iCg.  Am.  10. 

Ex.  5.  Find  n,  having  given  that  ^04 =210.  Ans,  10. 

Ex.  6.    Find  n  and  r  having  given  that  ^P^ = 272  and  ^(7^=  136. 

Ans,  n=17,  r=2. 

Ex.  7.    Find  n  and  r  having  given  n^r-i  •  n^r  •  n^r+i  -2:3:4. 

iiw».   TC=34,  r=14. 

Ex.  8.  How  many  words  each  containing  3  consonants  and  2  vowels 
can  be  formed  from  6  consonants  and  4  vowels  ? 

The  consonants  can  be  chosen  in  qG^=20  ways;  the  vowels  can  be 
chosen  in  403=6  ways ;  hence  20  x  6  different  sets  of  letters  can  be 
chosen,  and  each  of  these  sets  can  be  arranged  in  gPg  =  120  ways. 
Hence  the  required  number  is  20  x  6  x  120. 

Ex.  9.  How  many  different  sums  can  be  formed  with  a  sovereign,  a 
half-sovereign,  a  crown,  a  half-crown,  a  shilling  and  a  sixpence? 

Number  required    =  e^i  +  e^a  +  e^s + 6^4 +6^6+ e^e = ^^' 

Ex.  10.  Shew  that,  in  the  combinations  of  2n  different  things  n 
together,  the  number  of  combinations  in  which  a  particular  thing 
occurs  is  equal  to  the  number  in  which  it  does  not  occur. 

Ex.  11.  Shew  that,  in  the  combinations  of  4n  different  things  n 
together,  the  number  of  combinations  in  which  a  particular  thing 
occurs  is  equal  to  one-third  of  the  number  in  which  it  does  not 
occur. 

Ex.  12.  Out  of  a  party  of  4  ladies  and  3  gentlemen  one  game  at  lawn- 
tennis  is  to  be  arranged,  each  side  consisting  of  one  lady  and  one 
gentleman.     In  how  many  ways  can  this  be  done?  Aru.  36. 

Ex.  13.  The  figures  1,  2,  3,  4,  5  are  written  down  in  every  possible 
order :  how  many  of  the  numbers  so  formed  will  be  greater  than  23000? 

Ans.  90. 
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Ex.  14.  At  an  election  there  are  fonr  candidates  and  three  members 
to  be  elected,  and  an  dector  may  vote  for  any  number  of  candidates 
not  greater  than  the  number  to  be  elected.  In  how  many  ways  may 
an  elector  vote?  Ans,  14. 

242.     To  prove  that  JO^  +  J0^_^  =  ^^fi^ 

If  the  total  number  of  combinations  of  (n  +  1)  things  r 
together  be  divided  into  two  groups  according  as  they  do  or 
do  not  contain  a  certain  particular  letter,  it  is  clear  that  the 
number  of  the  combinations  which  do  not  contain  the 
letter  is  the  number  of  combinations  r  together  of  the 
remaining  n  things,  and  the  number  of  the  combinations 
which  do  contain  the  letter  is  the  number  of  ways  in  which 
r  -  1  of  the  remaining  n  things  can  be  taken. 

The  above  result  can  also  be  proved  as  follows : 

From  Art.  240  we  have 

p.p    __w(7i— l)...(n  — r  +  1)     n(n— l)...(n  — r4-2) 
W  +  nW-i-  1.2 r  "^       1.2 (r-1) 

^      1.2......r ^{n-r+l  +  r} 

_(n-i-l)n(n-l)  ..,(n-r+2)  _      ^ 
1.2 r  -n+iW. 

243.    Greatest  value  of  ^0^.     To  find  the  greatest 
value  of  ^C^  for  a  given  value  ofn. 

From  the  formulae  of  Art.  240,  we  have 

Hence  /J^  =«C^r-i»  according  as  n  — r  +  l=r;  that  is, 
according  as  r  =  ^  (n  + 1). 


n 
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Thus  the  number  of  combination  of  n  things  r  together 
increases  with  r  so  long  as  r  is  less  than  i  (^  +  1). 

If  then  n  be  even,  jO^  is  greatest  when  ^  =  5 . 

If  n  be  odd,  JJr<n(^r-t  as  r  ^  i(w+l),  and  J0,= 
Jd^^  when  r  =  J  (n  +  1).  Thus,  when  n  is  odd,  ,0|(^_j)  = 
n^iu+i)  *^^  these  are  the  greatest  values  of  JO^, 

For  example,  if  n=10,  .C^  is  greatest  when  r=5.  Also  if  n=ll, 
nCr  is  the  same  for  the  values  5  and  6  of  r,  and  HC^is  greater  for  these 
values  than  for  any  other  value. 

244.  Theorem.  To  prove  that,  if  x  and  y  he  any  two 
positive  integers  such  that  oi!  +  y<=m,  then  mil 

Suppose  that  m  letters  a,  6,...,  p,  q,..,,  are  divided 
into  two  groups  a,  6,...,  and  p,  ?,...,  there  being  x  and 
y  letters  respectively  in  these  croups.  Then  the  whole 
number  of  ways  in  which  n  of  the  m  things  can  be  taken 
will  clearly  be  equal  to  the  sum  of  the  number  of  ways 
of  taking  n  out  of  the  first  group  and  none  out  of  the 
second,  n  —  1  out  of  the  first  group  and  one  out  of  the 
second,  n--2  out  of  the  first  group  and  2  out  of  the 
second,  and  so  on. 

Now  n  can  be  taken  out  of  the  first  group  in  „C^ 
ways.  Also  n  —  1  can  be  taken  out  of  the  first  group  in 
«^«-i  w^ys,  and  any  one  of  these  sets  of  w  —  1  things  can 
be  taken  with  any  one  of  the  yC^  ways  of  taking  1  from 
the  second  group,  so  that  the  number  of  ways  of  taking 
n  —  1   from  the  first  group  and  1  from   the   second  is 

Similarly,  the  number  of  ways  of  taking  n  — 2  from 
the  first  group  and  2  from  the  second  is  «0^_j  x  ^C,. 

And,  in  general,  the  number  of  ways  of  taking  n  —  r 
from  the  first  group  and  r  from  the  second  is  jO^^r  ^  fi  • 
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Hence  we  have 

If  a?  or  y  be  less  than  n  some  of  the  terms  on  the  right 
will  vanish ;  for  ^(7^  =  0  if  r  >  w. 

245.    Vandermonde^s  Theorem.     From  the  last 
Article,  if  a?,  y  and  n  be  any  positive  integers  such  that 

a?  +  y  is  greater  than  n,  we  have,  since  JO^  =  .— ^ , 


\n         |r^'  |yi-l'|l      (n-2'[2 


+n-r       Vr    •  •     y» 

.  I       ^\     •  .  •  T"   I        • 


•    I         T^    •  •  •    T^    I 

n  —  r  vr  vn 


Multiply  each  side  of  the  last  equation  by  In,  and  we 
have 


The  above  has  been  proved  on  the  supposition  that  x 
and  y  are  positive  integers  such  that  a?  +y  is  greater  than 
n ;  and  by  means  of  the  theorem  of  Art.  91,  the  proposi- 
tion can  be  proved  to  be  true  for  all  valvss  of  x  and  y. 

For  the  two  expressions  which  are  to  be  proved 
identical  are  only  of  the  nth  degree  in  x  and  y.  But,  if 
y  has  any  particular  integral  value  greater  than  n,  the 
equation  is  known  to  be  true  for  any  positive  integral 
value  of  X,  and  thus  for  Tnore  than  n  values;  and 
hence  it  must  be  true  for  that  value  of  y  and  any  value 
whatever  of  x.  Hence  the  proposition  is  true  for  any 
particular  value  whatever  of  x,  and  for  more  than  n  values 
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of  y ;  it  must  therefore  be  true  for  all  vcdues  of  x  and  for 
all  values  of  y. 

This  proves  Vandermonde's  theorem : — 

Ifnhe  any  positive  integer ^  and  x,  y  have  any  values 
whatever;  then  will 

In 

...  +  I — — —  X  .^  v,+ +'y«- 


n  — r 


Homogeneous  Products. 

246.  The  number  of  diflferent  products  each  of  r 
letters  which  can  be  made  from  n  letters,  when  each 
letter  may  be  repeated  any  number  of  times,  is  denoted 
by  the  symbol  ^H^ 

To  find  JS^ 

Since  in  each  of  the  r- dimensional  products  of  n 
things  there  are  r  letters,  the  total  number  of  letters  in  all 
the  products  will  be  ^H^  x  r ;  and,  as  each  of  the  n  letters 
occurs  the  same  number  of  times,  it  follows  that  the 
number  of  times  any  particular  letter,  a  suppose,  occurs  is 
JI^  xr-^n. 

Now  consider  all  the  terms  which  contain  a  at  least 
once.  If  any  one  of  these  terms  be  divided  by  a  the 
quotient  will  be  of  r  —  1  dimensions;  and,  when  all 
the  terms  which  contain  a  are  so  divided,  we  shall  obtain 
without  repetition  all  the  possible  homogeneous  products 
of  the  n  letters  of  r  -- 1  dimensions.  Now  the  homogeneous 
products  of  r  —  1  dimensions  are  in  number  J^r-i  5  ^^^» 
by    the    above,    the    number    of    a's    they    contain    is 

X  JS  ,.     Hence,  taking  into  account  the  a  which  is 

n  ''"* 

a  factor  of  each  of  the   H^  ,  terms,  the  total  number  of  a's 
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wfaiefa  ooeor  ID  all  the  r-dimensioiial  prodocte 

•//.^,+ — x^,,^  that  ui  '^^^  J3; 


Hence  eqaaiiDg  the  two  ezpressioiiB  fi>r  the  nomher 
of  (i(u,  we  bare 

-xjtlr^ x^,^; 

T 

Since  the  above  relation  is  tme  for  all  values  of  n  and 
r,  we  have  in  succession 

_«  +  r--2       ^ 


7/   -^tlv     77^ 

Also  ^//j  is  obviously  equal  to  n. 

Honce,  by  multiplying  and  cancelling  common  factors, 
wo  have 


rr  _  n{n-\-\) (n-4-r  —  1) 

•    '•"  1.2: r 


Kx.  1.    Find  the  number  of  combinationB  three  at  a  time  of  the  letters 
a^h^c^  d  when  the  letters  may  be  repeated.  Ans.  20. 

Ex.  2.    Find  the  number  of  different  combinations  six  at  a  time  which 
oan  bo  formed  ftrom  6  a%  6  6's,  6  c's  and  6  (2's.  Atis,  84. 

Kx.  8.    Shew  that  ^Hy=„_iflry+«flry-i, 

and  deduce  that 

Ex.  4.    Shew  that 
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247.  Many  theorems  relating  to  permutations  and 
combinations  are  best  proved  by  means  of  the  binomial 
theorem  :  examples  will  be  found  in  subsequent  chapters. 

Ex.  1.  Find  the  number  of  ways  in  which  mn  different  things  can 
be  divided  among  n  persons  so  that  each  may  have  m  of  them. 

The  number  of  ways  in  which  the  first  set  of  m  things  can  be 
given  is  .mCm;  and,  whatever  set  is  given  to  the  first,  the  second 
set  can  be  given  in  MM-«^m  ways ;  so  also,  whatever  sets  are  given 
to  the  first  and  second,  the  third  set  can  be  given  in  m^-^C^  ways ; 
and  so  on. 

Hence  the  required  number  is 

\mn               |m(n-l)           |wi(n-2)  12m       \m 

~  |m  |m(yt-l)      rm|m(n-2)      [m|m(n-3)      \m\m      \m 


Ex.  2.    Prove  that 

Since  ,C, . .H,  =  "("-!)  ";••(" -'•+1) . n(n  +  l)     (n  +  r-1 

n«(ng-^l«) (n«-r"^«) 

~  1«.22 r«  ' 

we  have  to  prove  that 

.      na     ng  (n«  -  V)     n»  (w«  - 1')  (w^  -  2») 

1«  ■*■     12.22  1«. 28.33         "^ 

n«(n'-l«)...(n«-;rri») 

^^      ^  12.2»...n2  "*  • 

n2-l2 
Now  the  first  two  terms  = -y-  ; 

.• three =^^^^z3J^ 

__     (n''-l')(n'-2')(n»-8' 

and  so  on. 

Hence  the  sum  of  all  the  terms  on  the  left 

_,    ,,.(«'-l')(n»-2') (n'-n')_^ 

~^'   '  1«.2» n»  "• 
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Ex.  3.  Shew  that  n  straight  lineR,  no  two  of  which  are  parallel  and 
no  three  oi  which  meet  in  a  point,  divide  a  plane  into  jn  (n+1)  +1 
parts. 

The  nth  straight  line  is  cut  by  each  of  the  other  n- 1  lines ;  and 
hence  it  is  divided  into  n  portions.  Now  there  are  two  parts  of  the 
plane  on  the  two  sides  of  each  of  these  portions  of  the  nth  line  which 
would  become  one  part  if  the  nth  line  were  away.  Hence  the  plane  is 
divided  by  n  lines  into  n  more  parts  than  it  is  (Uvided  by  n  - 1  lines. 

Hence,  if  F{x)  be  put  for  the  number  of  parts  into  which  the 
plane  is  divided  by  x  straight  lines,  we  have 

J?'(n)  =  F(n-l)+n. 
Similarly  F  (n  - 1)  =  J"  (n  -  2)  +  (n  - 1), 


and  F(2)  =  F(l)+2. 

But  obviously  F  (1)  =  2. 

Hence  F(n)=2  +  2  +  3  +  4+ +n 

=  1+Jn(n  +  1). 

Ex.  4.  Suppose  n  things  to  be  given  in  a  certain  order-  of  succession. 
Shew  that  the  number  of  ways  of  taking  a  set  of  three  things  out  of 
these,  with  the  condition  that  no  set  shall  contain  any  two  things 
which  were  originally  contiguous  to  each  other  is  ^(n  -  2 J  (n  -  3)  (n  -  4). 
Shew  also  that  if  the  n  given  things  are  arranged  cychcaUy,  so  that 
the  nth  is  taken  to  be  contiguous  to  the  first,  tiie  number  of  sets  is 
reduced  to  J  n  (»  —  4)  (n  -  6). 

Consider  the  second  case  first. 

Let  the  different  things  be  represented  by  the  letters  afb^c 

Suppose  that  a  is  taken  first.  Then,  if  either  of  the  two  letters 
next  but  one  to  a  be  taken  second,  any  one  of  n  -  5  letters  can  be 
taken  for  the  third  of  the  set.  If,  however,  the  second  letter  is  not 
next  but  one  to  a,  but  in  either  of  the  n  -  5  other  possible  places, 
there  would  be  a  choice  of  n— 6  places  for  the  third  letter  of  the  set. 
Hence  the  total  number  of  ways  of  taking  3  letters  in  order  a  being 
first  is  2  (n  -  5)  +  (n  -  6)  (n  -  6),  that  is  (n  -  4)  (n  -  6).  There,  is  the 
same  number  when  any  one  of  the  other  letters  is  taken  first  i  hence, 
as  the  order  in  which  the  three  letters  in  a  set  are  taken  is  indifferent, 
the  total  number  of  sets  is  ^  n  (n  -^  4)  (n  -  5). 

In  order  to  obtain  the  first  case  from  the  second,  we  have  only  to 
suppose  that  a  and  I  are  no  longer  contiguous.  Hence  the  number 
in  the  first  case  is  the  same  as  that  in  the  second  with  the  addition 
of  those  sets  which  contain  a  and  2,  and  there  are  n-4  of  these. 
Hence  the  number  in  the  first  case  is  ^  n  (n  -  4)  (n  -  6)  +  (n  -  4)  = 
i(n-2)(n-3)(n-4). 
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Ex.  5.    There  are  n  letters  and  n  directed  envelopes :  in  how  many 
ways  oould  aU  the  letters  be  put  into  the  wrong  envelopes  ? 

tjet  the  letters  be  denoted  by  the  letters  ahc...  and  the  corre- 
sponding envelopes  by  a\  b',  d^ 

Let  F  (n)  be  the  required  number  of  ways. 

Then  a  can  be  put  into  any  one  of  the  w-l  envelopes  &',<?', 

Suppose  a  is  put  into  "k' ;  then  "k  may  be  put  into  a\  in  which  case 
there  will  be  F  (n  -  2)  ways  of  putting  all  the  others  wrong.  Also  if 
a  is  put  into  ft',  the  number  of  ways  of  disposing  of  the  letters  so 
that  ft  is  not  put  in  a\  &  not  in  &',  (&o.  is  F(n- 1). 

Hence  the  number  of  ways  of  satisfying  the  conditions  when  a  is 
put  into  ft'  is  J'(n-l)  +  F(n-2).  The  same  is  true  when  a  is  put 
into  any  other  of  the  envelopes  h\  c',.,.    Hence  we  have 

F {n)={n-l){F (n-'l)+F (n-2)} ; 

F{n)-nF{n-l)=--{F(n--l)-{n-l)F(n-2)}. 

Similarly  F{n-l)-(n-l)F{n~2)= -{F {71-2) -(71-2) Fin-S)) 


F(S)-dF(2)=-{F(2)-2F{l)}. 
But  obviously      ^  (2)=1  and  F  (1)  =0 ; 
F(n)-nF(n-l)  =  (-l)« 

_  Fin)     F{n-1)     ,    .,^    1 

Similarly  l^  .lp:P^(.l)^i 


|n-l  |n-2       ^      '       [n>l 


and  ^^     ^-r-l)2l 

and  ____^_(-lj_. 

Hence,  by  addition, 

^(^)  =  l^1|2-J3-*-g^--+-l^! 
the  number  required. 
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1.     In  how  many  different  ways  may  twenty  different  things 
be  divided  among  five  persons  so  that  each  may  have  four  ? 
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2.  A  crew  of  an  eight-oar  has  to  be  chosen  out  of  eleven 
men,  ^ve  of  whom  can  row  on  the  stroke  side  only,  four  on  the 
bow-side  only,  and  the  remaining  two  on  either  side.  How 
many  different  selections  can  be  made  ? 

3.  There  are  three  candidates  for  a  certain  office  and  twelve 
electors.  In  how  many  different  ways  is  it  possible  for  them 
all  to  vote ;  and  in  how  many  of  these  ways  will  the  votes  be 
equally  divided  between  the  candidates  ? 

4.  Shew  that  ^^G^^ :  ^^G^  is  equal  to 

1.3.  5 (4w  —  1) 


{1.3.5 (2n-l)Y' 

6.  Find  the  number  of  significant  numbers  which  can  be 
formed  by  using  any  number  of  the  digits  0,  1,  2,  3,  4,  but 
using  each  not  more  than  once  in  each  number. 

6.  Shew  that  in  the  permutations  of  n  things  r  together, 
the  number  of  permutations  in  which  p  particular  things  occur 
is  ,_pP,_p  X  ,P,. 

7.  There  are  n  points  in  a  plane,  no  three  of  which  are  in 
the  same  straight  line;  find  the  number  of  straight  lines  formed 
by  joining  them. 

8.  There  are  n  points  in  a  plane,  of  which  no  three  are  on 
a  straight  line  except  m  which  are  all  on  the  same  straight  line. 
Find  the  number  of  straight  lines  formed  by  joining  the  points. 

9.  There  are  n  points  in  a  plane,  of  which  no  three  are  on 
a  straight  line  except  m  which  are  all  on  a  straight  line.  Find 
the  number  of  triangles  formed  by  joining  the  points. 

10.  Shew  that  the  number  of  different  w  sided  polygons 
formed  by  n  straight  lines  in  a  plane,  no  three  of  which  meet 
in  a  point,  is  J  lii—  1. 


11.  There  are  n  points  in  a  plane  which  are  joined  in  all 
possible  ways  by  indefinite  straight  lines,  and  no  two  of  these 
joining  lines  are  parallel  and  no  three  of  them  meet  in  a  point. 
Find  the  number  of  points  of  intersection,  exclusive  of  the  n 
given  points. 
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12.  Through  each  of  the  angular  points  of  a  triangle  m 
straight  lines  are  drawn,  and  no  two  of  the  3m  lines  are  parallel. 
Find  the  number  of  points  of  intersection. 

13.  The  streets  of  a  city  are  arranged  like  the  lines  of  a 
chess-board.  There  are  m  streets  running  north  and  south, 
and  n  east  and  west.  Find  the  number  of  ways  in  which  a 
man  can  travel  from  the  N.W.  comer  to  the  S.E.  comer,  going 
the  shortest  possible  distance. 

14.  How  many  triangles  are  there  whose  angular  points 
are  at  the  angular  points  of  a  given  polygon  of  n  sides  but  none 
of  whose  sides  are  sides  of  the  polygon  ] 

15.  Shew  that  2n  persons  may  be  seated  at  two  round 
tables,  n  persons  being  seated  at  each,  in  L=.  different  ways. 

16.  A  parallelogram  is  cut  by  two  sets  of  m  lines  parallel 
to  its  sides :  shew  that  the  number  of  parallelograms  thus 
formed  is  J  (m  +  1)*  (m  +  2)». 

17.  Find  the  number  of  ways  in  which  p  positive  signs 
and  n  negative  signs  may  be  placed  in  a  row  so  that  no  two 
negative  signs  shall  be  together. 

18.  Shew  that  the  number  of  ways  of  putting  m  things  in 
n  + 1  places,  there  being  no  restriction  as  to  the  number  in  each 
place  is  ( w  +  w)  !  /  wi !  w ! 

19.  Shew  that  2n  things  can  be  divided  into  groups  of  n 
pairs  m  J^C  ^ays. 


20.  Find  the  number  of  ways  in  which  mn  things  can  be 
divided  into  m  sets  each  of  n  things. 

21.  Shew  that  n  planes  through. the  centre  of  a  sphere,  no 
three  of  which  pass  through  the  same  diameter,  will  divide  the 
surface  of  the  sphere  into  n'  —  n  +  2  parts. 

S.  A.  19 
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22.  Shew  that  the  number  of  parts  into  which  an  infinite 
plane  is  divided  by  m  +  w  straight  lines,  m  of  which  pass 
through  one  point  and  the  remaining  n  through  another,  is 
mn  +  2m  +  2w  —  1,  provided  no  two  of  the  lines  be  parallel  or 
coincident. 

23.  Find  the  number  of  parts  into  which  a  sphere  is 
divided  hj  m  +  n  planes  through  its  centre,  m  of  which  pass 
through  one  diameter  and  the  remaining  n  through  another, 
no  plane  passing  through  both  these  diameters. 

24.  Find  the  number  of  parts  into  which  a  sphere  is 
divided  by  a  +  6  +  c  +  . . .  planes  through  the  centre,  a  of  the 
planes  passing  through  one  given  diameter,  b  through  a  second, 
c  through  a  third,  and  so  on ;  and  no  plane  passing  through 
more  than  one  of  these  given  diameters. 

25.  Show  that  n  planes,  no  four  of  which  meet  in  a  point, 
divide  infinite  space  into  ^{n^  -hbn  +  Q)  different  regions. 

26.  Prove  that  if  each  of  m  points  in  one  straight  line  be 
joined  to  each  of  n  points  in  another,  by  straight  lines  termin- 
ated by  the  points;  then,  excluding  the  given  points,  th«e  lines 
will  intersect  ^nn  (m  —  1)  (tj  —  1)  times. 

27.  No  four  of  n  points  lying  in  a  plane  are  on  the  same 
circle.  Through  every  three  of  the  points  a  circle  is  drawn, 
and  no  three  of  the  circles  have  a  common  point  other  than  one 
of  the  original  n  points.  Shew  that  the  circles  intersect  in 
^n  {n  -  1)  {n—  2)  (n  -  3)  (n  -  4)  {2n  -  1)  points  besides  the 
original  n  points,  assuming  that  every  circle  intei*sects  every 
other  circle  in  two  points. 


CHAPTER  XX. 
The  Binomial  Theorem. 

248.  We  have  already  [Art.  67]  proved  that  the  con- 
tinued product  of  any  number  of  algebraical  expressions  is 
the  sum  of  all  the  partial  products  which  can  be  obtained 
by  multiplying  any  term  of  the  first,  any  term  of  the  second, 
any  term  of  the  third,  &c. 

249.  Binomial  Theorem.  Suppose  that  we  haven 
factors  each  of  which  is  a  4-  6. 

If  we  take  a  letter  from  each  of  the  factors  of 

(a  +  6)(a  +  6)(a  +  6) 

and  multiply  them  all  together,  we  shall  obtain  a  term  of 
the  continued  product ;  and  if  we  do  this  in  every  possible 
way  we  shall  obtain  all  the  terms  of  the  continued  pro- 
duct.    [Art.  67.] 

Now  we  can  take  the  letter  a  every  time,  and  this  can 
be  done  in  only  one  way;  hence  a"  is  a  term  of  the 
product. 

The  letter  h  can  be  taken  once,  and  a  the  remaining 
(n  —  V)  times,  and  the  number  of  ways  in  which  one  h  can 
be  taken  is  the  number  of  ways  of  taking  1  out  of  n  things, 
so  that  the  number  is  „G, :  hence  we  have 


.0, .  a"-  6. 

W      1 


19—2 
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Again,  the  letter  b  can  be  taken  twice,  and  a  the 
remaining  (n  —  2)  times,  and  the  number  of  ways  in  which 
two  Vs  can  be  taken  is  the  number  of  ways  of  taking  2  out 
of  n  things,  so  that  the  number  is  ^(7, :  hence  we  have 

,C, .  a"-  b\ 

And,  in  general,  b  can  be  taken  r  times  (where  r  is 
any  positive  integer  not  greater  than  n)  and  a  the  re- 
maining n  —  r  times,  and  the  number  of  ways  in  which  r 
6's  can  be  taken  is  the  number  of  ways  of  taking  r  out  of 
n  things,  so  that  the  number  is  jO^ :  hence  we  have 

Thus  (a  +  b)  (a  +  b)  (a  +  6) to  n  factors 

=  a"  +  ,C,.a*-'6-h,,a,.a"-*6'  + +,C, .  a"-"6'- + . . . 

the  last  term  being  jO^a^'^b'*,  i.e.  6**. 

Hence,  when  n  is  any  positive  integer,  we  have 
{a  +  by  =  ar-\-J[}^.ar'b  +  JJ^.ar'V  + 

The  above  formula  is  called  the  Binomial  Theorem, 

If  we  substitute  the  known  values  [see  Art.  240]  of 
fPv>  nPi>  fflzi'"^^  ^^^  series  on  the  right  we  obtain  the 
form  in  which  the  theorem  is  usually  given,  namely 

(a  +  6)"  =  a"  +  nar'b  +  ^^^  "1  ^^  oT'V 

+  ...  +T-r= —  a*"*"6'"+  ...  +  6*. 

Ir  \n  —  r 

The  series  on  the  right  is  called  the  expansion  of 

(a  +  by, 

250.  Proof  by  Induction.  The  Binomial  Theorem 
may  also  be  proved  by  induction,  as  follows. 


-a*-"  6-+...+ 6", 
r 
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We  have  to  prove  that,  when  n  is  any  positive  integer, 

vr  \n  — 

or  that 

(o  +  6)"  =  a"  +  ,(7,  a-»  6  +  ,(7,  a"-*  6* +. .  .+.C,  a"-' f +. . .+ 6". 

Now  if  we  assu/me  that  the  theorem  is  true  when  the 
index  is  n,  and  multiply  by  another  factor  a-^h,  we  have, 
when  like  terms  of  the  product  are  collected. 

Now  l+,0,  =  l  +  n  =  ^.<7.. 

C   ,     r  -r,\  n{n-l) _(n  +  \)n_ 
,1/,  +  ,o,  —  «.  H J— -g  j— 2         ,+,o,, 

and,  in  general. 
Hence 

Thus  if  the  theorem  be  true  for  any  value  of  w,  it  will 
be  true  for  tKe  next  greater  value. 

Now  the  theorem  is  obviously  true  when  w  =  1.  Hence 
it  must  be  true  when  n  =  2 ;  and  being  true  when  w  =  2, 
it  must  be  true  when  n  =  3 ;  and  so  on  indefinitely.  The 
theorem  is  therefore  true  for  all  positive  integral  values 
of  n. 

Ex.  1.    Expand  (a +  6)*. 
We  have 
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Ex.  2.    Expand  (2x-y)». 

Put  2x  for  a,  and  -  ^  for  b  in  the  general  formula :  then 

(aB-y)»=(2x)8+3(2«)M-y)+  J-^  {2x)  (-y)«+  J-l|^  (-y)« 
=  8ar»  -  12a;2y  +  6a^2  _  yS. 

Ex.3.    Expand  (a- 6)»». 

Change  the  sign  of  &  in  the  general  formula ;  then  we  have 

(a-6)*=a'»+na*-i(-6)+^^Y^^a*-«(-6)«+ 


+  ,     '-       an-r(_5)r^ +  (_5)i 


n-r 


1 .  ^ 


+  (-l)'-r-^o"-'6'+ +(-!)•  6-. 

T    W  —  *• 

251.  General  term.  By  the  preceding  articles  we 
see  that  any  term  of  the  expansion  of  (a  +  by  by  the 
Binomial  Theorem  will  be  found  by  giving  a  suitable 
value  to  r  in 

n 


\r  \n  —  r 

On  this  account,  the  above  is  called  the  general  term 
of  the  series.  It  should  be  noticed  that  the  term  is  the 
(r  + 1)*^  term  from  the  beginning.     [See  Note  Art.  240.] 

252.  CoefflcientB  of  terms  equidistant  respec- 
tively from  the  beginnings  and  the  end  are  equal. 

In  the  expansion  of  (a  H-  bY  by  the  Binomial  Theorem, 
the  (r  + 1)""  term  from  the  beginning  and  the  (r  4- 1)**^  term 
from  the  end  are  respectively 

JJr.oT^b'  and  jO^^.a'b''-^. 
But  „a  =  „a-..     [Art.  241.] 
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Hence,  in  the  expansion  of  (a  +  by,  the  coefficients  of 
any  two  terms  equidistant  respectively  from  the  beginning 
and  the  end  are  equaL 

This  result  follows,  however,  at  once  from  the  fact  that 
(a  +  by,  and  therefore  also  its  expansion,  would  be  unaltered 
by  an  interchange  of  the  letters  a  and  b ;  and  hence  the  co- 
efficient of  a**"^  6**  must  be  equal  to  the  coefficient  of  6**"^  a*". 

253.  If,  in  the  formula  of  Art.  249,  we  put  a  =  1  and 
6  =  a?,  we  have 

^         ^  1.2  vr  n  —  r 


=  a''\l+n 


This  is  the  most  simple  form  of  the  Binomial  Theorem, 
and  the  one  which  is  generally  employed. 

The  above  form  includes  all  possible  cases:    if,  for 
example,  we  want  to  find  (a  +  6)**  by  means  of  it,  we  have 

(a-H6r=ja(l-H^)}=a"(l  +  ^J 

b     n(n-l)(bV        ) 
a^     1.2     U/  . 

=  a"  +  wa-'6  +  ^^'^~^^  ar^h*  + . . . 

254.    Greatest  term  of  a  binomial  expansion. 

In  the  expansion  of  (1  +  xf,  the  (r  -f  l)th  term  is  formed 

n  —"  r  "I"  I 
from  the  rth  by  multiplying  by x, 

n  —  r-\-l         (n+1     ^\            .n-fl     ,      , 
=  ( 1 J  a?,    and    clearly 

diminishes  as  r  increases ;   hence   x  diminishes 

r 

as  r  is  increased.    If  x  be  less  than  1  for  any 


Now    X 
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value  of  r,  the  (r  +  l)th  tenn  will  be  less  than  the  rth. 
In  order  therefore  that  the  rth  term  of  the  expansion  may 
be  the  greatest  we  must  have 

w  — r+1        -         J  n  —  r  —  l+l 

x<l,  and  = a?  >  1. 

r  r  —  1 

Hence  r  >  ^ i—,  and  r  —  1  <  ^^ f— . 

a?H- 1  ar+  1 

The  absolute  values  of  the  terms  in  the  expansion  of 
(1  +  xY  will  not  be  altered  by  changing  the  sign  of  x ;  and 
hence  the  rth  term  of  (1  —  a?)*  will  also  be  greatest  in 
absolute  magnitude  if 

x-\-l  x  +  1 

If  r  =  ^^ :!—  .  then  x  =  l:  and  hence  there 

x  +  1  r 

is  no   (me  term  which  is  the  greatest,  but  the  rth  and 

r  +  1|  th  terms  are  equal,  and  these  are  greater  than  any  of 
the  other  terms. 

Ex.  1.    Find  the  greatest  term  in  the  expansion  of  (l+o;)^,  when 

1 

X  =- . 
4 

21  21 

The  rth  term  is  the  greatest,  if  r  >  -=-  and  r  <  1  +  -=- .    Hence 

o  o 

the  fifth  term  is  the  greatest. 

Ex.  2.    Find  the  greatest  term  in  the  expansion  of  {1+xy^,  when 

The  rth  term  is  the  greatest,  if  r  >  6  and  <  6.  Thus  there  is  no 
one  term  which  is  the  greatest,  but  the  5th  and  6th  terms  of  the 
expansion  are  equal  to  one  another  and  greater  than  any  of  the 
other  terms. 

The  greatest  coefficient  of  a  binomial  expansion  can  be 
found  in  a  similar  manner.  For  in  the  expansion  of 
(1  +  xy  the  coefficient  of  the  (r  +  l)th  term  is  formed  from 
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that  of  the  rth  by  multiplying  by  ± .     Hence  the 

rth  coefl&cient  will  be  the  greatest  in  absolute  magnitude^ 

..  n-r  +  1      -         ,n-r-l+l      - 

if  <  1   and    = >  1. 

r  r  —  1 

That  IS  if  r>  — ^ —  and   <  1  +  — tt-  . 


Hence  when  n  is  even,  the  coefficient  of  the  rth  term 
is  the  greatest  when  ^  =  «  + 1 ;  and  when  n  is  odd,  the 

coefficients  of  the  —= — th  and  — ^ — th  terms  are  equal 
to  one  another  and  are  greater  than  any  of  the  other  terms. 

For  example,  in  (1+x)^  the  coefficient  of  the  11th  term  is  the 
greatest;  and  in  {1+x)^  the  coefficients  of  the  6th  and  7th  terms 
are  greater  than  any  of  the  others. 


EXAMPLES  XXIV. 

Write  out  the  following  expansions : 

1.  (x  +  ay.  2.     {2a -xy.  3.     (1-a:'/. 

4.  {2a -Say.        5.     (2x"-3)*.  6.     {a^-2y'y. 

7.  Find  the  third  term  of  {x  -  Syy\ 

8.  Find  the  fifth  term  of  {3x  -  4)*^. 

0.  Find  the  twenty-first  term  of  (2  —  x)". 

10.  Find  the  fortieth  term  of  {x  -  y)**. 

11.  Find  the  middle  term  of  ( 1  +  a?)'. 

12.  Find  the  middle  terms  of  (1  +  xy\ 
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13.  Find  the  general  term  of  (x  -  3y)". 

14.  Find  the  general  term  of  (a:*  +  y*)". 

15.  Write  down  the  first  three  terms  and  the  last  three 
terms  of  (3a;  -  2y)^^ 

16.  Find  the  term   of  (1  +  a;)^'  which   has   the   greatest 
coefficient. 

17.  Find  the  two  terms  of  (1  +  a:)**  which  have  the  greatest 
coefficients. 

18.  Shew  that  the  coefficient  of  as"  in  the  expansion  of 
(1  +  a;)*"  is  double  the  coefficient  of  aj"  in  the  expansion  of 

(1  +  aj)*-\ 

19.  Shew  that  the  middle  term  of  (1  +  aj)*"  is 

1.3. 5. ..(27.-1)  2,^„ 

20.  Employ  the   binomial  theorem  to  find  99*,  51*  and 
999^ 

21.  Shew  that  the  coefficient  of  a?*"  in  the  expansion  of 

\n 


(^^3"^^ 


\i  {n  +  r)  \^{n-ry 


22.     Find  the  middle  term 


**^(*-S  • 


23.  The  coefficients  of  the  5th,  6th  and  7th  terms  of  the 
expansion  of  (1  +  a;)"  are  in  arithmetical  progression  :  find  n, 

24.  For  what  value  of  n  are  the  coefficients  of  the  second, 
third  and  fourth  terms  of  the  expansion  of  (1  +  a;)"  in  arith- 
metical progression  ? 

25.  If  a  be  the  sum  of  the  odd  terms  and  h  the  sum  of  the 
even  terms  of  the  expansion  of  (1  +  aj)",  shew  that 

(l-a;*)"  =  a^-6^ 
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255.    Properties  of  the  coefflcients  of  a  binomial 
expansion. 

It  will  be  convenient  to  write  the  Binomial  Theorem 
in  the  form 

(1  +  ^)"  =  Cq  +  c^x  +  Cga^+  ...  +cX+  •••  c„a;* (i), 

where,  as  we  have  seen,  c^  =  c„  =  1 ;  c^  =  c„_j  =  n ; 

In 
and,  m  general,       c,  =  c^,  =  wy^r ' 

I.  Put  «?  =  1  in  (i) ;  then 

2''  =  Co-f  Cj  +  c,+...+  c„. 

Thus  the  sum  of  the  coefficients  in  the  expansion  of 
(1  +  xY  is  2". 

II.  Put  a?  =  —  1  in  (i) ;  then 

(l-ir  =  Co-c,  +  c,- +  (-irc„; 

.-.  0  =  (Co  +  Cj  +  c^H-...)  -(CiH-Cg  +  CB+.-O- 
Thus  the  sum  of  the  coefficients  of  the  odd  terms  of  a 
binomial  expansion  is  equal  to  the  sv/m  of  the  coeffi/dents 
of  the  even  terms. 

III.  Since  c^  —  c^_^,  we  have 

( 1  +  a?)**  =  Co  +  CjX  +  c^a?  + . . .  +  c^  4- . . .  +  cjxf , 

and      (1  +a?)"  =  c^  +  c„.^a?+c^2^  +  ...c^^''+...+  cX. 

The  coefficient  of  of  in  the  product  of  the  two  series 
on  the  right  is  equal  to 

Hence  [Art.  91]  Co'  +  c,'  +  ...c/  + C 

is  equal  to  the  coefficient  of  a?"  in  (1  +  x)**  x  (1  -f  a?)",  that 

.        .     I2n 
is  in  (1  +  a?)**,  and  this  coefficient  is 


|n 


71 
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Hence  the  swm  of  the  squares  of  the  coefficients  in  the 
expansion  of  (1  +  a?)**  is  j-==p- . 


IV.    As  in  in,  we  have 

(1  +a?)"  =  Co  +  Cia?  +  Cja^+...  +  cX> 
and         (1  -  xY  =  c^-c^^x  +  c^  +...  +  (-  l)"Cj^*. 

The  coefficient  of  a?"  in  the  product  of  the  two  series 
on  the  right  is  equal  to 

(- 1)-  {o,*-  o.»  +  c.«  - +  (-  1)V}. 

The  coefficient  of  a?*  in  (1  +  xY  x  (1  —  a?)*,  that  is  in 

-       K 
(1  —  sfy,  is  zero  if  n  be  odd,  and  is  equal  to  (—  1)*...  '~ 

if  n  be  even. 

Hence        c^^c^  +  c^  -...  +  (-  1)V  =  0, 

or  (  —  1)*  n!/(Jn!)',  according  as  9i  is  odd  or  even. 

Ex.  1.    Shew  that 

Ci  +  2ca+3cj+  ...rCy+ ...  -{-ne^  =n2*-i. 
We  have  Ci  +  2ca+3<;g+...+nc^ 


-n  +  2     J    2    +3        1.2.3        ■*" +^j7p>+-+^ 

(i     /      IX     (n-l)(n-2)                     1^-1  1 

=n|l  +  (n^l).f^       1.2         -^ +  |r^^+ +  ^1 

=n(l  +  l)»-i=n2»-i. 
Ex.2.    Shewthat    ..4«,+|c,- +  (.  1)- -^^  =  A_ . 

V^ehave  Co-^c^+^c^-&o.  =  l- ^n  +  ^  T:2        *^' 
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n+1 


=  — —  (I  -  l)«+i  =  _£_ 

n+1     n+1^        '  w+1 


Ex.  3.     Shew  that,  if  n  be  any  positive  integer, 

^-0_J^+_^_  +(_!)»  _^n_.-=      t , 

X      x  +  1     x  +  2     ^      '  x  +  n     x{x  +  l)...(x  +  n)' 

Assume  that 


X     x+1     x+2     ^     '   x  +  n     x(x  +  l)...(x  +  n)' 

for  all  values  of  x^  and  for  any  particniar  value  of  n. 
Change  x  into  a;  +  1 ;  then 

x  +  1     X+2     x+S    ^      '   x  +  n+1 

1? 
(x  +  l)(a;  +  2)...(a:+n  +  l)* 

Hence,  by  subtraction, 

«       a;  +  l    "^     a:  +  2        "^^     ^         rr  +  r       "^ 

^      '       x  +  n+1     x{x  +  l) (x+n+1)' 

But  n^r+n^r-i=n+i^r»  ^^^  *^  values  of  r  [Art.  242]. 
Hence  we  have 

«      ar  +  1      X  +  2      ^^       '       x  +  n+1     x(x  +  l)... (x+n+1)' 

Hence  if  the  theorem  be  true  for  any  particular  value  of  n  it  will 
be  true  for  the  next  greater  value.  But  the  theorem  is  obviously  true 
for  all  values  of  x  when  n=l :  it  is  therefore  true  for  all  positive 
integral  values  of  n. 

By  giving  particular  values  to  x  we  obtain  relations  between 
«o)  Cii  &o.    For  example : 

Put  x=l ;  then  we  have 

^  _  ^  ,  £a  _     1 

1       2  "^  3   " ~n+l' 
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Put        x=^;  then   ^  - -^ + 


2'  1       3"   6      1.3.5...  (2n  +  l) 

Ex.  4.     Shew  that 

CQa  -Ci{a- 1)  +C2  (a  -  2)  -  Cj  (a  -  3)  + +  ( -  l)*c^  (a  -  n)=0, 

and  that 
Coa2-Ci(a-l)2  +  c,  (a-2)2-c3(a-3)'»+ +  (-l)*c^(a-n)«=0. 

We  have  from  II.,  if  n  be  any  positive  integer, 
^  n  (n  - 1)     71  (n  - 1)  (n  -  2)  ,     - ,-    ^  /.v 

^-"+-172    -      iJ'b   -+ +  (-i)"=o (1). 

Hence,  if  w>l 

i_(„_i)+(!L-iH»JL?)- +  (_i)-i=o (u). 

Multiply  (i)  by  a  and  (ii)  by  n  and  add ;  then 
a-n(a-l)+^^^^^Ua-2)^ +{-l)n(a-n)  =  0 (iii), 

where  n  is>l. 

Change  a  into  a  - 1  and  n  into  n  - 1  in  (iii) ;  then,  n  being  >  2,  we 
have 

a-l-(n-l)(a-2)  + +  (-l)*-i  (a-?i)-=0 (iv). 

Now  multiply  (iii)  by  a  and  (iv)  by  n  and  add;  then 

a2-n(a-l)2+"^^(a-2)a- +  (-l)«(a-w)2=0, 

provided  n  is  greater  than  2. 

By  proceeding  in  this  way  we  may  prove  that 

a'-n(a^iy+^^^{a-2)P- +  (-l)''(a-n)''=0, 

provided  that  p  is  any  positive  integer  less  than  n. 

256.  Continued  product  of  n  binomial  fkctors 
of  the  form  x  +  a,  x  +  b,x  +  c,  &c. 

It  will  be  convenient  to  use  the  following  notation  : 

8^  is  written  for  a  +  6  +  c  +  . . . ,  the  sum  of  all  the 
letters  taken  one  at  a  time.  8^  is  written  for  at  +  oc  +  . . . , 
the  sum  of  all  the  products  which  can  be  obtained  by 
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taking  the  letters  two  at  a  time.  And,  in  general,  S^  is 
written  for  the  sum  of  all  the  products  which  can  be 
obtained  by  taking  the  letters  r  at  a  time. 

Now,  if  we  take  a  letter  from  each  of  the  binomial 
factors  of 

{x  +  a)  (x  +  b)  (x  -\-  c)  (on  +  d) , 

and  multiply  them  all  together,  we  shall  obtain  a  term 
of  the  continued  product;  and,  if  we  do  this  in  every 
possible  way,  we  shall  obtain  all  the  terms  of  the 
continued  product. 

We  can  take  x  every  time,  and  this  can  be  done  in 
only  one  way;  hence  a?*  is  a  term  of  the  continued 
product. 

We  can  take  any  one  of  the  letters  a,  b,  c...,  and  x 
from  all  the  remaining  n  —  l  binomial  factors ;  we  thus 
have  the  terms  aa?"'\  6a?""\  cx''~\  &c.,  and  on  the  whole 

Again,  we  can  take  any  two  of  the  letters  a,  6,  c..., 
and  X  from  all  the  remaining  w  —  2  binomial  factors ; 
lv:6  thus  have  the  terms  ahoT^y  aca?**"*,  &c.,  and  on  the 
whole  fi^a-a;'*"'. 

And,  in  general,  we  can  take  any  r  of  the  letters 
a,  6,  c...,  and  x  from  all  the  remaining  n  —  r  binomial 
factors ;  and  we  thus  have  B^ .  a?""^. 

Hence  (a?  +  a)  (a?  +  6)  («  +  c) 

=  a?*  + /Sf^.a;""*  + /S^.a?**-*  + . . .  +  S^.a?"-' + . . ., 

the  last  term  being  a6cc?......,  the  product  of  all   the 

letters  a,  6,  c,  d,  &c. 

By  changing  the  signs  of  a,  6,  c,  &c.,  the  signs  of 
^v  ^v  ^6*  ^^'  ^^^^  ^^  changed,  but  the  signs  of  8^,  8^  £»e, 
&c.  will  be  unaltered. 

Hence  we  have 
{x  —  a)  (x  —  b)  {x  —  c) 
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257.  Vandermonde's  Theorem.  The  following 
proof  of  Vandermonde's  Theorem  is  due  to  Professor 
Cayley*.     [See  also  Art.  245.] 

We  have  to  prove  that  if  n  be  any  positive  integer, 
and  a  and  b  have  any  values  whatever ;  then  will 

IN  ,       n(n  — 1)        , 

\n 

Assume  the  theorem  to  be  true  for  any  particular  value 
of  n.  Multiply  the  left  side  by  a  4-  6  -  w ;  it  will  then  become 
(a  +  b)^^,  Multiply  the  successive  terms  of  the  series  on 
the  right  also  by  a  +  6  —  n  but  arranged  as  follows  : — 

for  the  first  term  {(a  —  w)  +  6} ; 

for  the  second        {(a  —  n  4- 1)  +  (6  —  1)} ; 

and  for  the  rth  {(a  —  w  +  r  —  1)  +  (J  —  r  +  1)}. 

We  shall  then  have 

(a+6)^,  =  a^{{a  -n)  +  b}+  JJ, .  a^,  b,  {(a  -  n  + 1)  +  (6  -  1)} 

+  nC2.an-2*2{(a-^  +  2)+(J-2)}  +  ... 

+  ...-hb^{a  +  (b-n)]. 
Now  a„  {(a  -  n)  4-  6}  =  a^,  +  aj,, 

nOr.i'Cin^^b^{(a--n  +  r-'l)  +  (b-r  +  l)} 

^C, .  a^_, b,  {(a  -  n  4-  r)  4-  (6  -  r)}  =^0,  (a^^ b,  +  a,.,b,J 


*  Messenger  of  MathematieSf  Vol.  v. 
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Hence    (a  +  6)„^  =  a^^  +  (1  +  JJ^  a„  6,  +  •.. 

+  (S'r-l  +  S'r)  ^n+l-r  ^r  +  •  •  •  +  ^n+1 
~  ^n+1  +  n+1  ^1  ^n  ^1  +  '  * "  +  w+l^r  ^n+l-r  0^  +  •  •  •  +  t>„+i, 
since  «C^r-,  +nCl  =  n+i^r. 

Thus,  i/"  the  theorem  be  true  for  any  particular  value 
of  n,  it  will  also  be  true  for  the  next  greater  value.  But 
it  is  obviously  true  when  n  =  1 ;  it  must  therefore  be  true 
when  n  =  2 ;  and  so  on  indefinitely.  Thus  the  theorem  is 
true  for  all  positive  integral  values  of  n, 

258.  The  Multinomial  Theorem.  The  expansion  of 
the  nth  power  of  the  multinomial  expression  a  +  6  +  c  +  . . . 
can  be  found  by  means  of  the  Binomial  Theorem. 

For  the  general  term  in  the  expansion  of 

(a  +  6  +  c  +  d+. . .)",  that  is  of  {a  +  (6  +  c  +  c?  +  ...)}", 

by  the  Binomial  Theorem  is 

\n 

a**  (6  + 0  +  6?+. ..)-*•. 


t 


n  —  r 


Similarly  the  general  term  in  the  expansion  of 

(6  +  c +d +...)"-•• 
by  the  Binomial  Theorem  is 

In  —  r 

6' (c  +  d +  ...)"-*•-. 


I 


n  —  r—s 


The  general  term  in  the  expansion  of  (c  +  d  +  .  ..)**"•""'  by 
the  Binomial  Theorem  is 

n  —  r  —  8 

— — ~  (^(c? +...)"-♦--'. 


t n—r—s—t 


Hence  the  general  term  in  the  expansion  of 

(a  +  6  +  c  +  d +...)" 
is 

In 


n  —  r  m  —  r  —  8  ^ 

, , ,  (t   0  C  •••) 


Irln  — r      |s  In—r  —  s      |^|n  — r  — s  — ^ 


S.A.  20 
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In 
that  is  — rhr —  a^'b'c* ,.., 


where  each  of  r,  «,  ^  . . .  is  zero  or  a  positive  integer,  and 

r  +  s  +  t+  ...  =n. 

The  above  result  can  however  be  at  once  obtained  by 
the  method  of  Art.  249,  as  follows. 

We  know  [Art.  67]  that  the  continued  product 

(a  +  6H-c+  ...)  (a  +  6  +  c  +  ...)  (a  +  6  +  c  +  ...)... 

is  the  sum  of  all  the  dififerent  partial  products  which  can 
be  obtained  by  multiplying  any  term  from  the  first  multi- 
nomial factor,  any  term  from  the  second,  any  term  from 
the  third,  &c. 

The  term  a*"  b'  c*...  will  therefore  be  obtained  by  taking 
a  from  any  r  of  the  n  factors,  which  can  be  done  in  „C^ 
different  ways;  then  taking  b  from  any  s  of  the  remaining 
n  —  r  factors,  which  can  be  done  in  ^/J^  different  ways ; 
then  taking  c  from  any  t  of  the  remaining  n  —  r  —  a  factors, 
which  can  be  done  in  ,^^0^  different  ways;  and  so  on. 
Hence  the  total  number  of  ways  in  which  the  term 
a**  b'  <f...  will  be  obtained,  which  is  the  coefficient  of  the 
term  in  the  required  expansion,  must  be 

that  is 

/s     •  •  .    ^^ 


n  —  r      \8  In  —  r  —  8     \t\n  —  r  —  s  —  t     '"      |r  |g  |^ . . . ' 


Hence  the  general  term  in  the  expansion  of  (a  +  6  +  c  +  . .  .)• 
is 


l« 


|r|s|e... 


aJ'b'  c\.,. 
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Ex.  1.    Find  the  coefficient  of  dbc  in  the  expansion  of  (a  +  6 + c)\ 

13 
The  required  coefficient  =  — '-  .  —  A 

Ex.  2.    Find  the  coefficients  of  a%^,  bed?  and  abed  in  the  expansion 
of  (a+6+c  +  d)*.  *^ 

We  have  the  terms 

Thus  the  required  coefficients  are  6,  12  and  24  respectively. 

259.     By  the  previous  Article,  the  general  term  of  the 
expansion  ot  {a  +  hx  +  ca?  +  da?  + )"  is 


that  IS  ,    ,    7, a'tVd" a;*+2^+3«. 


/•  •  • 


Hence  to  find  the  coefficient  of  any  particular  power  of  x, 
say  of  of-,  in  the  expansion,  we  must  find  all  the  different 
sets  of  positive  integral  values  of  r,  s,  t,...  which  satisfy 
the  equations 

5  +  2^  +  3?^+ =:a, 

r  +  s  +  t  +  u+ =  n. 

The  required  coefficient  will  then  be  the  sum  of  the 
coefficients  corresponding  to  each  set  of  values. 

Ex.  1.    Find  the  coefficient  of  a?^  in  the  expansion  of  (1  +  2aj+ 3jc»)4, 

[4 
The  general  term  is      h-     2*3*a:»+«,  and  the  terms  required  are 

lllf  If 
those  for  which  «  +  2t = 5  and  r + «  + 1= 4. 

Since  each  of  the  quantities  r,  8  and  t  must  be  zero  or  a  positive 
integer,  the  only  possible  sets  of  values  are  t=  2,  «  =  1,  r  =  1  and 

t=l,  «  =  3,  r  =  0,  the  corresponding  coefficients  being      [--     .  2 . 3» 

20—2 
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*^d    77rTFTT'2'.3,  that  is  216  and  96  respectively.    Hence  the 

[0[3[1 

required  coefficient  is  312. 

In  simple  cases  the  result  can  be  readily  obtained  by  actual 
expansion.  We  have  (1  +  2x  +  3«3)*=1+  4  (2x  +  Sx^)'\-6{2x+Sx^^ 
+  4  (2a;  +  Sx^^  +  (2x + Sx^)*,  Only  the  last  two  terms  wUl  contain  x^ 
and  the  coefficients  of  ofi  in  these  terms  will  be  found  to  be  216  and 
96  respectively,  so  that  the  required  coefficient  is  312. 

Ex.  2.    Find  the  coefficient  of  x^  in  the  expansion  of  {l+x+x^)K 

Ans.    6. 

Ex.  3.    Find  the  coefficient  of  a^  in  the  expansion  of  (1 +x +a;*)*. 

Ans,    16. 

Ex.  4.    Find  the  coefficient  of  a^  in  the  expansion  of  (2  +  x  -  x^Y. 

Ans.    0. 
Ex.  5.    Find  the  coefficient  of  x^^  in  the  expansion  of 

(7+x  +  x2+x»  +  x*+x«)3. 

Ans,    39. 

Ex.  6.    Find  the  coefficient  of  the  middle  term  of  the  expansion  of 
(l+x  +  x2+x8 +  «*)».  Ans,    381. 


EXAMPLES  XXV. 

1.  Prove  that 

c,  -  2c^  +  3c,  - +  (- 1 )"  (w  +  1)  c,  =  0. 

2.  Prove  that 

c,-2c.  +  3c,- +  (-l)"«c.  =  0. 

3.  Prove  that 

Co  +  2cj  +  3c,+ (w+l)c^  =  2— '(71  +  2). 

4.  Prove  that 

c,  +  2c3  +  3(j^+ +  (w-l)c,=  l  +  (7i-2)2"-\ 

5.  Prove  that 

c„  +  3c, +  5c,+ +(2n+l)c^=(n-l)2". 

6.  Prove  that 

3c,  +  7c,  +  llc3+ +  (4n-l)c.=  l  +  (2w-l)2". 
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7.     Prove  that 


12       3 


c 

+      " 


8.     Prove  that 


13       5^7 


9.  Prove  that 

^1  <^R  <^R 

2       4       6 

10.  Prove  that 

'«4-^+4»  + 


2-"^^-l 


n+1       n+ 1 


2- 


n+  1  * 


2"-l 


n       


1+71  2"+* 


2   '   3   ■    4 

11.  Prove  that 

1        2        3 

12.  Prove  that 


1       4       7 


w  +  2      (w+l)(n4-2)' 


^(-^r^=\^U 


1      2 


1 

71 


+  (- 1) 


3""'|^ 


71 


37i  +  l      i.4.7...(37i+l)' 


13.     Prove  that 


CnC  +c,c^,  + +c     c  = 


(271 


Or        *^1   r+1 


u—r   A 


7i  +  r 


71  — 7* 


14.     Prove  that,  if 

(l  +  xy  =  C^  +  C,x  +  G,af+ +  C^af, 

then7i(l+a;)'-^  =  C,  +  2(7^a;  +  3(73aj'+ +  nC^x'"\ 

and      {1  +  (71+  1)  x}(l  +  xy-'  =  C^  +  2G,x-¥ +  (n  +  l)C^x\ 

Hence  prove  that, 


271-1 


G,'  +  2G,'+3G^'+ +  nG^'=.    '       .       ., 


and 


67  +  2(7,*  +  3C/ + +  (,,+  i)(7^« 

(71+2)    |27l-l 

|n  |7i  — 1 
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15.  Shew,  by  expanding  {(1 +05)"  — 1}*,  where  m  and  n 
are  positive  integers,  that 

-<7...C.-.(7..^C^  +  .C..^C7.- =  (-ir-«- 

16.  Prove  that,  if  n  >  3, 

(i)    «-n(a-l)+"^"~^^(a-2)- +  (-!)"  (a-n)  =  0. 

(ii)    a6-w(a-l)(5-l)  +  ^^^?^^(a-2)(6-2)- 


+(-l)-(a-n)(5-w)  =  0. 

(iii)  a6c-n(a-l)(6-l)((;-l)  +  ^^^^^(a-2)(6-.2)(c-2) 

+(-l)*(a-n)(6-w)(c-w)  =  0. 

17.  Shew  that,  if  there  be  a  middle  term  in  a  binomial 
expansion,  its  coefficient  will  be  even. 

18.  Shew  that  the  coefficient  of  of  in  the  nth  power  of 

or + /;,'ar-'b  +  ,a, v-'5»  + +  b\ 

19.  If  7i  be  a  positive  integer  and  F^  denote  the  product  of 
all  the  coefficients  in  the  expansion  of  (1  +a;)",  shew  that 

20.  Shew  that 

(1  -  a;)"  =  (1  4-  0?)"  -  27KC  (1  +  x^  +  ^  f'^'^  ^^  cc*  (1  +  a;)-'- 

21.  Shew  that,  if  n  be  a  positive  integer, 

-  1+05      n  fe  - 1)    1  +  2a3 


1+waj        1.2     (l-^nxy 

1.2.3        {l+nxy'^ "   " 

22.     Shew  that 

{a-¥h  +  c  +  d  +  ey  =  'ia'  +  5Sa*6  +  lOSaV  +  20Sa'6c 

+  302aVc  +  eOSa'ftcc^  +  120a6ccfe. 
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prove  that  a^-wa^_^+    ^         ^r-«~ +   u  J_^  ^o  =  Q> 


23.  If  (1  +a5  +  aj*)"  =  ao  +  ai«  +  a8«"  + 

M^-1)^  (-1)"  I? 

unless  r  is  a  multiple  of  3. 

24.  Shew  that,  in  the  expansion  of  (l+a;  +  a;'+ au'")", 

where  w  is  a  positive  integer,  the  coefficient  of  terms  equidis- 
tant from  the  beginning  and  the  end  are  equal. 

25.  If  a^,  Aj,  a^, be  the  coefficients  in  the  expansion  of 

(1  +  a;  +  sc*)"  in  ascending  powers  of  a;,  prove  that 

a^'-a^'  +  a'- +  a^^'  =  a»,  and  that 

<-v+a/- +(-ir^«n"=iK-(-ir«n'}. 

26.  If  (1  '^x  +  x'y  =  a^  +  a^x  +  a^af  +  a^iii^-\-.,,y 
prove  that 

27.  Shew  that,  in  the  expansion  of  (a^  +  a^-^a^+..,+  a  J", 
where  w  is  a  whole  number  less  than  r,  the  coefficient  of  any 
term  in  which  none  of  the  quantities  a^,  a^,  &o.  appears  more 
than  once  is  n  I 

28.  Shew  that,  if  the  quantities  1  +  a;,  1-hx  +  af, , 

(1  +  a?  +  oc*  + +  ic")  be  multiplied  together,  the  coefficients 

of  terms  equidistant  from  the  beginning  and  end  will  be  equal ; 
and  that  the  sum  of  all  the  odd  coefficients  will  be  equal  to  the 
sum  of  all  the  even,  each  being  J(n  +1)1 

29.  Shew  that  the  coefficient  of  x"  in  the  expansion  of 
(1+X  +  (x?y  is 

n{n-\)     n{n'-l){n-2){n-Z) 
1+       p       +  J.    2» 

n{n-  \){n  -  2){n  -  3)(n  -  ^){n  -  5) 
■*"  1«.2*.3»  ^ 

30.  Shew  that  18  can  be  made  up  of  8  odd  numbers  in 
792  different  ways,  where  repetitions  are  allowed  and  the  order 
of  addition  is  taken  into  account. 


CHAPTER  XXL 

CONVERGENCY  AND  DIVERGENCY  OF   SERIES. 

260.  A  series  is  a  succession  of  quantities  which  are 
formed  in  order  according  to  sorae  definite  law.  When  a 
series  terminates  after  a  certain  number  of  terms  it  is  said 
to  be  a  finite  series,  and  when  there  is  an  endless  succession 
of  terms  the  series  is  said  to  be  infinite. 

We  have  already  found  that  when  the  common  ratio  of 
a  geometrical  progression  is  numerically  less  than  unity 
the  sum  of  n  terms  will  not  increase  indefinitely,  but  that 
the  sum  will  become  more  and  more  nearly  equal  to  a 
fixed  finite  quantity  as  n  is  increased  without  limit.  Thus 
the  sum  of  an  infinite  series  is  not  in  all  cases  infinitely 
great. 

When  the  sum  of  the  first  n  terms  of  a  series  tends  to 
a  finite  limit  8,  so  that  the  sum  can,  by  sufficiently 
increasing  n,  be  made  to  diflfer  from  8  by  less  than  any 
assignable  quantity,  however  small,  the  series  is  said  to  be 
convergent,  and  8  is  called  its  sum.  Thus  l  +  i  +  i+^+... 
is  a  convergent  series  whose  sum  is  2. 

When  the  sum  of  the  first  n  terms  of  a  series  increases 
numerically  without  limit  as  w  is  increased  indefinitely,  the 
series  is  said  to  be  divergent  Thus  l  +  2-f3  +  4H-...  is  a 
divergent  series. 
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When  the  sum  of  the  n  first  terms  of  a  series  does  not 
increase  indefinitely  as  n  is  increased  without  limit,  and  yet 
does  not  approach  to  any  determinate  limit,  the  series  is 
neither  convergent  nor  ^vergent.  Such  a  series  is  some- 
times called  an  indeterminate  or  a  neutral  series*. 

For  example,  the  series  1  —  1  +  1  —  1  f. ..  is  an  indeter- 
minate series,  for  the  sum  of  n  terms  is  1  or  0  according  as 
n  is  odd  or  even. 

It  is  clear  that  a  series  whose  terms  are  all  of  the  same 
sign  cannot  be  indeterminate,  but  must  either  be  conver- 
gent or  divergent.  For  unless  the  sum  of  n  terms  increases 
without  limit  as  /i  is  increased  without  limit,  there  must 
be  some  finite  limit  which  the  sum  can  never  exceed,  but 
to  which  it  approaches  indefinitely  near. 

261.  If  each  term  of  a  series  be  finite,  and  all  the  terms 
have  the  same  sign,  the  series  must  be  divergent.  For,  if 
each  term  be  not  less  than  a,  the  sum  of  n  terms  will  be 
not  less  than  na,  and  noL  can  be  made  greater  than  any 
finite  quantity,  however  large,  by  sufficiently  increasing  n. 

262.  The  successive  terms  of  a  series  will  be  denoted 
hy  u^,  u^,  ^8»-"  »  ^^^'  since  it  is  impossible  to  write  down  all 
the  terms  of  an  infinite  series,  it  is  necessary  to  know  how 
to  express  the  general  term,  u^  in  terms  of  n. 

The  sum  of  the  n  first  terms  will  be  denoted  by  U  ; 
and  the  sum  of  the  whole  series,  supposed  convergent,  in 
which  case  alone  it  has  a  sum,  will  be  denoted  by  17. 

Thus  U=  u^  +  u^+  u^  +. ..+  u^  4-  ^«»+i  +.-., 

and  Un  =  u^-{'U^+u^'^ ...  +2*^. 

263.  In  order  that  the  series  u^,  u^,  u^  u^ w„, 

w„+j,  &c.  may  be  convergent  it  is  by  definition  necessary 
and  sufficient  that  the  sum 

^n  =  '2^1  +  ^a  +  ^8+--+^n 

*  These  series  are  however  called  divergent  series  by  Cauchy,  Bertrand, 
Laurent  and  others. 
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should  converge  indefinitely  to  some  finite  limit  27  as  n  is 
indefinitely  increased. 

Hence  U^  U^^y  i7,^,  &c.  ...must  dififer  from  U,  and 
therefore  from  one  another,  by  quantities  which  diminish 
indefinitely  as  n  is  increased  without  limit. 

Now  U^^^  -  C7-„  =  u^^,, 


U-U^  =  u^,  +  u^  +  M  ^.  +  ... 


•+1    '     **«+«    '     "^w+S 


Hence,  in  order  that  a  series  may  be  convergent,  the 
(n  +  1)**  term  must  decrease  indefinitely  as  n  is  increased 
indefinitely,  and  also  the  sum  of  any  number  of  terms 
beginning  at  the  (n  +  1)***  must  become  less  than  any 
assignable  quantity,  however  small,  when  n  is  indefinitely 
increased. 

For  example,  the  Beries  t  +  s  +  o  +  '««+-+-.  cannot  be  oonver- 

1     2     3  w 

gent,  although  the  nth  term  dimmishes  indefinitely  as  n  is  increased 

indefinitely ;  for  the  sum  of  n  terms  beginning  at  the  (n  +  l)th  is 

— -T  +  — T-S+  •••  +27-I  which  is  greater  than  ^xn,  that  is,  greater 
n+1     n  +  2  2n  ^  2w  ^ 

than  ^ . 

264.  We  shall  for  the  present  consider  series  in  which 
all  the  terms  have  the  same  sign ;  and  as  it  is  clear  that 
the  convergency  or  divergency  of  such  a  series  does  not 
depend  on  whether  the  signs  are  all  positive  or  all  negative, 
we  shall  consider  all  the  signs  to  be  positive. 

The  convergency  or  divergency  of  series  can  generally 
be  determined  by  means  of  the  following  theorems. 

265.  Theorem  I.  A  series  is  convergent  if  all  its 
terms  are  less  than  the  corresponding  terms  of  a  second 
series  which  is  known  to  be  convergent. 
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Let  the  two  series  be  respectively 

U=u^  +  u^  +  Ut+ 

and  .    F=Vj  +  t;,  +  Vj+ 

Then,  since  %<  v^  for  alWalues  of  r,  it  follows  that  U 
is  less  than  V.  -  Hence,  as  F  is  finite,  U  must  also  be 
finite:  this  proves  the  theorem,  for  a  series  must  be 
convergent  when  its  sum  is  finite  and  all  the  terms  have 
the  same  sign. 

It  can  be  proved  in  a  similar  manner  that  a  series 
is  divergent  if  all  its  terms  are  greater  than  the 
corresponding  terms  of  a  divergent  series. 

Ex.  (i).    To  shew  that  the  series  j  +  ^— ^  +  j— s"?  + 12  3   4'^"'  ^ 
convergent. 

The  terms  of  the  series  are  less  than  the  terms  of  the  series 

j  +  j-g  +  Y-g-g  +  j— 2-2—2  ■*"•••'  *°^  **"®  ^**®'  ®®"®®  "  *  ^^' 

metrical  progression  whose  common  ratio  is  ^,  which  is  therefore 

known  to  be  a  convergent  series.    The  given  series  must  therefore 
also  be  convergent. 

Ex.  (ii).    Shew  that  the  series 

(g+a?)     {a  +  x){2a  +  x)     {a  +  x)  (2a+ ar)  (3a  +  x) 

(6  +  aj)  ■*"  {b+x)  (2b  +  x)  "^  {h  +  x)  {2b  +  x)  (Sb  +  x)  "*" 

is  convergent  if  a,  6  and  x  are  all  positive,  and  a<b. 

The  terms  of  the  given  series  are  less  than  the  corresponding 

.  -,,.         .  a+x     (a  +  x)^     (a  +  x)^ 

terms  of  the  series  +  ^ ^  +  -^ —  + 

b  +  x^  {b+x)^^  (b  +  x)^^'"' 

TCL  "^x     a  -4*  fl? 
[since     -=; <  r—-  if  r  >  1,  a,  6  and  x  being  positive  and  b  >  a]. 

#0  "T"  X         O  T*  X 

The  latter  series  is  convergent,  and  therefore  also  the  given  series. 

To  ensure  the  convergency  of  the  first  series  it  is  not 
necessary  that  all  its  terms  should  be  less  than  the 
corresponding  terms  of  the  second  series,  it  will  be 
sufficient  if  all  the  terms  except  a  finite  number  of  them 
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be  less  than  the  corresponding  terms  of  the  second,  for  the 
sum  of  a  finite  number  of  terms  of  any  series  must  be 
finite. 

4      43     48     44     46     4« 
Ex.    Shew  that  the  series  1  +  7^  +  7^  +  17+ ic  +  "i«+i^+--  ^^  ^^- 

11  li  11   15    15    II 

vergent. 

From  the  sixth  term  onwards,  each  term  is  less  than  the  oorre- 

41        46 

sponding  term  of   the  series   eie  +  eT|^+  •*•     H®'^*'®  *^®  series 

beginning  at  the  sixth  term  is  convergent,  and  therefore  the  whole 
series  is  convergent. 

266.  Theorem  II.  If  the  ratio  of  the  corresponding 
terms  of  two  series  be  always  finite,  the  series  will  both  be 
convergent  or  both  divergent 

Let  the  series  be  respectively 

and  V=v^+v^  +  v^-\- 

Then,  since  the  quantities  are  all  positive,  p-  must  lie 

between  the  greatest  and  least  of  the  fractions —^  [Art.  113]. 

*" 
Hence  ?7  :  F  is  finite.     It  therefore  follows  that  if  U  is 

finite  so  also  is  F,  and  if  U  is  infinite  so  also  is  F. 

For  example,  the  two  series  ^^  +3-4+ +  ,^-^iy^)+- 

111  ' 

and  T  +  0+ +  -  +  ...  are  both  convergent  or  both  divergent. 

ftr  1 

For  the  ratio  of  the  rth  terms,  namely  ■; tt-t — ^, :  -  is  eqnal  to 

•^(r+l)(r+2)     r         ^ 

7 — —^r-. — jrr ,  which  is  >  1  and  <  8  for  all  values  of  r.    Now  we  have 
(r+l)(r+2)' 

already  proved  that  the  second  series  is  divergent :  the  first  series  is 

therefore  also  divergent. 

267.  Theorem  III.  A  series  is  convergent  if  after 
any  particular  term,  the  ratio  of  each  term  to  the  preceding 
is  always  less  than  some  fi^ed  quantity  which  is  itself  less 
than  unity. 
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Let  the  ratio  of  each  term  after  the  r^  to  the  preceding 
term  be  less  than  k,  where  k<l. 

Then,  since  -'^'<k,     ^<i, , 


^r  ^r+i 


we  have 

^r  +  ^r+i  +  ^r+2  + <  U^  (1  +  k  +  k"  + ) 

,  since  k  is  less  than  1. 


1-k 


Hence  the  sum  of  the  series  beginning  at  the  r*  term 
is  finite,  and  the  sum  of  any  finite  number  of  terms  is 
finite ;  therefore  the  whole  series  must  be  convergent. 

268.  Theorem  IV-  A  series  is  divergent  if,  after 
any  particular  term,  the  ratio  of  each  term  to  the  preceding 
is  either  equal  to  unity  or  greater  than  unity. 

First,  let  all  the  terms  after  the  r*^  be  equal  to  u^\ 
then  u  +u^^^-{-,,.+  u„^^  =  nu^,  and  nu^  can  be  made 
greater  than  any  finite  quantity  by  sufficiently  increasing 
n.     The  series  must  therefore  be  divergent. 

Next,  let  the  ratio  of  each  term,  after  the  r'^  to  the 
preceding  term  be  greater  than  1, 

Then  u^^^>u^,  u^+^>u^^^>u^,  &c. 

Hence  u^_^^  +  u^^^  +  . . .  +  u„^^  >  nu^ ;  the  series  must 
therefore  be  divergent. 

1    2    22    2»             2«-i 
Ex.  1.    In  the  series  T  +  5  +  -a +t+ + + »  *^®  ^**^° 

-^^±^  = r  ,   which  is  creater  than    1 ;    the  series   is    therefore 

u^       n+V  * 

divergent. 
Ex.  2.    In  the  series  12+  2^x+  ^^x^+ .the  test  ratio  is  ^ — ^  x, 

that  is  ll-\--\x.    Now,  if  x  be  less  than  1,  and  any  fixed  quantity  k 

be  chosen  between  x  and  1,  the  test  ratio  will  be  less  than  h  for  all 
terms  after  the  first  which  makes 


(l  +  ^)Va=<Vft.i.e.n>-^^. 
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Hence  the  series  is  convergent  ifa;<l.    Ifa;=l  the  series  is 

1* + 2^ + 3«  + which  is  obviously  divergent,  and  if  a;  >  1  the  series 

is  greater  than  P+ 22 +38+ Thus  the  series  l»+2»a5+3V+... 

is  divergent  except  when  x  is  less  than  unity. 

269.    When  a  series  is  such  that  after  a  finite  number 

of  terms  the  ratio   -^^±^  is  always  less  than  unity  but 

^« 
becomes  indefinitely  nearly  equal  to  unity  as  n  is  in- 
definitely increased,  the  test  contained  in  Theorem  III. 
fails  to  give  any  result;  and  in  this  case,  which  is  a 
very  commdn  one,  it  is  often  difficult  to  determine  whether 
a  series  is  convergent  or  divergent. 

For  example,  in  the  series 

1111 


1*  "^  2*  "^  3*  "*"  4*  "^ 


the  ratio  -^^^  = 


Un      (n  +  ly 


('^S 


Hence,  if  k  be  positive,  the  test  ratio  is  less  than 
unity,  but  becomes  more  and  more  nearly  equal  to  unity 
as  n  is  increased. 

We  cannot  therefore  determine  from  Theorem  III. 
whether  the  series  in  question  is  convergent  or  divergent. 

Ill 
270.     To  shew  that  the  series  t*  +  «*  +  o*  ■*"  •••  '^  ^^^~ 

vergent  when  k  is  greater  than  unity y  and  is  divergent  when 
k  is  equal  to  unity  or  less  than  unity. 

First,  let  k  be  greater  than  unity. 

Since  each  term  of  the  series  is  less  than  the  pre- 
ceding term,  we  have  the  following  relations : 

1      j.      2 
2*  "^3*  ^2*' 
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1      1.1.1      4 

J_  1  1  ^ 

2"*  "^  (2"  +  1)*  "^ (2*»+'-l)*^2"** 

Hence  the  whole  series  is  less  than 

12      4      8  2^ 

.    1*  "^  2*  "^  4*  "*"  8*  "*" +  2"*"^"" 

that  is,  less  than 

1      J_         1  1  1 

•1    •  ak-i  "T"  2*t*~*^      2'^*"^^      2"'*"*^  +  ••• . 

But  this  latter  series  is  a  geometrical  progression 
whose  common  ratio,  ^*=i>  ^  ^^ss  than  unity,  since  A:  >  1. 
Hence  the  given  series  is  convergent. 

Next,  let  k=l',  then  we  can  group  the  series  as 
follows : 

1    1    ri    11    ri    1    1    11 

r    1  1  1] 

+  [_2*'^  +  l  "^2*"*  +  2"'" '^2*J      ' 

therefore,  as  each  group  of  terms  in  brackets  is  greater 
than   J,  the   given  series  taken  to  2*  terms  is  greater 

than   l+J  +  i  +  J  + taken  ton  +  1  terms,  that  is, 

greater  than  1  +  Jn,  which  increases  indefinitely  with  n. 

Hence  t  +  o  +  q  + is  divergent. 

L      Ji      o 
Lastly,  let  k  be  less  than  unity ;  then  each  term  of  the 

series  Tjb+Q]b  + is  greater  than  the   corresponding 

JL        A 

term  of  the  divergent  series  t4-^  + ;  the  series  is 

therefore  divergent  when  k  <1. 
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271.  The  convergency  or  divergency  of  many  series 
can  be  determined  by  means  of  Theorems  I.  and  II.,  using 
the  series  of  the  last  Article  as  a  standard  series.  The 
method  will  be  seen  from  the  following  examples. 

Ex.  1,    Is  the  series  whose  general  tenn  is  — — =-  convergent  or 
divergent  ? 

Since  -^ — ^  >  - ,  if  n  >  1,  it  follows  that  2  -„-  -  >  S  -.     But  S  - 

is  divergent ;  therefore  S  -y— ^|  is  also  divergent. 

Ex.  2.     Is  the  series  whose  general  term  is   -^ — -  convergent  or 
divergent  ? 

n+2     TO+2     3n      3       _         _  n+2     ._  1      ,.  .  _,  1 
n'  +  l        7i'        w*      rr  n*  +  l  n*  n^ 

71  +  2 

is  convergent  [Art.  270];  therefore  S  —^ — r  is  also  convergent. 

272.  We  have  hitherto  supposed  that  the  terms  of  the 
series  whose  convergency  or  divergency  was  to  be  deter- 
mined were  all  of  the  same  sign.  When,  however,  some 
terms  are  positive  and  others  negative,  we  first  see  whether 
the  series  which  would  be  obtained  by  making  all  the 
signs  positive  is  convergent;  and,  if  this  is  the  case,  it 
follows  that  the  given  series  is  also  convergent ;  for  a  con- 
vergent series,  all  of  whose  terms  are  positive,  would 
clearly  remain  convergent  when  the  signs  of  some  of  its 
terms  were  changed.  If,  however,  the  series  obtained  by 
making  all  the  signs  positive  is  a  divergent  series  it  does 
not  necessarily  follow  that  the  given  series  is  divergent. 
For  example,  it  will  be  proved  in  the  next  Article  that 
the  series  i  — i  +  i  — i+.-.  is  convergent,  although  the 
series  |  +  i  +  J  +  i+...is  divergent. 

273.  Many  series  whose  terms  are  alternately  positive 
and  negative  are  at  once  seen  to  be  convergent  by  means 
of 
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Theorem  V.  A  series  is  convergent  when  its  terms 
are  alternately  positive  and  negative,  provided  each  term  is 
less  than  the  preceding ,  and  that  the  terms  decrease  mthout 
limit  in  absolute  magnitude. 

Let  the  series  be 

U^-U^  +  U^-'U^+...  ±%  +  w„+i±t^„+2+ 

By  writing  the  series  in  the  forms 

^1  —  '^g  +  (^8  ~ '^4)  +  (us  —  %)  +  -"  and 

we  see  that,  since  each  term  is  less  than  the  preceding,  the 
sum  of  the  series  must  be  intermediate  to  u^  —  u^  and  u^ ; 
and  hence  the  sum  of  the  series  is  finite.  It  is  also  similarly 
clear  that  the  absolute  value  of  tl  —U^  is  intermediate  to 
the  absolute  values  of  ^«  +  i  —  w„+2  and  u^^^,  and  therefore 
tT—U^  becomes  indefinitely  small  when  n  is  increased 
without  limit.     The  series  must  therefore  be  convergent. 

For  example,  the  series  t~o  +  o~7  + ^^  convergent,  since 

1      ^      o      4 

the  terms  are  alternately  positive  and  negative  and  decrease  without 

2     3     4     5 

limit.    The  series  t-^  +  o"  j+ ^^  not  however  a  convergent 

1      2      o      4 

series  although  its  sum  is  a  finite  quantity  between  ^  and  2,  for  the 

w  + 1 
Tith  term,  namely   ,  does  not  diminish  indefinitely  as  n  is 

indefinitely  increased. 

274.  We  will  now  apply  the  preceding  tests  of  con- 
vergency  to  three  series  of  very  great  importance. 

I.  The  Binomial  Series.  In  the  binomial  series, 
namely 

-  m  (m  —  1)    a 

1  4- 77107  4-       \  ^x^-{- 


m(m -l)...(m-yi  +  l)    «  , 
S.  A.  21 
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the  number  of  terms  is  finite  when  m  is  a  positive 
integer;  but  when  m  is  not  a  positive  integer  no  one 
of  the  factors  m,  m— 1,  m  — 2,  &c.  can  be  zero,  and 
hence  the  series  must  be  endless. 

To  determine  the  convergency  of  the  series  when  m 
is  not  a  positive  integer  we  must  consider  the  ratio 


^n+l  •  ^«- 


Now   »,^.^«^-^  +  i^^_^/i_!?M:_iV 

u^  n  \  n    J 


Hence,  for  all  values  of  n  greater  than  m  +  1,  w^+j,  and 
u^  have  different  signs  when  x  is  positive,  and  have  the 
same  sign  when  x  is  negative.  Moreover,  as  n  is  in- 
creased, the  absolute  value  of  u^+i/u^  becomes  more  and 
more  nearly  equal  to  x.  If  therefore  x  be  numerically 
less  than  unity,  the  ratio  u^^Ju^  will,  either  from  the 
beginning,  or  after  a  finite  number  of  terms,  be  numeri- 
cally less  than  unity.  Hence  by  Art.  267  the  series 
formed  by  adding  the  absolute  values  of  the  successive 
terms  will  be  convergent,  and  therefore  also  the  series 
itself  must  be  convergent,  whether  its  terms  have  all 
the  same  sign  or  are  alternately  positive  and  negative. 

Thus  the  binomial  series  is  convergent,  if  ^  is  numeri- 
cally less  than  unity  *. 

II.    The  Exponential  Series.     In  the  exponential 
series,  namely 

^■*-^+i2  +  |3  + +  [^  +  --        • 

the  ratio  u^^Ju^  is  xjn.  Hence  the  ratio  n^+Ju^  is  nu- 
merically less  than  unity  for  all  terms  after  the  first  for 
which  n  is  numerically  greater  than  x.  The  series  is 
therefore  convergent  for  all  values  of  x. 

*  The  series  is  also  convergent  when  05=1,  provided  n>  - 1;  and  it  is 
convergent  when  a=  - 1,  provided  n>0.     [See  Art.  334.] 
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III.  The  IiOgaiithmlc  Series.  Id  the  logarithmic 
series,  namely 

a?     a?  ,    ,,.a?* 

^-3  +  3- -<-i)"^+-. 

xn              /           1    \ 
the  ratio  u^.Ju^  is -rr  =  —  a?  ( 1  — ) ;  and  hence 

Un+i/^n  will  be  numerically  less  than  unity  provided  x 
is  numerically  less  than  unity.  The  logarithmic  series 
is  therefore  convergent  when  x  has  any  value  between 
—  1  and  + 1. 

If  x  =  ly  the  series  becomes  1— ^  +  J  — ...,  which  is 
convergent  by  Theorem  Y. 

If  a?  =  —  1,  the  series  becomes  —  (1  +  J  +  J  +  . . .)»  which 
is  known  to  be  divergent.     [Art.  270.] 

275.  The  condition  for  the  convergency  of  the  product 
of  an  infinite  number  of  factors,  and  also  some  other 
theorems  in  convergency,  will  be  proved  in  a  subsequent 
chapter.  The  two  important  theorems  which  follow  cannot 
however  be  deferred. 

276.  If  the  two  series 

U=Uq  +  u^x  +  u^  + +  u^x**  +  ..., 

and  V=:VQ-hv^x  +  v^a?  + +  t;^a?'*  +  ..., 

be  both  convergent,  and  the  third  series 

+ +K^n  +  V«-i+ +u^v,)ar+... 

be  formed,  in  which  the  coefficient  of  any  power  of  x  is 
the  same  as  in  the  product  of  the  two  first  series;  then 
P  will  be  a  convergent  series  equal  to  UxV,  provided 
(1)  that  the  series  U  and  V  have  all  their  terms  positive, 
or  (2)  that  the  series  U  and  V  would  not  lose  their  con- 
vergency if  the  signs  were  all  made  positive*. 

*  This  Article,  and  in  fact  the  whole  of  this  Chapter,  is  taken  with 
slight  modifications  from  Cauchy's  Analyse  AlgSbrique. 

21—2 
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First,  suppose  that  all  the  terms  in  U  and  V  are 
positive. 

Then  U^  ^  ^9«  =  P^n  "^  *erms  containing  a;*"  and 
higher  powers  of  x.    Hence  U^^  x  F,^  >  P^. 

Also  Pjj^  =  Cr„  X  F„  +  other  terms.   Hence  P^  >^n^  ^w 

Hence  P^  is  intermediate  to  U^  x  F„  and  ETj^^  x  F^. 

Now,  the  series  CT  and  F  being  convergent,  U^  and  Z7„ 
both  approach  indefinitely  near  to  U,  also  f^'j^  and  V^  both 
approach  indefinitely  near  to  F,  when  n  is  indefinitely 
increased.  Hence  If^  x  V^  and  CT^,  x  F„,  and  therefore 
also  P^  which  is  intermediate  to  them,  will  in  the  limit  be 
equal  to  ?7  x  F.     Hence,  when  all  the  terms  are  positive, 

p=crx  F. 

Next,  let  the  signs  in  the  two  series  be  not  all  positive, 
and  let  tT  and  F'  be  the  series  obtained  by  making  all  the 
signs  positive  in  U  and  F;  and  let  P'  be  the  series  formed 
from  17  and  F'  in  the  same  way  as  P  is  formed  from 
CTand  F. 

Then  U^  x  F,^  —  P^  cannot  be  numerically  greater 
than  IF^  x  r^^  —  P'^^,  for  the  terms  in  the  latter  expres- 
sion are  the  same  as  those  in  the  former  but  with  all  the 
signs  positive. 

Now,  provided  the  series  U  and  F  do  not  lose  their 
convergency  when  the  signs  of  all  the  terms  are  made 
positive,  it  follows  from  the  first  case  that  JT^  x  V^  —  P'  , 
and  therefore  also  U^  x  l^an  "  -^in  which  is  not  numerically 
greater,  must  diminish  indefinitely  when  n  is  increased 
without  limit.  Hence  the  limit  of  P^  is  equal  to  the 
limit  of  U^  X  Fg^ ;  so  that  P  must  be  a  convergent  series 
equal  to  the  product  of  U  and  F 

If  the  series  U  and  F  are  convergent,  but  are  such 
that  either  of  them  would  lose  its  convergency  by  making 
the  signs  of  all  its  terms  positive,  the  series  P  may  or 
may  not  be  convergent ;  and,  when  P  is  not  convergent, 
the  relation  U  x  V=  P  does  not  hold  good,  for  P  has  no 
definite  value  and  cannot  therefore  be  equal  to  U  x  V, 
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although  the  coefficient  of  any  particular  power  of  x  in 
the  series  P  is  always  equal  to  the  coefficient  of  the  same 
power  of  X  in  the  product  of  the  series  U  and  V. 

277.     If  the  two  series 

a^ -\-  a^x  +  a^  -^  a^  + , 

and  h^  +  \x  +  h^^  +  h^  + , 

be  equal  to  one  another  for  all  values  of  x  for  which  they 
are  convergent ;  then  will  a^  =  h^,     a^  =  ftj,     a^  =  63,  &c. 

For  if  the  series  are  both  convergent,  their  difference 
will  be  convergent.     Hence 

^0  -  &o  +  K  -  61)  a?  +  (a^  -  6j)  a?"  + =  0 (i), 

for  all  values  of  x  for  which  the  series  is  convergent. 

The  last  series  is  clearly  convergent  when  a;  =  0 ;  and 
putting  a?  =  0  we  have  a^  ~  ft^  =  0.     Hence  %  =  b^. 

We  now  have 

X  {a^  —  b^  +  (a^—b^x-\-(a^  —  b^)x^+ }  =0 (ii). 

Now  for  any  value  x^  for  which  the  series  in  (i)  is 

convergent,  cia  —  63  +  (ag  —  63)  a?j  + is  equal  to  a  finite 

limit,  Xj  suppose. 

Hence  (ii)  may  be  written  x^  [a^  -  b^^^  x^  L^}  =  0;  and, 
since  this  is  true  for  all  values  of  x^,  however  small,  it 
follows  that  a^  —  6^,  must  be  numerically  indefinitely  small 
compared  with  i, ;  that  is,  a^  —  6j  must  be  zero.  It  can 
now  be  proved  in  a  similar  manner  that  ttj  —  ftj  =  0, 
ttg  —  63  =  0,  &c. 

Hence  if  two  series  which  contain  x  be  equal  to  one 
another  for  all  values  of  x  for  which  the  series  are  conver- 
gent, we  may  equate  the  coefficients  of  the  same  powers  of  x 
in  the  tfwo  series. 

The  particular  case  of  two  series  which  have  a  finite 
number  of  terms  was  proved  in  Art.  91. 


92« 


EXAMPLES  XXYL 
fMenniiM!  wheAer  the  {ollowing  aeries  are  oanvetgaot  or 

-111  1 

'      1  .  2  "^ 3  .  4  "^  6  :  6*  ■  ■  *  (2n+ 1)  (2n  +  2)* '  • 

.  1    _  1  1 

*'     a(«  +  6)'^(a+26)(a  +  36)'^(a+46)(a  +  56) 

3     3,4     3_,  4  .  5  3.  4...(»  +  2) 

''      4*4.6'*'4.  O-S"^  ••*4.6...(2n+2)'^"' 

.       3     3.6      3,6,7  3.6.7...(2n+l) 

*'  4  ■*■  4  ;"7  *  i :  7 :  10  ■*"  "•  ■*■  4 , 7 .  io.,.(3»+ 1)  ■*■  ■• 

I      1,8     1,3.6  1.  3,6...(2w-l) 

"'      3'*'3,6*3,  eJg*'""^      3,6,9...3m      ■*"" 

-       1111 

X     x+l     x+2     x+3 

11  1_ 

^'      l+a"^  l  +  2a!'^r+'3a!*'" 

a         1  1  1 

*•   i+(»'^r+»'*i +«•*••• 

I  (D  as*  ai' 

••      l+«)*l+«.'*l+ai*'^""'^i'+^'^"" 

,-  I  1  1  1 

"■      Ifa"*"  1+ 2a)' "^  1+ 3a!* "^  •••■*■  l+nar"^"' 

11  ^  *  *''  ag' 

"•      l.a'^a.3*3.4'^"*(n+l)(n  +  2)'^-- 

l4a      l+srt  ^      '  l+na 
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1+2        14-3  l+n 

^^-    ^ ^rr2^'*'i  +  3«+ •••■*■  rr^-^- 

2'-l'     3' -2'  7^«^(n-l)" 

10.       4-  + -4- 

x-hm     x  +  2m     x  4-  3m 

--,  1  m  m* 

10.       r  4- 4- i,4-... 

a;4-l      x  +  m    x-hm 

.         (l4-a)(l4-5)      (2+a)(2  +  6)  (r^  +  a)(?^4-6) 

1.2.3     ■*"      2.3.4     ■*■*••  ^n(n4-l)(r^4- 2)  ■*■••• 

,g  1  _2 3_  n 

^-      l+V2^1  +  2V3^l4.3^4^-"'l  +  ^Vim''*** 

^'''      2  +  72^^3  +  ^3     4+  V^"*"  •••■*■  ri+ >■*■••• 

21.  (^/2-l)  +  (V5-2)  +  ...+(V7?n-7i)+... 

1  «      a?"  a?" 

22.  ik-^^k+^-^"'  (27i+l)*"^- 

2  4a;     Ox*  2m;" 

4     2        12  Ti"  -  on 


25.     Shew  that  the  series 


1  _J_ 


V-x     2'-x  •  3^-a;     '•'     n'-x 

is  convergent  for  all  values  of  x,  except  only  when  x  is  the 
square  of  an  integer. 


^ 
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The  Binomial  Theorem.    Any  Index. 

278.     It  was  proved  in  Chapter  xx.  that,  when  n  is 
any  positive  integer, 

(l+xY=^l+nx+  -^^    ^   V+ 

n(n  —  l)...(n  — r  +  1) 
n: of+ 


We  now  proceed  to  prove  that  the  above  formula  is 
true  for  all  values  of  n,  provided  that  the  series  on  the 
right  is  convergent 

When  n  is  a  positive  integer  the  above  series  stops,  as 
we  have  already  seen,  at  the  (n  +  l)th  term ;  but  when 
n  is  not  a  positive  integer  the  series  is  endless,  for  no  one 
of  the  factors  n,  n  —  1,  w  —  2,  &c.  can  in  this  case  be  zero. 

It  should  be  noticed  that  the  general  term  of  the 

nin-l)  (n-2).,.(n-r  +  l) 
binomial   series,  namely j- a?**, 


\n 
cannot  be  written  in  the  shortened  form = of  unless 


n  —  r 


n  13  a,  positive   integer;   we   may  however   employ  the 
notation  of  Art.  237,  and  write  the  series  in  the  form 

l+^i^+^^+T^^  +---+r^+ 
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279.    Proof  of  the  Binomial  Theorem.   Represent, 
for  shortness,  any  series  of  the  form  1  +  .-*  +  y^ic'H-... 


m. 


+  u:^'"+---  by/ W-     Thus 


(ot)=1+— 'aJ  +  i^a^H- +  |7^+- 


/(n)=l+^a;+^'a^+ +'^af+. 


and 


[1    ■  L2 


/(^  +  „)Hl  +  (^«a;  +  ('^a?+...  +  <^^ar... 


Now  the  coefficient  of  cf  in  the  product /(m)  x  /(n)  is 


ir 

that  is 


r-lll 


-2^ 


+...  +  ^'V^^...+^^ 


r  — 5  « 


t' 


1 

Ir 


m^+...  4- 


Zl^ 


r  m_.  w 


r-9 


J, +...  +n^f . 


And,  by  Vandermonde's  Theorem  [Art.  245  or  257], 

I  771  "4"  lfh\ 

this  coefficient  is  equal  to  ^ — ■. — —,  which  is  the  coefficient 

r 

of  of  in  /  (m  +  w). 

Thus  the  coefficient  of  any  power  of  a;  in  /  (m  +  n)  is 
equal  to  the  coefficient  of  the  same  power  of  x  in  the 
product  /  {m)  x  f  (n);  also  the  series  /  (m),  /  (n)  and 
f  (m  +  n)  are  convergent,  for  all  values  of  m  and  w,  when 
a?  is  numerically  less  than  unity  [Art.  274].  It  therefore 
follows  from  Art.  276  that 

/(m)x  f  (n)  =  f  {m  +  n) (a), 

for  aU  values  of  m  and  n,  provided  that  x  is  numerically 
less  than  unity. 


330  BINOMIAL  THEOBEH.      ANY  INDEX. 

Now  it  is  obvious  that /(O)  =  1,  and  that  / (1)  =  (1  +  a?) ; 
we  also  know  that  if  r  be  a  positive  integer /{r)  =  (1  +  xY. 

Hence,  by  continued  application  of  (a),  we  have 

/(m)  x/(n)  xf(p)  x...=f(m  +  n)  xf(p)  x... 

=f(m  +  n  +p  +...). 

T 

Now  let  m=n  =p  =...=-,  where  r  and  s  are  positive 
integers ;  then  taking  s  factors,  we  have 

But,  since  r  is  a  positive  integer,/  (r)  is  (1  +  ocy ; 

.-.  (1+4  =f(^). 

This  proves  the  Binomial  Theorem  for  a  positive 
fractional  exponent:  the  theorem  is  therefore  true  for 
any  positive  index. 

And,  assuming  that  the  binomial  theorem  is  true  for 
any  positive  index,  it  can  be  proved  to  be  true  also  for  any 
negative  index.     For,  from  (a), 

/(-n)x/(n)=/(-7i+n)=/(0). 

Hence,  as/  (0)  =  1,  we  have 

1  1 

•^  ^"  '^^  ^flji)  "  (1  +  xy '  ^^^^^  ^  ^  positive, 

= (1 + ^r. 

Hence  (1 +«?)""  =/(—w),  which  proves  the  theorem 
for  any  negative  index. 

280.  Euler'8  Proof,  Euler*s  proof  of  the  Binomial 
Theorem  is  as  follows. 
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Represent,  for  shortness,  any  series  of  the  form 

l■^^^■^^^  +  ...■^"^("^-l)•••("^-^^l)^^■... 

1.2  [r 

by/(w):  thus 

/'(w)=  l+maj+  j2^  a^+...+  i:;r«^+ (i), 


/(n)=l+rkc+j2  a?" +...+  ,-«?'•+ (ii), 

and, 

/(m  +  »)=  l+(m  +  w)a;+ — 12  ~    ar+...+  — j^   a?*'+... 


Now,  if  the  series  on  the  right  of  (i)  and  (ii)  be  multi- 
plied, and  the  product  be  arranged  according  to  ascending 
powers  of  x,  the  result  must  involve  m  and  n  in  the  same 
way  whatever  their  values  may  be.  But,  when  m  and  n 
are  positive  integers,  we  know  that  /(m)  is  (1  +a?)"',  and 
that/(n)  is  (1  +«?)*,  and  the  product /(m)  x/(n)  is  there- 
fore (1  +  a?)*"*^*,  which  again,  as  m  +  w  is  a  positive  integer, 
is  /(m  H-  n).  Hence  when  m  and  n  are  positive  integers 
the  product/  (m)  xf  (n)  is/  (m  +  n) ;  and,  as  the  form  of 
the  product  is  the  same  for  ail  values  of  m  and  n  it  follows 
that 

f(m)xf{n)^f{m  +  n) (a), 

for  all  values  of  m  and  n.     [See  however  Art.  276.] 

From  this  point  the  proof  is  the  same  as  in  Art.  279. 

Ex.  1.    Expand  (l+o;)'^. 

Pat  n=  - 1  in  the  above  formnla ;  then  we  have 

■■.+  <-^><-f (-^>^-H 


=  l-x+a^-a»+ +  (-!)'«'+ 
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This  example  illastrates  the  necessity  of  some  limitation  in  the 
value  of  x;  for  we  know  [Art.  225]  that  1-x  +  x^- is  not 

equal  to  ^        unless  x  is  between  - 1  and  +1. 
i+x 

Ex.2.    Expand  (1 -«)-«. 
We  have 

+ H.(-^)(-3)-^-(--"^)(_.),.^ 

=  l  +  2x  +  Sx^+^x^+ +  (r+l)xr+ 

Here  again  it  is  olear  that  the  result  cannot  be  true  for  all  values 
of  a; ;  if  x=2,  for  example,  we  should  have 

1  =  1  +  2. 2  +  3. 2«  +  4.2»+ , 

which  is  absurd. 

Ex.  3.    Expand  (l  +  a;)i. 
We  have     {l+x)^=l+l,+  ?^^x^ +^^   ^^/  \^    ^^  x^+ , 


the  general  term  being 

K-»(-§) g-^) 


;r,.h« ..(-■)- ■-■'■';:"'-'V. 

r                               »              \      /  2^W 

Hence    (1  +  ^)*=1+ ^^- 2^^'+ aX  6^+ 


1.3.5...(2r-3) 
^^      ^  2.4.6...2r         ^ 


Ex.  4.    Expand  (1  -  x)  "J. 


We  have 


(l-a!)-i=l  +  (-i)(-ar)+  )u-^^-IL^.x)^+ 

i  l)(-i) (-y).  „ 


Hence 


,.       .i     -     ,        1.3    „,  1.3.6 (2r-l) 

All  the  terms  are  positive,  for  in  the  general  term  there  are  2r 
negative  factors. 
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6 

Ex.  6.    Eiq)and  (a'  -  Sa^x)'^  according  to  ascending  powers  of  a. 

.r,     5/      Sx\       3*3/      Sx\^      3*3  V     s)  f     Sxy 
=  "l'  +  3(-¥)+  r-2(-  a)  +       1.2.3      (-^j 

3*3\      3/    ••••\3  Jr      SxY  n 

-  r,      5    X     6.2 /a:  \2     6.2.1/ajV 
5.2.1.4.7...  (3r-^8)  /^y  T 

After  the  second,  all  the  signs  are  positive ;  for  in  the  general  term 
there  are  r-  2+r,  that  is  an  even  number,  of  negative  factors. 

281.     The  (r+l)th  term  of  the  expansion  of  (1  +«)" 
is  obtained  from  the  rth  by  multiplying  by x, 


that  is 


n  +  l\         ^r  .      w  +  1  . 


IS  by  f  —  1  H 1  X.     JNow  —  1  + is  always 

negative  if  w  + 1  is  negative;  and,  whatever  n  +  1  may  be, 
—  1  H will  be  negative  for  all  terms  after  the  first  for 

which  r  >  n  +  1. 

Hence,  if  x  be  positive,  the  ratio  of  the  r  +  1th  and  rth 
terms  will  be  always  negative  when  r>n  +  l.  The  terms 
of  the  expansion  of  (1  +  xY  will  therefore  be  alternately 
positive  and  negative  after  r  terms,  where  r  is  the  first 
positive  integer  greater  than  n  +  1. 

If  X  be  negative,  the  ratio  of  the  (r  +  l)th  and  rth 
terms  will  be  always  positive  when  r>  n  +  l.  The  terms 
of  the  expansion  of  (1  —  xY  will  therefore  be  all  of  the 
same  sign  as  the  rth  term,  where  r  is  the  first  positive 
integer  greater  than  n  + 1 ;  and,  as  a  particular  case,  all 
the  terms  of  the  expansion  of  (1  —  a?)*  are  positive  when  n 
is  negative. 
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For  example,  all  the  terms  in  the  expansion  of  (1  -  a;)T  are  of  the 
same  sign  as  the  rth,  where  r  is  the  integer  next  greater  than  f +1, 
so  that  r  is  3.    Also,  after  the  ninth,  the  terms  of  the  expansion  of 

(1  +  x)  ^  are  alternately  positive  and  negative. 

282.    Greatest  Term.     In  the  expansion  of  (1  ±  a?)* 
by  the  binomial  theorem,  we  know  that  the  ratio  of  the 

71  ~~  7*  "4"  1 

(r  +  l)th    term    to    the   rth    is    ±  x,   that    is 

T  ob(1 j ;  we  also  know  that  x  must  be  numeri- 
cally less  than  1,  unless  n  is  a  positive  integer. 

First   suppose   that   n  + 1   is  negative,  and  equal  to 
—  m.    Then  the  absolute  value  of  the  ratio  of  the  (r  +  l)th 

term  to  the  rth  term  is  a?  f  1  H — j .     Hence  the  rth  term 

is  =  (r  +  l)th  term  according  as  x  (l  -\ — )  =  1;  that  is, 

J.  >   mx     ^1    .  •    >— (l  +  n)aj 

according  as  r  = ,  that  is  =  -— ^ ^  , 

°  <l—x  <      1—x 

Hence,  if  — ^= ^  be  an  integer,  r  suppose,  the  rth 

term  will  be  equal  to  the  (r  +  l)th  term,  and  these  will 

be  greater  than  any  other  terms.     But,  if  — = 

be  not  an  integer,  the  rth  term  will  be  the  greatest  when 

r  is  the  integer  next  above  — ^j— . 

Next,  suppose  that  n  + 1  is  positive,  and  let  k  be  the 
integer  next  greater  than  w  +  1.     Then,  if  r  be  equal  or 

greater  than  A;, 1  will  be  negative  and  less  than 

unity;  hence,  as  x  must  be  less  than  unity,  each  term 
after  the  A;th  will  be  less  than  the  one  before  it,  and 
therefore  the  greatest  term  must  precede  the  A;th.    And 

since,  for  values  of  r  less  than  n  +  1, —  1  will  be 
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positive ;  the  rth  term  will  be  =  (r  4-  l)th  according  as 
I 1]  OS  =1:  that  is,  according  as  r  =    S^   ^    . 

Hence,  if  ^— be  an  integer,  r  suppose,  the  rth 

term  will  be  equal  to  the  (r  +  l)th,  and  these  will  be 

greater  than  any  other  terms.     But,  if  ^ —  be  not  an 

1  +  « 

integer,  the  r^h  term  will  be  the  greatest  when  r  is  the 

integer  next  above  i— . 

°  a?  +  1 

Ex.  1.    Find  the  greatest  term  in  the  expansion  of  {l-x)~^,  when 

a? = ^ .    Here  n  + 1  is  negative,  and  -^- —  =  *  -  | = 4.    Henoe  the 

fourth  and  fifth  terms  are  equal  to  one  another,  and  are  greater 
than  any  other  terms. 

Ex.  2.     Find  when  the  expansion  of  (1  -  x)    «  begins  to  converge,  if 
3 

Here  n  +  l  is  negative,  and  '^ —  =^      =22^.    Hence  the 

convergence  begins  after  the  2drd  term. 

Ex.  3.    Find  the  greatest  term  in  the  expansion  of  (a  +  x)^,  when 
4ip=3a. 

Since  {a+x)^=ar^  ll-\ —  )     ,  the  greatest  term  required  is  the 

term    corresponding   to   the   greatest  term  in   f  1  +  -  ]     .     Now 

(n+1)  — f- 1  1  +  - i=-^.7-i-T=H;  hence  r  must  be  the  integer  next 
a\a/2442 

9 

greater  than  ^ ,  so  that  the  5th  term  is  the  greatest. 

EXAMPLES  XXVII. 

1.     Find  the  general  term  in  the  expansion  of  each  of  the 
following  expressions  by  the  binomial  theorem. 

(i)  {i-x)-',    (ii)  {1-xr,   (iii)  (i-x)-'. 
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(iv)     (1+aj)-^       (v)     (1  +  a;)*,  (vi)     (1+a;)^ 

(vii)     (l-5aj)-^,      (viii)     (l-5aj)*,         (ix)     (l-a:)"^ 

(x)     (2a  +  3x)-i,       (xi)     (a*-2aaj)*   and 
(xii)     (4-7a;)t 

2.     Find  the  first  negative  term  in  the  expansion  (i)  of 
(1  +  ^x)^\  and  (ii)  of  (1  +  |aj)^. 


-12 


3.     Find  the  greatest  term  in  the  expansion  of  (I  +x)~^ 


when  a?  =  ^. 


4.  Find  the  greatest  term  in  the  expansion  of  (1  -  §aj)~* 
when  x  =  ^. 

1  2  2 

5.  After  what  term  will  the  expansion  of  (1  -  x)~~^  begin 
to  converge,  when  a:  =  |  ? 

6.  Shew  that  the  coefficients  of  the  19  first  terms  in  the  ex- 

19  —  21a; 
pansion  of  —rz -3-  are  all  positive,  and  that  the  greatest  of 

them  is  100. 

7.  If  ttj,  Ogj  %>  ^4  ^®  *^y  ^our  consecutive  terms  of  an 
expanded  binomial,  prove  that 

8.  Find  the  general  term  in  the  expansion  by  the  binomial 
theorem  of  each  of  the  following  expressions  according  to 
ascending  powers  of  x : 

(iv)  (a  +  x)^  {a-x)~^,         (v)  (a  +  a;)' (a  -  a;)"*,  and 

(vi)  (a-aJ)*(a  +  a;)-^ 

9.  Shew  that  the  coefficient  of  a^**  in  the  expansion  of 
(1  +  afy  (1  -  xy  is  2n. 

10.     Shew  that  the  coefficient  of  x^  in  the  expansion  of 
(1  +  2xy  (1  -  x)-'  is  27  (w  -  1),  w  ^  3. 
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283.  Sum  of  coefficients.  The  sum  of  the  first 
r  + 1  coeflBcients  of  the  expansion  of  (1  —  a?)"  can  be  ob- 
tained as  follows. 

We  have 

11     If  r 

also  (l-a?)"*  =  l4-a?  +  a;'+...4-a?^+.... 

From  [Art.  277]  the  coefficient  of  aS^  in  the  product 
of  the  two  series  is  equal  to  the  coefficient  of  o^  in 
(1  —  xy  X  (1  —  ic)"\  that  is  in  (1  —  xy^ ;  hence  we  have 


=  coefficient  of  af  in  (1  -  xY'^  =  (- 1)*-  ^^  r^^  . 


Similarly,  if  <^  {{D)^a^-\-a^x-\-a^ -\-.,,-\-a^(x!'  -\-,,,,  the 

sum  ttn  +  «,+.. .+  a,  will  be  the  coefficient  of  a;*"  in  i^        . 
^  *^  1  —a? 

Thus,  to  find  the  sum  of  the  first  r  4- 1  coefficients  in  the 

expansion  of  ^  (a?),  we  have  only  to  find  the  coefficient  of 

0^  in  the  expansion  of  ^^  ^  . 

Ex.  1.    Find  the  sum  of  the  first  r  coefficients  in  the  expansion  of 
(l-a;)-8.  ^718.     ^r(r+l)(r+2). 

The  sum  required  is  the  coefficient  of  ac'"-^  in  (1  -  a;)~*. 

Ex.  2.    Find  the  sum  of  n  terms  of  the  series 

1.2.3  +  2.3.4  +  3.4.6  + 

Since  (l-a;)-4=:p4-i5[l-2.3  +  2.3.4a;  +  3.  4.  6a;2+ ];  the 

sum  required  =  6  x  sum  of  the  first  n  coefficients  in  the  expansion  of 
(1  -a;)-4=6 X coefficient  of  a;»-i in (1  -a;)-«= jn(n  +  l)  (n  +  2)(n+3). 

Ex.  3.    Find  the  sum  of  the  first  n+r  coefficients  in  the  expansion  of 
(l+x)~ 

s.  A.  22 
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The  Bum  required  =  coefficient  of  x*"*"*"-^  in  the  expansion  of 
|i^-^*.    Now  (l  +  a;)*=(2- r:^)»=2*-n.2»-i(l-x) 

+  -^- -  y  2»-  a  (1  -  xf + higher  powers  of  (l-x). 
„  (l+a:)»        2"         n2"->      n(n-l)2"-»  .  .        , 

^'''"^  (r4.=(r:^-(r:^+  Vi-,     +«°  "^t**"^ 

expression  of  the  (n  -  3)th  degree. 

The  coefficients  of  a;«+''-i  in  (l-«)-8,  (l-a;)-^  and  (l-a;)-^  re- 
spectively are  ^  (^ + ^)  (^ + **  + 1)»  ^  +  r,  and  1 ;  hence  the  coefficient  of 

a;n+r-iin(|±f^is 
(1  -  xY 

2«-i(n  +  r)(n+r  +  l)-2»-in(n  +  r)  +  2»-8n(n-l). 
Ex.  4.    Find  the  sum  of  n  terms  of  the  series 

^"^''  +  "172"+        1.2.3        ■*" 


^rw.     (2?i-l)!/n!(w-l)!. 

284.  Binomial  Series.  Series  which  are  derived 
from  the  expansion  of  (1  +xY  by  giving  particular  values 
to  X  and  n  are  of  frequent  occurrence :  it  is  therefore  of 
importance  to  be  able  to  determine  at  once  when  a  given 
series  is  a  binomial  series. 

The  case  in  which  the  index  is  a  positive  integer  needs 
no  remark. 

When  the  index  is  a  negative  integer,  we  have 

and  it  should  be  carefully  noticed  that  this  expansion  can 
be  written  in  the  form 


{l-xy=  — ^^[l.2...(w-l)  +  {2.3...n}a;+... 

...+  {(r  +  l)...(r  +  n-l)}«**+...]. 
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When  the  index  is  fractional,  —p/q  suppose,  we  have 

fPjp±sMz±M(g^. (A). 

Here  we  notice  that  (i)  there  is  an  additional  factor 
both  in  the  numerator  and  in  the  denominator  for  every 
successive  term,  (ii)  the  successive  factors  of  the  numerator 
are  in  an  A.  P.  whose  common  difference  is  the  denominator 
of  the  index,  (iii)  the  successive  factors  of  the  denominator 
are  1,  2,  3,  4,  &c.,  or  multiples  of  these. 

Bearing  in  mind  the  above  laws,  there  will  be  no 
difficulty  in  determining  the  expression  which  will  pro- 
duce a  given  binomial  series. 

Ex.  1.    Find  the  STim  of  the  series 

1      1.3      1.3.5  ^    •   n   '. 

3  +  3:6  +  3.6.9-*- ^omGnity. 

Writing  the  series  in  the  form 

1^    1     1.3    J^     1.3.5    1 

[1*3  "^12      32**"      |3      'S^"^ ~    ' 

we  see  from  (A)  that  it  is  obtained  from  the  expansion  of  (l-x)~^ 

X      1 
by  giving  to  x  the  value  found  from  5=5  • 

1    3 

Thns(l-|)-*=l  +  i. 1+1-1(1)% =  1  +  S;  therefore 

fif=V3-l. 

Ex.  2.    Find  the  sum  of  the  series 

.2      2.52.5.8  xii-^ 

^+6  +  6.12  +  6712^8+ tomfimty. 

Writing  the  series  in  the  form 

,      2     1     2.51       2.5.8     1 
^[l*  6       |2    62  ^      |3      •  63^ ' 

we  see  from  (A)  that  it  is  obtained  from  the  expansion  of  (1  -  a;)  ^ 

22—2 
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X        1 

by  giving  to  x  the  valae  0=7-     Henoe  the  sum  required   is 


(■-!)■■-*'■ 


Ex.  8.    Find  the  bud  of  the  Beriee  A  + -|^  +  J.- ^  IJ^  + to 

infinity. 

In  this  case  the  factors  of  the  denominator,  although  multiples  of 
1,  2,  3,  4,  (fee,  do  not  begin  at  the  beginning.  Additional  factors 
must  therefore  be  introduced  in  the  denominator,  and  corresponding 
additional  factors  in  the  numerator.    We  then  have 

(-5)  (-1)3  1  ^  (-5)(-l)3.7  J.  ^ 


|3  6»  '  |4  6* 


Now  the  terms  of  this  latter  series  are  terms  of  (A),  if9=4,  j>=-5 

*°^4  =  6- 

We  can  therefore  find  the  required  sum,  as  follows: 

4\f 


_-_5         5  6     r3    .     3.7    .     3.7.11 

"■       6  "^6. 12 


/      4\f  ^       6    1     5^1     5.1.3  1      5.1.3.7  1 

V    6/        1*6"^  [2  e^"*"    (3     6'"^      |4      e*"*" 

5     r3        3.7         3.7.11  T 

6  .  12  L18     18  .  24  "*■  18  .  24  .  30 "^ J' 

/1\|    ,5      5       6  „      • 
•••(3)   =^-6  +  72  +  72^- 

Whence  iSf=^   {8^27-17}. 

g        9     R  Q     1^     '7 

Ex.  4.    Find  the  sum  of  the  series  7  +  2  «  +  a  q   10  + *^  infinity. 

1-2)  '1  ^n*-    V2-1- 

Ex.  6.    Find  the  som  to  infinity  of  the  series 

1    _1.3     1.3.5 

2»[3     2<|4       2»|6       

tFrom(l  +  l)f|                                                An,.    §"1^2. 
Ex.  6.    Shew  that  1  +  ^  +  JJ  +  ^l-.^iv^  +  1:1:^^  + to  in- 

^*^=in^lfB-6^il^-6^T^4- ^■-^^■ 

[s.ee(l-|)-*=(x-^)-»]. 


THEOREMS   OBTAINED  BY  EQUATING  COEFFICIENTS.    341 

285.  We  know  from  Art.  277  that  if  any  expression 
containing  x  be  expanded  in  two  different  convergent 
series  arranged  according  to  ascending  powers  of  x,  the 
coeflScients  of  like  powers  of  x  in  the  two  series  will  be 
equal.  By  means  of  this  very  important  principle  many 
theorems  can  be  proved. 

Ex.  1.    Shew  that,  if  n  be  any  positive  integer, 

ia+      i«.2a  l«.2«.3a         ■*" " 

TTT   1-       ,H      V      H            n(n-l)    ,     n(n-l)(n-2)    , 
Wehave(l-a;)»=l-n«  +  -V-5-'a;« ^  .,    J.^ ^ — ' a?-k- 

n(n-X)..\n-n-X)  ^ 
1 . 2...n 
Also,  provided  a>  1,  we  have 

(^     l^"*    .  ,„1  ,n(n  +  l)l   ,7i(n+l)(n+2)l 

w(n+l)...(n+n^l)  JL^ 
■*"  1.2...n  a;-"'" 

Hence  l-n«  +  ^'-(^*^:^)-    '      M     nn^M^'-l^-.{n'-(^-in 
Mence  1    n+     ^^  ^     - +  (     1)  i2.2^..n« 

is  equal  to  the  coefficient  of  a;<)  in  (1  -  o;)*^  x  f  1  -  -  j     ,  that  is  equal 

to  the  coefficient  of  o;^  in  (-  1)"^*,  which  is  zero.    [See  also  Art. 
247,  Ex.  3.] 

£x.  2.    Find  the  sum  of 

/      tx          1      /      tvl-3  .  ^    l-3.5...(2n-l) 

(n+l)H-n.^+(n-l)2-4+ +  1-      2.4.6...2n     ' 

[Equate  coefficients  of  a?"  in  (1  -  a)"  2  x  (1  -  x)"^  and  in  (1  -  a?)"^.] 

2.4...2n 
Ex.  8.    Shew  that  1  - 8n+  <^'' ~ \^ <f"" ^> - =  (-!)«. 

We  have  :; ^  =  ^ s  =  ^ rr r  . 

1  +  sfi     l-x+x^     l-a;(l-a?) 
Hence  (1  +  a;)  {l-«s  +  a;«...  +  (-l)«a;S»+...} 

=  l  +  x{X-x)  +  a^{l-xY+...+a?^^(l-xf'^^-V... 
The  coefficient  of  oi?"*^^  on  the  left  is  ( - 1)«. 
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The  terms  on  the  right  which  give  afl'^^  are 

a?«»+i(l-a;)3»+i  +  a^(l-aj)»»+a!»*-i(l-a?)»*-i+...;  and  hence  the 
coefficient  of  a;S»+i  will  be  fonnd  to  be 

1     Q«^(3w-l)(^-2)      (3n-2)(3n-3)(3n-4), 


286.  Expansion  of  Multinomials.  Any  multi- 
nomial expression  can  be  expanded  by  means  of  the 
binomial  theorem. 

Since  {p  +  qx  +  ra^ +...)*  may  be  written  m  the  form 
p^  (l  +  -  x  +  -  x^+,.,j  ,  it  is  only  necessary  to  consider 

expressions  in  which  the  first  term  is  unity. 

Now  in  the  expansion  of  {1  +  cue  -\-  hx^  +  cs^  +. .  .}*, 
that  is  of  {1  +  {cbx  +  ha? -\- ca?  -\- . ,  .)}**,  by  the  binomial 
theorem,  the  general  term  is 

n(n-\){n-2)...{n-r  +  l)   ^^     ^^ 

also  in  the  expansion  of  (ax -^-hx^  +  ca? -\-,,,Y,  r  being  a 
positive  integer,  the  general  term  is  by  Art.  258 


a*6^cv...a^+a^+3v+- 


|a  1^  |7. 

where  each  of  a,  ^,  7, . . .  is  zero  or  a  positive  integer,  and 

a  +  /8  +  7+...  =r. 

Hence  the  general  term  of  the  expansion  of  the 
multinomial  is 

[a  1^  I7... 

To  find  the  coefiicient  of  any  particular  power  of  x, 
say  of  a?*,  we  must  therefore  find  all  the  diflferent  sets  of 
positive  integral  values  (including  zero)  of  a,  ^,  7, . . . 
which  satisfy  the  equation  a  +  2^  +  87  +. . .  =  A? ;  the  cor- 
responding value  of  r  is  then  given  byr  =  a  +  y3  +  7+..., 
and  the  corresponding  coefficient  is  found  by  substituting 
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in  the  formula  for  the  general  term.  The  required  coeflS- 
cient  will  then  be  the  sum  of  the  coeflScients  corresponding 
to  each  set  of  values  of  a,  )8,  7 

Ex.  1.    Find  the  coefficient  of  a;»  in  (1  -  a;  +  2jc*  -  3a?)"i. 

The  values  of  o,  /3,  7  which  satisfy  a  +  2j8+37=5  will  be  found 
to  be  0,  1,  1 ;  2,  0,  1 ;  1,  2,  0 ;  3,  1,  0 ;  and  5,  0,  0.  The  cor- 
responding values  of  r  will  be  2,  3,  3,  4  and  6  respectively ;  and  the 
corresponding  coefficients  will  be 

(JKJ},„,..„    yKJlLI),. 


^H —  (2)'  ( -  3)',       ^    Mo  1/  ^    '  ( -  i)M  -  3)S 


2  1 


11|2  (-1)M2)«,    |3|1  (-1)M2)S 

^,    ,  .        9       45        15  36         ,     63 

that  IS--,      jg,     :^.       -jg    and    ^. 

31 
Hence  the  required  coefficient  is  ^^ . 

287.  From  the  above  example  it  will  be  seen  that 
the  process  of  finding  even  the  first  six  terms  in  the 
expansion  of  a  multinomial  is  very  laborious;  in  many 
cases,  however,  the  work  can  be  much  shortened,  as  in 
the  following  examples. 

Ex.  2.    Find  the  coefficient  of  x^^  in  the  expansion  of 

Wehave(l  +  a;  +  a;2+x»+x4)-2=(^^^y^=(l-5c)*(l-a;«)-2 

=  (l-2a;  +  a;2)(i  +  2a^  +  3a:io  +  4a:i6+...). 
Hence  the  coefficient  required  is  zero. 

Ex.  3.    Find  the  coefficient  of  x*  in  the  expansion  of  (1  +  x  +  re*  +  a?)~'^. 
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Wehaye  il+^+^+^)-^=^--l^^^  =  ^f * 

=  (1  -  a;)  (1 +{B*  +  a;8+ ...  a;**'+ ...). 

Hence  the  coefficient  of  x**"  is  1,  the  coefficient  of  a*'*+i  is  - 1, 
the  coefficient  of  aj*''+*  is  zero,  and  the  coefficient  of  ce*^+^  is  zero. 

Thus  the  coefficient  of  x^  is  1  when  n  is  of  the  form  4r,  it  is  - 1 
when  n  is  of  the  form  4r  + 1,  and  it  is  zero  when  n  is  of  either  of  the 
forms  4r+2  or  4r+3. 

Ex.  4.    Find  the  coefficient  of  x^  in  the  expansion  of 

(l  +  2a;  +  3ar»  +  4a:8+ to  infinity)*. 

Since  l  +  2x  +  3ar*+ =  (1-  a;)~*,  the  required  expansion  is 

that  of  (1  -  oj)"*** ;  the  coefficient  of  x**  is  therefore 

2n(2n+l)...(27t+r-l) 

L 

288.  Combinations  with  repetitions.  The  number 
of  combinations  of  n  things  a  together  of  which  p  are  of 
one  kind,  g  of  a  second,  r  of  a  third,  and  so  on,  can  be 
found  in  the  following  manner. 

Let  the  diflerent  things  be  represented  by  the  letters 
a,  6,  c,...;  and  consider  the  continued  product 

It  is  clear  that  all  the  terms  in  the  continued  product 
are  of  the  same  degree  in  the  letters  a,  6,  c,...  as  in  x;  it 
is  also  clear  that  the  coeflGicient  of  af^  is  the  sum  of  all  the 
different  ways  of  taking  a  of  the  letters  a,  b,  c,...  with  the 
restriction  that  there  are  to  be  not  more  than  p  a's,  not 
more  than  q  b'&,  &c.;  so  that  the  coefficient  of  ixf-  in  the 
continued  product  gives  the  actual  combinations  required. 
Hence  the  number  of  the  combinations  will  be  given  by 
putting  a  =  6  =  c  =. . .  =  1.  Thus  the  number  of  the  com- 
binations of  the  n  things  a  together  is  the  coefficient  of 
af^  in 

{1  +  X  +  a^  +  ...  +  x^) (1  +  X  +  ...  +  x^)  {1  +X+  ...  +  0)''),,. 

Ex.  1.    Find  the  number  of  combinations  7  together  of  5  a's,  4  &'s 
and  2  c's. 

The  number  required  is  the  coefficient  of  a'^  in  (!  +  «  +  ... +«*) 
(l  +  a:+...aj*)(l+a;  +  a;2),  that  is  in  (l~x^)  {l-x'^)().-x^)(l-x)-K 
Bejecting  terms  of  higher  than  the  seventh  degree  in  the  continued 
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product  of  the  first  three  factors,  we  have  (1  -  «*  -  «*  -  aj*)  (1  +  3aj 
+  6a^ + lOafi  +  15aj*  +  21x^  +  28a;«  +  36aj7  +...);  and  the  coefficient  of 
a;Ms  36-16-6-3=12. 

Ex.  2.  Find  the  total  number  of  ways  in  which  a  selection  can  be 
made  from  n  things  of  which  p  are  alike  of  one  kind,  q  alike  of  a 
second  kind,  and  so  on. 

The  total  number  of  the  combinations  is  the  sum  of  the  coef- 
ficients of  a^,  3i?y...af*  in  (1 +  a;  +  ...a;P)  (1 +a:+...+x«)... ;  and  this 
sum  is  x>btained  by  putting  a;=l  in  the  product  and  subtracting  1 
for  the  coefficient,  of  a^.     Hence  the  required  number  is 

(jp  +  1)  (g  +  l)...-l. 

The  above  result  can,  however,  be  obtained  at  once  from  the 
consideration  that  there  are  p  +  1  ways  of  selecting  from  the  a's, 
namely  by  taking  0,  or  1,  or  2,...  or  p  of  them;  and,  when  this  is 
done,  there  are  $  + 1  ways  of  selecting  from  the  &'s ;  and  so  on. 

Hence  the  total  nuofiber  of  ways,  excluding  the  case  in  which  no 
letter  at  all  is  selected,  is  (j)  + 1)  ($  + 1)...  - 1.  [Whitworth's  Choice 
and  Chance,  Prop,  zin.] 

Ex.  3.  A  candidate  is  examined  in  three  papers  to  each  of  which  m 
marks  are  assigned  as  a  maximum.    His  total  in  the  three  papers  is 

2f» ;  shew  that  there  are  ^  (m  +  1)  (m  +  2)  ways  in  which  this  may 

occur. 

The  number  of  ways  is  the  coefficient  of  a?*^  in  (1 + a;  +  ar^  + . . .  a?*)', 
that.isin(l-a:«+y(l-a5)->=  (l-3a;«+i+...)  x 

5{1.2  +  2.3aj+...+m(m+l)a;"»-^+...+(2m  +  l)(2m+2)a^+...}. 
Hence  the  number  required 
=  i  {(2)»+l)  (2TO+2)  -  3wi  (m+ 1)}  =  i  (m  +  1)  (m+2). 

289.  Homogeneous  Products.  We  have  already 
[Art.  246]  found  the  number  of  homogeneous  products  of  r 
dimensions  which  can  be  formed  with  n  letters,  where  each 
letter  may  be  repeated  any  number  of  times.  We  now 
give  another  method  of  obtaining  the  result.  Suppose  the 
letters  to  be  a,  6,  c,... ;  then  if  the  continued  product 

(1+GMj  +  aV-f  aV+...)x  (1  +6a?  +  6V  +  6V+...) 

X  (1 -f  ca?  4- cV  +  (fa^ +...)••• 

be  formed,  the  coefficient  of  a?*'  will  clearly  be  of  r  dimen- 
sions in  the  letters  a,  6,  c,...,  and  will  be  the  sum  of  all  the 
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possible  ways  of  taking  r  of  the  letters*.  Hence  the 
mmber  of  the  products  each  of  r  dimensions  will  be  given 
by  putting  a  =  6  =  c=...  =  l  in  the  continued  product. 
Thus  the  number  required  is  the  coefficient  of  o^  in 
(1  +  a?  +  aj*  +. . .)",  that  is  in  (1  —  a?)'*.     Hence 

r^(n  +  l)...(n +r- 1)      |n  +  r  — 1 
*    '  "  ^  "  '[rlw-l  ' 

This  result  can  ba expressed  in  the  form  tMr~ n^T'-pT" 

Cor.     The    number  of   terms    in  the  expansion   of 

|n  +  r  —  1 
(ai  +  a8  +  a3+...  +»„)''  is 


[r 


n-1  • 


290.     We  shall  conclude  this  chapter  by  solving  the 
following  examples. 

Ex.  1.    Find  ^14,  by  the  binomial  theorem,  to  six  places  of  decimals. 

V14=V(16-2)=4(l-l)4=4{l-l.l-J^l,-^gl-...| 

= 4  { 1  -  -0625  -  -001963  -  -0001220  -  -0000095  -  -0000010 } 
=  3-741667. 

Ex.  2.    Shew  that,  when  x  is  small, 

^   ""  ^^ ~  — — —  =  1  +  5  J?  approximately. 

(l-3a;)-T+(l-4x)-*  ^ 

Since  x  is  small,  its  square  and  higher  powers  may  be  rejected ; 
and  when  all  powers  of  x  except  the  first  are  neglected,  the  given 
expansion  becomes  equal  to 

l  +  |.3^  +  l+g.4^^^g^^l.f|^ 

,     1    «       ^     \     A        2  +  2a;        1  +  a: 
o  4 

=  (l+|a;)(l  +  x)-i=(l  +  |a;)(l-^)  =  l  +  |^. 

*  An  expression  for  the  sum  of  the  homogeneous  products  will  be 
found  in  Art.  296,  Ex.  4. 
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Ex.  3.    Shew  that  the  integral  part  of 

(x/3  +  l)**+i  is  (V3  +  l)2"+i  -  (V3  - 1)''^-!. 

Since  Ay3  -  1  is  a  proper  fraction,  US  - 1)^*^^  must  also  be  a 
proper  fraction.  It  therefore  follows  that  if  (^3  +  l)2»-»-i  -  (^3  -  l)^+i 
be  an  integer,  it  must  be  the  integral  part  of  (/^S  +  lj^^+i. 

Now                            (^3  +  1)»H-J  -  (V3  - 1)2^1 
=  {3V3  +  (2n  +  l)3'»  +  ^-?^p-^3»-V3  + +  (2n  + 1)^/3  +  1} 

-{3V3-(2n  +  )13«+<?^y:^3"-V3- +  (2n+l)^S-l] 

=  2U2n  +  l)3n^(^-^;)yf-^)3n-i4-.,....-l-l?, 

all  the  irrational  terms  disappearing. 

Since  the  coefficients  of  all  the  different  powers  of  3  in  the  last 
expression  are  integers,  it  follows  that  (,^3  + 1)^*^^  -  (/^3  - 1)^+^  is 
an  integer,  and  is  moreover  an  even  integer. 

By  the  following  method  it  can  be  proved  that 

(x/3  +  l)*»+i  -  (.^3  - 1)^+^  is  an  integer  divisible  by  2^K 
Bepresent  (^3  + 1)^+^  -  (^3  - 1)2^^  by  I^^ . 
Then  Ii=2;  and  it  will  be  fonnd  that  13= 20,  and  also  that 

(V3  +  1)2+(V3-1)==8. 
Hence 

8l2n+i={(V3  +  l)^»+^-(V3-l)^^}{(N/3  +  l)H(V3-l)«} 

=  (V3  +  l)2"+8-(V3-l)2«+5  +  4{(V3  +  l)2"-i-(V3-l)2«-M; 

•'•  ■*2n+s~°^2n+l""^''2n-l W* 

It  follows  from  the  last  relation  that  Ij,^,  will  be  an  integer  if 
I^n+i  aiid  ^2n-i  ^^^  integers.  Now  we  know  that  I^  and  Ij  are 
integers ;  hence  by  induction  I^^n^i  is  always  an  integer. 

The  relation  (AJ  also  shews  that  I^n+s  will  be  divisible  by  2«+' 
provided  I^n+i  is  divisible  by  2«+^  and  I^n-i  hy  2«.  Now  we  know 
that  L  is  divisible  by  2^  and  I3  by  2^ ;  hence  I^  must  be  divisible  by 
2^;  and  it  will  then  follow  that  I7  must  be  divisible  by  2^;  and  so  on, 
so  that  Ijj^i  is  always  divisible  by  2»+i. 

Ex.  4.    To  shew  that,  if  n  be  any  positive  integer, 

a«-n(a  +  6)«+^---^J  (a  +  26)« =  (-6)«|w. 

1 .  ^  ' — ■ 

Put  ^-j—  for  X  in  the  identity  proved  in  Art.  255,  Ex.  3 ;  then, 
after  reduction,  we  have 
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"i  •  •  • 


(y+a)(y  +  a  +  6)...(y+a  +  n6)     y  +  a     l*y  +  a  +  6 

...  +  (_l)r ^?^+... 

Now  expand  the  expreseions  on  the  two  sides  in  powers  of  - . 


Left  side  =  j      ^i^"    ;      „^„l\  =  -^ZT-+  higher  negative 

powers  of  y. 

Eight  side=^(l+^)-^...  +  (-l)'f(l+^)-V ; 

hence  the  coefficient  of  -^i^  on  the  right  is 

(-l)*[c<,a*-Ci(a  +  &)*+ +  (~l)»'c^(a  +  r6)*+...]. 

Hence    S  (  —  !)**(?,.  (a +r6)*  is  zero  if   *;<n,  and  is   equal    to 
(-1)*6«  jnif  ik  =  ii. 


EXAMPLES  XXVIII. 

1.     Find   the  sum  to  infinity  of  each  of  the  following 

series : 

/•\     1      lA     LJi'     1.3.53' 

W     ^  ■•"  |i  2'  "*■    12     2*"*'       13        2*"^"* 

/••\     1-11      1.31      1.3.51 
W     1     2  2"^2.  4  2«     2.  4.6  2»'^** 


41     4.71      4.7.10  1 


*Z         " ' 


(iii)      1  +  ^-+-^    _4.— 1^    J 

3^     3.5.7       3.5.7.9 
^^^^    3T6  '*'  3  .  6  .  9  ■*"  3  .  6  .  9  .  12  "^  ••• 

3  3.4  3.4.5  3.4.5.6 

^^'     2.4'^2.4.6'^2.4.6.8'^2.4.6.8.  10"^ 

.2       2.5         2. 5.8 
^^^^       "^  6  ^  67r2  "^  6712  .T8  "^  •• 
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,   ...      ,      3      3.6       3.5.7 
(vn)     !--  +  _-  ^-^-^2  +  ... 

...       £       4.12        4.12.20 
^""^^     IS"*"  18.27"^  18.27.36^*-* 

.2       2.5         2.5.8 
(IX)     1+^+  97^  +  9    18.  27  ■*■••• 

1  1.3  1.3.5 

(x) 


9.18     9. 18.27      9.18.27.36     "' 

.  ..        J 1.3  1.3.5 

^^^     2.4.6"*'2.4.6.8"*'2.4.6.8.10"*" 

..       7_      7.28  7.28.49 

^™^     72"^  72.  96"^  72.96.120  "*"  •" 

2.     Shew  that 

a        n  (n+1)  /   a    \' 
1  +n T+      ^  '  * 


a-6         1.2 


a-0         1.2       a-oj 


C%)l:     ._n,«". 


,      , (-ly  , 


a     Shew  that 


7t  (n  +  1)  (n  +  2)  /I  -  gy  1 

4.  Shew  that,  if  x  be  greater  than  —  J, 
a;  03         l/aV      1.3/a;Y 

V(aJ  +  l)~  ITS'*"  2  VTT^/  ■^2T4Vr+^/ 

1.3.5/   aj    Y 
■*"2.4.  6Vl+'^>/  "^ 

5.  Shew  that 

(1  -(»«)«  =  (1  +  aj)^  -  27«c  (1  +  xf--'  +  ^^  (^^  -  ^)  aj»(Ua:)2«-2+. . . 

1  •  iS 
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6.  Shew  that 

a-x     n  (n  +  1)  /a  —  x\*  /a  +  x\^ 

l+n +  — ;    o     ( —     )    + =  (-s~)- 

a  +  x         1.2      \a  +  x/  \  2a;  / 

7.  Shew  that 

{l+xy^  =  {l  +  xy  +  nx{l+xY  i^^(^+^)a;«(i+g.)"-« 

8.  Shew  that,  if  a  <  6, 

22.8     /       7V4  f a*     4    a'     4.5a*     4.5.6a*  ] 

a6=(«  +  6)^|^-p-^,+^-^  j,-j-2-3j,  + }. 

9.  Shew  that 

-      n  +  x     (n  +  2x)(n-l)     (n -\- 3x)  (n  -  1)  (n  -  2)  _ 

TT^"*"       |2  (l+a)*  |3   (l+a;)«  +--^- 

10.     Shew  that,  if  the  numerical  value  of  y  be  less  than  one- 
third  of  that  of  Xj 


1  + 


a;  +  y         I  .  2     \x  +  yj  1.2.3  \x-¥y) 

=i+«j?'.+»Li!^)/j?Ly+ 

x-y         1.2       xx-yj 


11.     Find  the  value  of 


/       i\        /       ov^'W— 1     /       ox  w(w- l)(w-2) 
r-(r-l)7i  +  (r-2)-p-2-    -(r-3)     \     ^     3     ^  +  --. 


to  r  terms. 


12.     Shew  that,  if  w  be  a  positive  integer, 


n^{n-\)     n''{n^-V){n-2) 


r.'K-l')(^'-2')(^-3)   ^        _^ 


13       4 
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13.     Shew  tliat,  if  n  be  a  positire  integer, 

n  (»'  -  V)      n  (n'  -  V)  (w'  -  2') 

»-     [1     |2     +  12     ^  - 


,       ,,n(w'-l')-(w'-r') 


n+1 


Ir 


+  ...  =  0. 


14.  Shew  that  if  n  be  a  positive  integer  <^  4 

4.5  n_(ra_-  1)  _  4 .  5  .  6  n  (w- 1)  (n-  2) 
1.2  ""iT2     ~  r"2T3        17273 

15.  Shew  that 

l.n{n+l)  +  2{n-l)n-\-3  (n-2)  {n-l)  +  ...n.  1  .  2 

=  Y2  ^  (^  +  1)  (^  +  2)  (/i  +  3). 

16.  Prove  that 
l.w(w+l)+y.(7i-l)n  +  ^5^^(n-2)(n-l) 

n{n-^l){n+2),       „,  ,       ^,  _      P^^-1 

.        ^        1.2.3        <"-^>("-^)^ ''--'^1X1^2  • 


1  .  3  .  5...(2r-l) 
17.     Shew  that,  If  ;.,=-^-^l-^, 

;>« + P^iPi + /^«->  /^2  +. .  'Pi  P..,  +  i>„ = 1- 

,«      xi.         1.3.5...2r-l         ,  5.7...(2r  +  3) 

^®-     ^^P=    2.4.6...2.^>^^^^-=     2.4...2r       >  P'^^^" 
that         p^  +Pr-,^,  +Pr-^%  +„,+q^  =  \{r+\){r  +  2). 

19.     Shew  that 
1.2(n-l).2'(!^^|)^^ 

=  ^{2--  +  (-l)-}. 


20.     Shew  that 


a 


»-6" 


a-  b 


=  (a  +  ft)"-'  -  (w  -  2)  oft  (a  +  6) 


«-3 


1   .   ^ 


/ 
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21.     From  the  expansion  of  (1  +  2a5  +  a;')**  prove  that 
■         2n{2n-l)  2n  (2n -  I)  {2n  ^  2)  {2n  -  3) 

2n  |4n 

+ 


n  (71 

22.     Shew  that 

n{n  +  l)...(n+  m—  1)        n  (n  -i- 1). .  .(n  +  m  ^  4) 
m  |m-3 


2n,2n' 


n(n-l)  n(n-\-l)...{n-hm-7)  _^ 

■*"~Tr2         j^-6  ••-  ' 

if  m  >  2n,  and  =  1  if  m  =  2n. 

23.  Find  the  coefficient  of  a?"  in 

(l+a;)(l+a:^)(l  +  a;*)(l+a;'')... 

24.  Shew  that,  if  a;  be  a  proper  fraction, 


(l-(c)(i-a;")(l-a;'')(l-aj').,. 

25.  In  how  many  ways  can  12  pennies  be  distributed 
among  6  children  so  that  each  may  receive  one  at  least,  and 
none  more  than  three  ? 

26.  There  are  n  things  of  which  p  are  alike  and  the  rest 
unlike ;  prove  that  the  total  number  of  combinations  that  can 
be  formed  of  them  is  (p+l)  2""''  -  1. 

27.  Shew  that  the  number  of  ways  in  which  n  like  things 
can  be  ^allotted  to  r  different  persons,  blank  lots  being  admis- 
sible, is    .     ,C    ,. 

28.  Shew  that  the  number  of  combinations  n  together  of 
2n  things,  n  of  which  are  alike  and  the  rest  are  all  different, 
is  2". 

29.  The  number  of  combinations  n  together  of  Sn  things, 
of  which  n  are  alike  and  the  rest  all  different,  is 

2'^^'  +  \2n-l/\n\n-l. 
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30.  A  man  goes  in  for  an  examination  in  which  there  are 
four  papers  with  a  maximum  of  m  marks  for  each  paper ;  shew 
that  the  number  of  ways  of  getting  half  marks  on  the  whole  is 

J(m  +  l)(2w»  +  4m  +  3). 

31.  Find  the  coefficient  of  a;*  in  (1  -  2aj  -  2ix?)^. 

32.  Find  the  coefficient  of  x^  in  the  expansion  of 
(l+oj  +  o'  +  aj'  +  icy  and  of  (1  +  a; +  3^"  + «*  +  »*  + aJ*)^ 

33.  In  a  shooting  competition  a  man  can  score  5,  4,  3,  2,  1 
or  0  points  for  each  shot.  Find  the  number  of  different  ways 
in  which  he  can  score  30  in  7  shots. 

34.  In  how  many  ways  can  20  be  thrown  with  4  dice,  each 
of  which  has  six  faces  marked  1,  2,  3,  4,  5,  6  respectively] 

35.  Find  the  coefficient  of  x""  in  the  expansion,  according  to 
ascending  powers  of  x,  of  (4a*  +  6aa5+  9a^)"^ 

36.  Shew  that  the  coefficient  of  jb""  in  the  expansion  of 

l+a       .    „        - 
-^  IS  2m  +  1. 


{Ux  +  st^y 

37.  Shew  that  the  coefficient  of  a**  in  the  expansion  of 

(1  +  2aj  +  3a*+  ...)«  is  J (r  +  1)  (r  +  2)  (r  +  3). 

38.  Find  the  coefficient  of  oj"  in  the  expansion  of 

{1 .  2  +  2 .  3aj  +  3 .  43:*  +  ...  to  infinity}'. 

39.  Find  the  coefficient  of  05*"  in  the  expansion  of 

(1.2  +  2.3.2a;  +  3.4.2V+ +  (n  +  1)  (w  +  2) 2"a;" 

+  ...  to  infinity)". 

40.  Shew  that  the  coefficient  of  x^  in  the  expansion  of 

(l+aj  +  2a;«  +  3a^4-...)Ms^r{r»+ll). 

41.  Shew  that  ii  p-q  be  small  compared  with  p  or  g, 
then  will 

\/  q      (n-ijp  +  in+l) 
S.  A.  23 
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43.     If  (6V6  +  U)'-**=ir,  and  ^  be  its  fractional  part; 
thenwmjrF=20*-*'. 

43.     If  (3  ^3  +  5)'^**=/+^,  where  /  is  an  integer  and  F 
a  proper  fraction,  then  wiU  /'(/+  jP)  =  2''*». 


9m 


44.  Shew  that  the  integer  next  greater  than  (3  +  ^7) 
is  divisible  by  2-+\ 

45.  If  m  be  a  positive  integer,  the  integer  next  greater 
than  (3  +  ^5)*  is  divisible  by  2". 

46.  Shew  that  the  general  term  in  the  expansion  of 

1  +x-^y  +  xy 
1  +x-ty 


m  +  n  —  2 


IS  (-  1  )"'■'"  -^-=y rr  xy 


m—\   n—\ 


47.     Shew  that  the  coefficient  of  a?**  in  the  expansion  of 


{\-xy-ex  I.  |3  [5 

^(r'-l')(r'-2')(r'-3')^3^       | 

48.  Shew  that 

+  (2w -  3)  (271-  2) .  n  +  (2n  -  1)  2w.  1  =  2"w'. 

49.  Shew  that  the  coefficient  of  a""^'"*  in  the  expansion  of 
|J-±|;is2-'(«  +  2r). 

50.  Shew  that  the  coefficient  of  cc"*''"*  in  the  expansion  of 
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51.     Shew  that 


52.     Shew  that 

n. 

4.   

12 


a"-^»-w(a  +  6)"^^  +  '^V^(a  +  26)"-^^-... 


^\n+l{2a-hnb){-b)\ 


53.  If  three  consecutive  coefficients  in  the  expansion  of 
any  power  of  a  binomial  be  in  arithmetical  progression,  prove 
that  the  index,  when  rational,  must  be  of  the  form  q'  —  2, 
where  ^  is  an  integer. 

54.  Shew  that  the  sum  of  the  squares  of  the  coefficients  in 
the  expansion  of  (1  +  a;  +  as*)",  where  w  is  a  positive  integer,  is 

|2n 

'  \r\r\2n-2r' 

55.  Shew  that,  if  w  is  any  positive  integer, 

n(n-l)      n  (w^-  1  )(w-2)(w~3) 

2  (2r  +  1)  "^  lT4"(2rTl)  (2r  +  3)    '^ '" 

_o«      r(r+l)(r  +  2)..  (r  +  n-1) 
2r(2r+l)(2r  +  2)...(2r  +  w-l)' 


23—2 


CHAPTER  XXIII. 
Partial  Fractions.    Indeterminate  Coefficients. 

291.  In  Chapter  viii.  it  was  shewn  how  to  express  as 
a  single  fraction  the  algebraic  sum  of  any  number  of  given 
fractions.  It  is  often  necessary  to  perform  the  converse 
operation,  namely  that  of  finding  a  number  of  fractions, 
called  partial  fraotiona,  whose  denominators  are  of  lower 
dimensions  than  the  denominator  of  a  given  fraction  and 
whose  algebraic  sum  is  equal  to  the  given  fraction. 

292.  We  may  always  suppose  that  the  numerator  of 
any  fraction  which  is  to  be  expressed  in  partial  fractions 
is  of  lower  dimensions  in  some  chosen  letter  than  the 
denominator.  For,  if  this  is  not  the  case  to  begin  with, 
the  numerator  can  be  divided  by  the  denominator  until 
the  remainder  is  of  lower  dimensions :  the  given  fraction 
will  then  be  expressed  as  the  sum  of  an  integral  expression 
and  a  fraction  whose  numerator  is  of  lower  dimensions 
than  its  denominator. 

293.  Any  fraction  whose  denominator  is  expressed 
as  the  product  of  a  number  of  different  factors  of  the 
first  degree  can  be  reduced  to  a  series  of  partial  fractions 
whose  denominators  are  those  factors  of  the  first  degree. 

For  let  the  denominator  be  the  product  of  the  n 
factors  X  —  a,  a?  —  6,  a;  —  c, . . . ;  and  let  the  numerator  be 
represented  by  F(a:),  where  F(x)  is  any  expression  which 
is  not  higher  than  the  {n  —  l)th  degree  in  x. 


PABTIAL  FRACTIONS.  357 

We   have  to   find   values   of  A,  B,  (7,...  which  are 
independent  of  x  and  which  will  make 

F(x)  ABC 


(x  —  a)  (x  —  b)  (x  —  c). , .  ^  x  —  a     x  —  b     x  —  c 

or,  multiplying  by  {x  —  a){x  —  b)  {x  —  c) , 

F(x)  =  A  {x-b){x-c) -\-B{x-a)  {x-c) 

+  G{x-a)  {x-b) (i). 

In  order  that  (i)  may  be  an  identity  it  is  necessary 
and  sufficient  that  the  coefficients  of  like  powers  of  x  on 
the  two  sides  should  be  equal.  Now  F  (x)  is  of  the 
(n  —  l)th  degree  at  most,  and  the  terms  on  the  right  of  (i) 
are  all  of  the  (n  —  l)th  degree ;  hence,  by  equating  the 
coefficients  of  af^,  x^,...  a;""*  on  the  two  sides  of  (i),  we  have 
n  equations  which  are  sufficient  to  determine  the  n  quan- 
tities A,  B,  G, 

The  values  of  A,  B,  0,...  can  however  be  obtained 
separately  in  the  following  manner.  Since  (i)  is  to  be 
true  for  all  values  of  x,  it  must  be  true  when  x  =  a;  and, 

putting  a?  =  a,  we  have  F  (a)  =  A(a  —  b)  (a  —  c) ;  and 

therefore  A=F (a) /{a  —  6) (a  —  c). *. . . . .    Similarly  we  have 
B  =  F{b)/(b-a)  (6-c)... ;  and  so  for  (7,  D,.... 

We  have  thus  found  values  of  A,  B,  C, ...  which  make 
the  relation  (i)  true  for  the  n  values  a,b,c,...  o{  x;  and 
as  the  expressions  on  the  two  sides  of  (i)  are  of  not  higher 
degree  than  the  (n  —  l)th,  it  follows  [Art.  91]  that  the 
relation  (i)  is  true  for  aU  valves  of  x. 

Thus 
F(x) ^2 j;(a) ]_ 

{x  —  a)  {x  —  b)  {x  —  c). . .         (a  —  6)  (a  —  c). . .  x  —  a' 

Ex.  1.    Besolve  , ^nr? i^  ui*o  partial  fractions. 

{x  - 1)  (a:  -  2) 

3a?  +  7  A  B 

Assume  -. zrr-. jr.  = +  — a  ; 

(x - 1)  (x - 2)     x-1     x-2 

then  Sx  +  7=A(x-2)^B(x-\). 
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In  this  identity  put  x  =  l;  then  10=  -A,    Now  pat  x=2\  then 
13 =B. 

8x+7  13         10 


Thus 


(x-l){x-2)     x-2     x-V 


Ex.  2.    Resolve  ; —  \ -; — r'r^ { into  partial  fraotions. 

{x  -a){x-  0)  (x-c) 

{b-c)(e-a){a^h)        A  B  C    ^ 

^^        {x-a){x-b){x-c)-^^^^^^h^x^' 

then    (6  -c){c-  a)  {a  -  b)=A  {x  -b)  {x  -  c)  +  B  (x-  c)  {x  -  a) 

+  C(x-a){x-b). 

Patting  X = a,  we  have  (6  -c){c-a)(a-b)=A(a-  b)  (a-c);  there- 
fore A=c-b;  and  the  valaes  of  B  and  C  can  be  written  down  from 
symmetry. 

Thus     (^-g)(g-<^)(<'-^)^g-^  I  «-<^  ,  ^-^, 
{x-a)(x-b)(x-c)     x-a     x-b     x-c' 

Ex.  3.    Resolve  — ; ^r-. jrr — ; r  Into  partial  fractions. 

x\x  +  \.)  \x-\-i)...\x+n) 


Assame 


x{x-\-l)(x+2)...(x-\-ri)'~'  X      x  +  1     '"  x+r     '"  x+n' 

Then,  we  have 

l  =  ^{(a;+l)(a;  +  2)...(a;+n)}+ili{a;(a;+2)(a:  +  3)...(ar+n)}+...+ 
A^{x(x  +  l)..\x  +  r-\)(x+r+l)...(x+n)}^-...+A^{x(x  +  \)..'(x-\-n-l)}, 

If  we  pat  a;=0,  all  the  terms  on  the  right  will  vanish  except  the 
first,  and  we  shall  have  l=-4o  x  In,  so  that  Jo=l/|n. 

To  find  the  general  term,  pat  x=-r\  we  then  have 
l=^^{(-r)(-r  +  l)...(-l)(l)(2)...(n-rn, 
that  is  1  =  ( - 1)*" Af  [r  |w-r;  hence  Ay,={-  l)*'/|r|n-r. 
Hence  the  reqaired  resalt  is 


—J— =  151-  /_1^r_j2:_J_  /_l\nJ_l 

x(x  +  l)...(x+n)      \n\x    '""^^    ^    \r\n-r  x+r'^ '"'^^      '"^  x+n\ 
[See  Art.  266.    Ex.8.] 

Ex.  4.    Express  .—  ^f/  ^^;^/  - ,  in  partial  fractions. 

(x -a)(x- b)  (x-c) 

Am.  s  #«*+«"+'■      1 


{a-b)(a-c)  x-a' 
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Ex.  5.    Resolve  -. =^7-3 — 5 fz  i^*o  partial  fractions. 

The  factors  of  x^+2x  +  5  are  the  complex  expressions  x-^l  +  2i 
and  «+ 1  -  2i,  where  i  is  written  for  ^  -1. 

x2+15                 A  B  C 

Assume    ; tw-s — s ^  = r  H ^ — s^  + 


(a;-l)(xa+2a;  +  5)~a?-l     a;  +  l  +  2i     a:  +  l-2i' 

.-.     ay^+15=A{x+l  +  2i)(x-^1^2i)+B{x-l)(x-^l-2i) 

+  G(x-l){x  +  l  +  2i). 
Put  06=  1 ;  then  16=8^1,  so  that  1=2. 

Put   a;=-l-2t,   then    (l  +  2i)2  +  16=B(-2-2i)(-4i),  that   is 
12  +  4i=B(-8  +  8i);  therefore  B=  -JZ^-     Change  the  sign  of  i 

3  — i 

in  the  value  of  B,  and  we  have  C=  - 


Thus 


2  +  21* 
a;a  +  16  2         3  +  i  1  3-i 


(a;-l)(a:2  +  2x  +  5)     x-1     2-2ia;  +  l  +  2t     2  +  2ia;  +  l-2t' 


294.  We  have  in  the  last  example  resolved  the  given 
fraction  into  three  partial  fractions  whose  denominators 
are  all  of  the  first  degree,  two  of  the  factors  of  the  denomi- 
nator being  imaginary.  Although  it  is  for  most  purposes 
necessary  to  do  this,  the  reduction  into  partial  fractions,  of 
a  fraction  whose  denominator  has  imaginary  factors,  is  often 
left  in  a  more  incomplete  state.  Take,  for  example  the 
fraction  just  considered,  and  assume 

a^  +  15 A  Bx  +  G 

[It  is  to  be  noticed  that  we  must  now  assume  for  the 
numerator  of  the  second  fraction  an  expression  containing 
X  but  of  lower  degree  than  the  denominator.] 

Then  0;^  + 15  =  A{a^+2x  +  5)  +  {Bx+G)  {x -  1). 

Putting  a?  =  1,  we  have  16  =  8^,  so  that  A  =  2, 

Put  J.  =  2  in  the  above  identity ;  then  after  transposi- 
tion -V  -  4a?  -h  5  =  {Bx+G)  {x-  1); 

or,  dividing  by  a?  —  1,  Bx  +  G  =  —  x  —  5. 

x'+l^  2  x  +  5. 


Thus 


(x-l){x*  +  2x  +  o)     a?-l      x*  +  2x  +  ^' 


1 
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295.  We  have  hitherto  supposed  that  the  factors  of 
the  denominator  of  the  fraction  which  is  to  be  expressed  in 
partial  fractions,  were  all  different  from  one  another.  The 
method  of  procedure  when  this  is  not  the  case  will  be 
seen  from  the  following  examples. 

Ex.  1.    Express  ^^^^  in  partial  fractions. 

We  may  assome  that 

2x  +  5        _      A  B  C  D 

(a;-l)8(a:-3)  =  (i^8'**(a;-l)2"*"(i^"'"aj-3' 

or,  clearing  from  fractions, 
2x  +  5=A{x-3)  +  B{X'-l){x-S)-^C{x-'l)*{x-3)  +  D{x-l)K 

By  equating  the  coefficients  of  a:^,  x^,  a^,  a?  on  the  two  sides  of  the 
last  equation,  we  shall  have  four  equations  to  determine  the  four 
quantities  A,  B,  Cy  D,  so  that  the  assumption  made  is  a  legitimate 
one.  The  actual  values  of  ^,  B,  (7,  D  are  not  however  generally 
best  found  from  the  equations  obtained  by  equating  the  coefficients  of 
the  different  powers  of  x.  In  the  present  case,  the  following  method 
is  more  expeditious. 

Put  x-l=y;  then  we  have 

2  +  2y  +  5=A(y-2)  +  By(y-2)  +  Cy^y-2)+DyK 

Now  equate  coefficients  of  y®,  y\  y^,  y^,  and  we  have  7=  -2A; 
2-A-2B;  0=B-'2G;  andO=D+C. 

,.^  ,        7     „        11  •  ^        11      ^  ^    11 

Whence  -4=  -5,  B=  --j-,  0=  -—  andD=-^. 

2  4  o  o 

„  2j;  +  6  11  7  11  11 

Hence 


(x-l)^(x-d)~8(x-B)     2(a;-l)3     4(x-l)^     8(a;-l)' 

(1  +  a?)** 
Ex.  2.    Express  the  fractional  part  of  A  -q  Vs  ^^  partial  fractions. 


Assume 
(l+a?)**  A  B 


+  an  integral  expression. 


(l-2a;)»      (l-2x)8  '  (l-2a;)«      (l-2a:) 

Then 
(1  +x)»= J  +  B  (1  -  2a;)  +  C  (1  -  2x)^+  (1  -  2ar)8  x  integral  expression. 

Now  put  1  -  2a;=y ;  then 
(1  +  xr  =  (I  -  I)*"  =  ^  (3**  -  n  3«-i  y + ^^^^  3«-2  y^  +  terms  con- 
taining  higher  powers  ofy). 
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Also  right  Bide=^  +By  +  Gy^  +  y^x  integral  expression  in  y. 
Hence,  equating  coefficients  of  y°,  y^  y\  we  have 

296.    The  following  examples  will  illustrate  the  use 
of  partial  fractions. 

Ex.  1.    Find  the  coefficient  of  as**  in  the  expansion  of  ^  _g    .a  a 
according  to  ascending  powers  of  x. 

We  have  - — = ^-r  =- — —  -  - — ^ 

1  -  605  +  6a;2     1  -  3a?     1  -  2a! 

=  3{l  +  3aj+(3a;)2  +  ...  +  (3x)«+...} 

-2{l  +  2a;+(2x)2+...  +  (2a;)«+...}. 

Hence  the  required  coefficient  is  3**+^  -  2"+^. 

Ex.  2.    Find  the  coefficient  of  a;'*+''  in  the  expansion  of  A  _  o  \3  • 

From  Ex.  2,  Art.  296,  we  have 

(l  +  a;r_3»       1  w3~-i        1  n(n-iyS*^      1 

T 


(1  -  2aj)8  "  2«  (1  -  2a;)3         2^      (1  -  2x)^  2'*+i         1  -  2a; 

+  an  integral  expression  of  the  (TO-3)th  degree.    Whence  the  re- 
quired result. 

Ex.  3.    Shew  that  the  sum  of  aU  the  homogeneous  products  of  n 
dimensions  of  the  three  letters  a,  &,  c  is  equal  to 

{b  -c){c-  a)  (a  -  h) 

The  sum  of  aU  the  homogeneous  products  of  n  dimensions  is  the 
coefficient  of  x^  in  the  product 

(l  +  ax+a2ic3+...)(l  +  6a;  +  62a.2+     )(i^cx  +  c2a;2+...)[SeeArt.289]; 

that  is  in  t^j 7-7^ — i-^m r »  which  will  be  found  to  be  equal  to 

(1  -  ax)  (1  -  6a;)  (1  -ex) 

a?  1  62  1  c2  1 

+  Ti T-r. r  :.  -r-  + 


(a  -  6)  (a  -  c)  1  -  ax     (6  -  c)  (6  -  a)  1  -  6a;     (c  -  a)  (c  -  6)  1  -  car ' 

and  the  coefficient  of  a;^  in  the  expansions  of  these  partial  fractions 
is  easily  seen  to  be 

a*»+2  5n+2  gn+2 

(a-6)(a-c) ■*"  (6 -c){^a)  "^  \c^{e-h) ' 
which  equals 

a**+2  (c  -  6)  +  6**+2  (g  -  c)  +  c^^^  (^  ,  a) 
(6  -  c)  (c  -  a)  {a-b) 
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Ex.  4.    To  find  the  sam  of  all  the  homogeneous  products  of   n 
dimensions  which  can  be  formed  from  the  r  letters  Oij  a^tO^, a,.. 

As  in  the  previous  example,  the  sum  required  will  be  the  co- 
efficient of  05*  in  -Tz r-pi 7-n ^ »  which  will  be  found 

(l-aix)  [1  - a^)  (1  - a^x) 


to  be  equivalent  to  2 


a,'^i 


(oi  —  a^ioi  —  a^...  1  —  diX ' 


Hence  the  required  sum  is  S  . .  .  ^ 


297.  Indeterminate  coeflELclents.  We  shall  con- 
clude this  Chapter  by  giving  two  examples  to  illustrate  a 
method,  called  the  method  of  indeterminate  coefficients, 
which  depends  upon  the  theorems  established  in  Articles 
91  and  277. 

Ex.1.    Find  the  coefficient  of  x^  in  the  expansion,  according  to  ascending 
powers  of  x,  of  (1 + ex)  (1  +  c^x)  (1  +  c^x) . . . (1  +  c^ac). 

The  continued  product  is  of  the  nth  degree  in  x  ;  we  may  therefore 
assume  that 

{1  +  cx){1-\'C^x)...{1  +  c^x)  =  Aq  +  AiX  +  A^'^+...+A^'^+...+A^x^, 

where  Aq^  A^y  A^^...  do  not  contain  x. 

Now  change  x  into  ex ;  then,  since  Aq^  A^^  A 2,  &c.  do  not  contain 
X,  we  have 

(l  +  c^x){l-\-chi)...{l  +  c^+'^x)  =  AQ  +  A^cx  +  A^ch?+,.. 

+  A^^x^-\-  ...A^c^x^. 
Hence 

(l+c*^^x){AQ+AiX  +  A^''+...+A^^  +  ...+Anai») 

=  (1  +  ex)  {Aq  +  Ajcx  +  A jcV  +  . . .  +  A^^x^  +  . . .  +  A^c^a^). 

Now  equate  the  coefficients  of  as**  on  the  two  sides  of  the  last 
identity,  and  we  have 

A^+c'*+^A^_i=A^'^  +  A^^^e'^; 

'''  ^^     cr_i     ^r-l  =  c'^      c*--l         *-^ <")• 

By  continued  application  of  (a)  we  have 

-n-r+i  _  1  ^n-r+1  _  1  /.n-r+3  _  i 

••~  ■•  (c'--l)(c'-i-l)...(c«-l)(c-l)  <>' 

.   .^,.(c«-JJ(c«-i-0^..(c«-'H-i-l)    ,,      .    .      K  •       1     t 
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Ex.  2.    To  find  the  sum  of  the  series  V+2^+S^-\-..,  +n«. 

Let  12  +  2^ + 3«  + . . .  +  w^ = A^n + A^^ + A^n^. . .  (o)  for  some  partioular 
yalue  of  n,  where  A-^y  A^y  A^do  not  contain  n. 

The  relation  (a)  will  be  true  for  n+1  as  well  as  for  n,  provided 
l»+2«+3«+...+w«+(«+l)«=.li(n+l)+i4,(n+l)«+i!l,  (»+!)»; 

or,  subtracting  (a),  provided 

(7i+l)»=i4i  +  (2n+l)iij+(3n«+3n+l)-48« 

Now  the  last  relation  will  be  true  for  all  values  of  n  if  we  give  to 
A^j  Azi  A^  the  values  which  satisfy  the  equations  found  by  equating 
the  coefficients  of  n^,  n^  and  n^,  namely,  tiie  equations 

3^3=1,      3il,+2^3=2,    and    A^+A2+Ai=l, 
from  which  we  obtain  6^1=2^2=^-^8= ^• 

Hence,  if  the  relation  l*+2*+ ...  +n2=  ^  n+ jr  w*+  ^n\  be  true 

o  2s  o 

for  any  value  of  Uy  it  will  be  true  for  the  next  greater  value.  But  it 
is  obviously  true  when  n=l ;  it  will  therefore  be  true  when  w=2 ; 
and,  being  true  when  n=2,  it  must  be  true  when  n=3;  and  so  on 
indefinitely. 

The  sum  of  the  cubes,  or  of  any  other  integral  powers,  of  the 
first  n  integers  can  be  found  in  a  similar  manner. 
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Resolve  into  partial  fractions  : 

3x  x  +  1 

1.         "~S ^ 7^'  2. 


X -  a^  +  1 

^*     (a:+l)(iB+3)(aj  +  5)*  x{x+iy' 

_              8-aj  e  a^  +  x+l 

0.      tt: rs-r; ;  •  O. 


(2-aj)»(l+a;)'  a^^^a^-hx  +  6' 

^'     (x  +  2)  (s^  +  1)  *  ^'     (1  4-  Sxf  (1  -  lOaj)' 

9.     ./-^•*-\.,.  10.  ^-^^ 


(a:»  +  l)(r-l)'*  (1  -  3a5)^(l +  a:)  * 
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ll.         ; — 5 ,  V     / 7ZZ~~} ^Tv  •  1«. 


(aj«+l)(a;-2)(a;+3)-  (x-2y{x'  +  l)' 

-«  ixf  +  x .  aj^-aj+l 

LOm         ; «  vo  / — 5 7T*»  **• 


{x-iy{x'+i)'  *  •     (aj-iy(a;-2)(aj'+l)" 

15.    ___1±|^__.  16.  ^^2. 


cc'(aj+2)'(a;  +  l)-  *"'     a*  (a;  +  2)«  (a?  -  1)  * 

17.  Find  the  coefficient  of  as"  in  the  expansion  of 

X+  4: 

05*  +  5aj  +  6 ' 

18.  Find  the  coefficient  of  a?"  in  the  expansion  of 

x-2 

(a;  +  2)(aj-l)«* 

19.  Shew  that  the  coefficient  of  af*'^  in  the  expansion  of 

a?  +  5  .    -       1 

IS  1  - 


(a:»-l)(a;  +  2)  2^' 


of 


of  . 


20.  Find  the  sum  of  the  n  first  coefficients  in  the  expansion 
3-2x 

l-2x~*6af' 

21.  Find  the  sum  of  the  n  first  coefficients  in  the  expansion 
2-5aj 


{l^5x){l-3x){l-2xy 

(I  +  xY 

22.     Find  the  coefficient  of  x*  in  the  expansion  of  -  —  ^ 


{i-xr 

Find  also  the  sum  of  the  n  first  coefficients. 

23.     Shew  that  the  coefficient  of  oj""^'  in  the  expansion  of 
|l^is(-2)'(.-2..1). 
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21     Shew  that 


25.  Shew  that  the  coefficient  of  z*"^  in  the  expansion  of 

{{1  -z){l-cz){l  ^c'z){l  -c^z)}-'   is 
(1  -  C-)  (1  -  c"+^)  (1  -  c»^»)/(l  -  c)  (1  ~  c")  (1  -  c«). 

26.  Prove  that 

a{b-c)  {be  -  aa')  (oT  -  a  ")     &  (c  -  a)  (c<t  -  W)  (ft"  -  6^") 
a-a'  "*"  6-6' 

c(a-6)(a6-cc')(c'"-c'"') 
■*• ^^' 

=  ^  (6  -  c)  (c  -  a)  (a  -  6)  (6c  -  aa')  (ca  -  hV)  {ab  -  ec')  H^_^ 

where  aa'  =  66'  =  cc',  and  H^_^  is  the  sum  of  the  homogeneous 
products  of  a,  6,  c,  a',  c',  6'  of  m  -  3  dimensions. 

27.  Shew  that  the  product  of  any  r  consecutive  terms  of 
the  series  1-c,  1  — c*,  1— c',...  is  divisible  by  the  first  r  of 
them. 

28.  Shew  that,  if  c  be  numerically  less  than  unity, 

(1  +  ca?)  (1  +  c^x)  (1  +  c°a;)... to  infinity 

29.  Shew  that,  if  c  be  numerically  less  than  unity, 

(1  +  caj)  (1  +  c^x)  (1  +  c^x),,.  to  infinity 


c  c*  «  c® 


1  8  3 

30.     Shew  that,  if  c  be  less  than  unity, 

1  -        as  a?* 

=  1+.: + 


(l-a;)(l-ca;)(l-c»a?)...  1 -c     (1 -c)  (1 -c') 
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31.  Shew  that,  if  c  be  less  than  unity, 

{l-x){l-cx){l-c'x)...  "    "^l-c        (l-cXl-c*)^"*"- 

[Gauss.] 

32.  Shew  that  the  coefficient  of  x'  in  the  expansion  of 

(1  +  caj)  (1  +  <^x)  (1  +  c^x),., 
{l-c«)(l-c"a;)(l-c"a;)... 

^  ^,(l  +  l)(l+c)...(l  +  c'-) 


r\     > 


(l-c)(l-c»)...(l-c-) 
c  being  less  than  unity. 

33.     Shew  that 

1-ic      1  —  ax      I  —  a'x      1  -  a'^x 
1  X  x^  7? 


1-y      I  -ay      I  - a'y      1  - a^y 


34.     Shew  that 

aj  2flc"  3a;'  4aj* 


^    I     •  •  • 


l-aj'^l-a;"      1-a;'      1-a; 
x  a^  af^ 


(1-aj)*      (l-a:*)"      (l-:^)' 

35.     Shew  that  Lambert's  series,  namely, 
X  oc^  sc^  X* 


1-a;     1-a"     l-o*     l-« 
is  equivalent  to 


A   "T    •  •  • 


1  +  a;       .  1  +  a;'       o  1  +  a;''  r^,  t 


1 


CHAPTER  XXIV. 

Exponential   Theorem.     Logarithms.     Logarithmic 

Series. 


298.    The  Exponential  Theorem.     If  l/n  be  nu- 

merically  less  than  unity,  ( 1  +-J     can  be  expanded  by 
the  Binomial  Theorem ;  and  we  have 

1+-)    =l  +  nx~  +  — V-^ — ^-5  + 
\       nj  n  l.z        n 

nx  (nx  —  1)  {nx -- 2)  1  nx(nx'-l),,,(nx'-r+l)  1 

1 .  z .  o  n  \r  n 

which  may  be  written 

(i+J  =1+^+^-2-+ — yt:s — +••• 


X 


(^_i)...(^_^__ij 


•  •  •  "f  I  "t"  •  •  • . 

ir 


Putting  a:  =  1,  we  have 

('-3-('-'-^) 


Ir 
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2^ 

X' 

l\-x+  — — — +  -i^ i~^ i+.. 


.   1.1  (i-i)(i-?)  ,. 

The  above  relation  is  true  for  all  values  of  n  however 
great,  and  therefore  when  n  is  infinite;  but  when  n  is 
infinite,  1/w  is  zero,  and  the  relation  becomes 

Denoting  the  series  1  +  1  -f  .-^  +  j^r  +  ...  —  +  ...  by  e,  we 


have  the  Exponential  Theorem,  namely 


x^  x' 


It  should  be  remarked  that  the  above  series  for  ^  is 
convergent  for  all  values  of  x  [Art.  274]. 

299.  The  quantity  e  is  of  very  great  importance 
in  mathematics. 

It  is  obvious  that  it  is  greater  than  2  and  it  is  clearly  less 
than  1  +  1  +  2"' +  2"'+  2"^+  . .:,  and  therefore  less  than  3. 
Its  actual  value  can  be  found  to  be  2*71828.... 

To  prove  that  e  is  an  incommensurable  number. 
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If  possible,  let  e  =  m/n,  where  m  and  n  are  integers ; 
then  we  should  have 

m  1^  1  1  1  1 


Multiply  both  sides  by  In  ;  then  all  the  terms  will 
become  integral  except 

11  1  . 


71  +  1      (n+2)(n  +  l)^(7i  +  3)(n  +  2)(n  +  l) 
Hence 

1  1  1 

7i  +  l"^(7i  +  2)(n  +  l)"*'(n  +  3)(n  +  2)(w  +  l)"*"'" 

must  be  equal  to  an  integer ;  but  this  sum  is  less  than 

111 

+  /..  .  T \2  +  7 r^  +  --->  and  therefore  less  than 


n  +  1     (n  +  1)*     (n  +  1) 

:,    /    1 1 =  I ,  that  is  less  than  - .    But  an  integer 

n-\-l/\n-\-V  n  ° 

cannot  be  less  than  l/n ;  it  therefore  follows  that  e  cannot 
be  equal  to  the  commensurable  number  m/n. 

300.  The  following  proof  of  the  Exponential  Theorem 
is  due  to  Prof.  Hill*.  It  will  be  seen  that  it  only  assumes 
the  truth'  of  the  Binomial  Theorem  for  a  positive  integral 
exponent. 

Let/(m)  denote  the  series  1  +  m  +  -jg-  + +  ^  +. . ,. 


+  T-+. 


Thus  /(to)  =  1  +TO+  12-+ +  -r: 

*  Proceedings  of  the  Cambridge  Philosophical  Society,  Vol.  v.  p.  416. 
Substantially  the  same  proof  is  however  given  in  Cauchy's  Analyse  Algi- 
brique. 

S.A.  24 
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n*  n' 


/(n)  =  l  +  n  +  — + +      + , 


and  f(m  +  n)=l-^(m-\-n)+- — rs-^+---+— r —    +••• 
•^  ^  ^  ^  p  Ip 

Now  the  coefficient  of  mV  in  /(m)  x/(n)  is  ,  -  ,-  ; 
and  in  /  (m  4-  n)  the  term  m**!!*  can  only  occur  in  ^^ 


r-\-s 


r  +  5       1 

and  its  coefficient  will  therefore  be  , ,  that  is 

"     8     r  +  s 


r    s 

Hence,  as  the  series  /  (m),  /  (n)  and  f{m  +  n)  are 
convergent  for  all  values  of  m  and  w,  and  the  coeffi- 
cient of  any  term  rrCn'  is  the  same  in/(m)  x/(n)  as  in 
f(m^  n),  it  follows  from  Art.  276  that 

/(m)  x/(n)  =/(m  +  n) (i) 

for  all  values  of  m  and  n. 

Now  let  a?  be  a  positive  integer;  then  from  (i)  we 
have 

/(I)  x/(l)  x/(l)4- to  ^factors, 

=  /(l  +  1  +  1  + to  X  terms), 

.•.{/(l)r=/(^) (ii). 

Next  let  a?  be  a  positive  fraction  -  ,  where  p  and  q  are 
positive  integers.     Then  from  (i) 

l/®F=^(ii^?^ to,tenns)=/(,) 

=  {/(!)}',  from  (ii); 

.••/(P={/(1)J^- 
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Hence,  for  all  positive  values  of  a?,  { /  (1)}*  =/  (a?). 

Lastly,  let  a;  be  negative,  and  equal  to  —  y,  so  that  y  is 
positive;  tlien/(-y)  x/(y)=/(0)  from  (i) ;  but/(0)  =  l, 
therefore  /  (-  y)  =  1/  /  (y). 

Hence 
/  (^)  =/  (-  y)  =^^  =  [f(i)\y  >  ^^^^^  y  ^^  P<^sitive, 

={/(i)r={/(i)h 

Hence,  whatever  x  may  be, 

{/(i)}»=/w- 

But  /(i)  =  i  +  ^+   1   +  1  + =  e. 


X        x^  of 


therefore  e»= /(a;)  =  l+7r  -^  ^  + +  i" +• 

-f  ^  ^  |1        |2  [r 

301.     To  shew  that 

V  ,  £t  ' — 

We  have  from  Art.  298 


Also,  by  the  binomial  theorem 

(g*-l)«==e«'-n.«^«-««+5i?L^e(«-s)«-... 

a;  +  tt:  +  —  +  ...  J    is  zero,  if  r  is 

less  than  n,  and  is  1  if  r=n. 

Also  the  coefficient  of  aj'  in  g«'-nc^"-i)«+    v  ""  /  ^«-2)«_       ig 

1   •  A 


ij«'-«(«-l)'  +  '^(»-2)'-...j 


Hence,  equating  the  coefficients  of  of*  in  the  expansions  of  the 
two  expressions  for  (e*- 1)",  we  have 

ijn--n(n-l)-+">-^'(n-2)"-...j=l. 

24—2 
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The  aboye  theorem  may  be  generalised  as  follows  : 
We  have 


and 


(e«-c**)«=«'^(€<--*)«-l)"=6«»*j(a-6)a;+^^-r|^+...|    . 

Hence,  equating  coefficients  of  a;"  in  the  two  expressions  for 
(ef"  -  c**)",  we  have 

If  we  put  na=a;  and  h-a=.y^  the  last  result  becomes  -^ 

We  have  also,  if  k  be  any  positive  integer  less  than  n, 

fl(n  —  X^ 

x^-n{x+y)*+     \       ^  (x  +  2y)*-  ...  to  w+1  terms=0. 

X   •   A 

The  following  particular  cases  are  of  importance,  k  being  less 
than  n. 

l*-»2*+  ^L^LZ^  3*_...  ton+1  terms=0, 

X    .  A 

and      m*  - n  (m - 1)*+     \-ir^  (m - 2)* ~  ...  to  n+ 1  terms=0. 

X .  ^ 


EXAMPLES  XXX. 
Ex.  1.     Shew  that  the  limit  when  n  is  infinite  of  ( 1  +  -  ]    is  e'. 

Ex.  2.    Shew  that  the  limit  when  n  is  infinite  of  1 1 +- J    is  g* . 

Ex.  3.    Shew  that 

w«+i.n(n-l)»+»+^^^^(w-2)«+i-...=^n[n+l. 

Ex.  4.    Shew  that 

n"+^-n(n-l)*-^«+^^^^n-2)*^«-...=:^(3n+l)|n+2. 


*  / 
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Ex.  5.     Shew  that 

Q  A.  t\ 

Ex.  6.    Shew  that  6-1=7^ +  7= +  —  +  ... 

11     il     \1 

Ex.  7.    Shew  that 

3^_-     1+2      1+2+3^ 1+2+3+4 

Ex.  8.     Shew  that 

/i       1       1       1         V    .     /.       1       1       1         \' 

Ex.  9.     Shew  that 

_i^J_     __1__  1 

^        1.3'*"l.2.3.6"'""'*"l.2.3...(2n-l)(2»+l)' 

Ex.  10.    Shew  that 
e-1 


e 


+  1~  ([2'*"[4'*"  [6"^-'J   •   ([1"'' [3"^  [S"*"-} 


Ex.  11.     Shew  that 


e^-1 


=  U  + 


12"*"  [4  "^[6 ■•■•••)   *  I        [3"*"]5"'']7"^'")' 


Ex.  12.    Shew  that  the  coefficient  of  x"  in  the  expansion  of 

(l  +  2a;)      (l  +  2a;r-^  ,  (l  +  2a;)8.  2«e 

jT""*"       (2       ^       |3       "''••"^* 


Logarithms. 

302.  Definition.  The  index  of  the  power  to  which 
one  number  must  be  raised  to  produce  a  second  number  is 
called  the  logarithm  of  the  second  number  with  respect  to 
the  first  as  base.  Thus,  if  a^  =  y,  then  x  is  called  the 
logarithm  of  y  to  the  base  a,  and  this  is  expressed  by  the 
notation  x  =  log„  y. 
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We  proceed  to  investigate  the  fundamental  properties 
of  logarithms,  and  to  shew  how  logarithms  can  be  found, 
and  how  they  can  be  employed  to  shorten  certain  approxi- 
mate calculations. 

303.  Properttes  of  Logarithms.  The  following  are 
the  fundamental  properties  of  logarithms. 

I.  Since  a"  =  1,  for  all  values  of  a,  it  follows  that 
log,  1  =  0. 

Thus  ike  logarithm  of  1  is  0,  whatever  the  ha^e  raay 
he. 

II.  Iflog„a;  =  a,    log,y  =  /3,    log,  ^  =  7,... 
then  x^a'^y  y  =  (^9  z  =  a'*,  .,,\ 

.\  rcy^...  =a*.a^.av...=a*+^+y+•• 
•'•  log^(xyz...)==a  +  ^  +  y+  ... 

=  log,a?  +  log,y  +  log,^+... 

Thus  the  logarithm  of  a  product  is  the  sum  of  the 
logarithms  of  its  factors. 

III.  If  log,  ^  =  a,  and  log,  y  =  /3 ; 
then            «;  =  a%    y  =  a^,    and  :.  x-^y^^  a°-~^ ; 

•••  log,  (a?-5-2/)  =  a-/8  =  log,ic~log,y. 

Thus  the  logarithm,  of  a  quotient  is  the  algebraic  differ- 
ence of  the  logarithms  of  the  dividend  and  the  divisor. 

IV.  If  a?  =  a* ;  then  af^  =  a"**,  for  all  values  of  m. 

Hence  log,  a?"*  =  ma  =  m  log,  x. 

Thus  the  logarithm  of  any  power  of  a  number  is  the 
product  of  the  logarithm  of  that  number  by  the  index  of  the 
power. 

V.  Let  log,  x  =  ay  and  logj  ^  =  /8;  then  x  =  a'^  =  lfi\ 
and  hence  a  =  6",  and  afi  =  b. 


LOGARITHMIC  SERIES.  375 

Therefore  -  =  log^a,  and  -5=  log„6. 

a.       R 

Hence  log^  h  x  log^  a  =  -5  x  -  =  1.    Also  P=^a  log^  a, 

that  is  logj  X  =  log^  x .  log^a. 

Hence  the  logarithm  of  any  number  to  the  base  b  will 
be  found  by  multiplying  the  logarithm  of  that  number  to 
the  base  a  by  the  constant  multiplier  log^,  a, 

304.  The  logarithmic  series.  Let  a  =  6^  so  that 
&  =  log,  a;  then  a*  =  e**  =  e*^°«*'*.  Hence  from  Art.  298, 
we  have 

o«  2  \r 

Put  a  =  1  +  y ;  then  we  have 

(l+2/)*=l+a;log,(l+2/)  +  i{ajlog,(l+y)}«+... 


Now,  provided  y  be  nwnierically  less  than  unity,  (1  +  y)' 
can  be  expanded  by  the  binomial  theorem ;  we  then  have 

-  x(x  —  l)  2  x(x'-l)(x  —  2)...(x—r-^l)   ^. 

1+^+  1.2  y-^'-+- — — b^ "y+- 


=  l  +  ^log,(l+y)+|2{^l^ga(l+y)r  +  --- 

The  series  on  the  right  is  convergent  for  all  values  of  x 
and  y,  and  the  series  on  the  left  is  convergent  for  all  values 
of  X  provided  y  is  numerically  less  than  unity.  Hence,  for 
such  values  of  y,  we  may  equate  the  coefficients  of  x 
on  the  two  sides  of  the  equation.     We  thus  obtain 

S  8  T 

iog.(i  +  y)=y-|  +  |- +  (-ir''^+- 

This  is  called  the  logarithmic  se^'ies. 
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Ex.  1.     To  express  a^  +  h^  in  terms  of  powers  of  ab  and  a  +  &. 

From  the  identity  (1  -  ax)  (1  -  6a;)  =  1  -  (a  +  6)  a;  +  aha^ 

=  l-8x  +px\ 
where  8  is  put  for  a+ 6  and  p  for  a5,  we  have 

log«  (1  -  ox)  -I-  log,  (1  -  hx) = log,  (1  -  8x  +|a*). 

Hence     (^ax  +  -2-  +  ^+ j  +  (^6^  +  _+_+ j 

Equate  the  coefficients  of  x'^  on  the  two  sides  of  the  last  equation. 
[This  is  {Jlowable  since  the  series  can  clearly  be  made  convergent  by 
taking  x  sufficiently  small.}    Then  the  coefficient  of  x^  on  the  left  is 

-  (a*  +  6**).     On  the  right  we  have  to  pick  out  the  coefficient  of  x* 

from  the  terms  (beginning  at  the  highest  in  which  it  can  appear) 

—  («-l>x)*+-^-^(«-l)x)»-^  +  -^— ^(«-l)x)*-2+ , 

n        ^  '      n- 1  n -2       "  '    - 


1  ^        1    c     /      -.x  «  ,   ,        1    ((«-2)(n-3)  ^    . 
n        n-1 *     ^        '  n-2 (        1.2 


the  coefficient  of  x**  is  therefore 

Hence  we  have 
a*+h^=(a+hY-7uib  (o  +  6)«»-8+^^f  "^^  a^fta  (a+  &)»-* 

_«(n-j|C|z6)„.j,(„  +  6)„-.+ 


Ex.  2.     Shew  that,  ifa  +  &  +  c=:0;  then  will 

10(a7  +  67  +  c7)  =  7(a2+6a+ca)(a»  +  66+c»). 

Put  -p  for  6c  +  ca  +  a6,  and  q  for  a&c ;  then  we  have  the  identity 
(1  -  ax)  (1  -  hx)  (1  -  ex) = 1  -  jpx*  -  gx*. 

Now  take  logarithms,  and  equate  the  coefficients  of  the  different 
powers  of  X  in  the  two  expansions.    This  gives  -  (a**  +  6**  +  c**)  in 

T 

terms  of  p  and  g,  and  the  required  result  follows  at  once.     [See  also 
Art.  129.] 


cauchy's  theorem.  377 

Ex.  3.    To  express  a**+&»+c**in  tenns  of  abc  and  bc  +  ca+cib,  when 
a+h  +  c=0. 

Put  '-p=bc  +  ca  +  dbf  and  q  =  abc ;  then  we  have  the  identity 
{l'ax){l-bx){l-cx)  =  l-px^-qa^. 

Hence,  by  taking  logarithms,  and  equating  the  coefficients  of  like 
powers  of  x^  we  have 

-  (a« + 6*» + c») = coefficient  of  a;*»  in  S  -  a;*"  (j>  +  qxy, 

which  gives  the  required  result. 

The  terms  in  S  -  a;*^  (p  +  qxf  which  contain  x®^*i  are 

+ . . .  +  g    _^  x«™-*  (p  +  gac)^'""^  +  5—  0^"*  (p  +  ga;)'*^. 

Now  by  inspection  we  see  that  the  coefficient  of  o;**'^^  in  each 
of  the  above  terms  in  which  it  occurs  contains  jpg  as  a  factor ;  and 
also  that  the  coefficient  of  o^*^^  in  each  of  the  terms  in  which  it 
occurs  contains  p^q  as  a  factor. 

Hence,  when  a  +  6  +  c=0,  a"+6*+c"  is  algebraically  divisible  by 
ahc  {hc  +  ea  +  ab)  when  n  is  of  the  form  6m  -  1,  and  a"  +  6"  +  c*»  is 
algeoraically  divisible  by  <ibc  {bc  +  ca  +  ab)^  when  n  is  of  the  form 

If  we  put  c=  -  (a  +  b)tbc  +  ca  +  ab  becomes  -(a*+a6+6*),  and 
we  have  Gauchy's  Tneorem,  namely  that  a^+b^-(a+b)**  is  divisible 
by  db{a  +  b)  {a^  +  a5  +  h^)  when  n  is  of  the  form  6m  -  1,  and  by 
ab{a  +  b)(a^  +  db-\-  6*)*  when  n  is  of  the  form  6iii+ 1. 

[See  papers  on  Gauchy's  Theorem  by  Mr  J.  W.  L.  Glaisher  and 
Mr  T.  Muir  in  the  Qtutrterly  Journal^  Vol.  zvi.,  and  in  the  Messenger 
of  Mathematics,  Vol.  vni.] 

305.  In  order  to  diminish  the  labour  of  finding  the 
approximate  value  of  the  logarithm  of  any  number,  more 
rapidly  converging  series  are  obtained  from  the  funda- 
mental logarithmic  series. 

Changing  the  sign  of  y  in  the  logarithmic  series 


log.(l+y)  =  y-|  +  ^-|  + (i), 


we  have 


.8 


log.(l-y)  =  -S^-|-|-|- (ii). 
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Hence  log,  ^ — ^^  =  log,  (1  +  y)  -  log,  (1  -  y) 


y 


=  2(y  +  |'  +  ^  + )      (iii). 


log,2  =  2 


Put  —  for  - — -  ,  and  therefore for  y ;   then 

n        1  — y  m  +  n        ^ 

We  are  now  able  to  calculate  logarithms  to  base  e 
without  much  labour.     For  example  : — 
Put  m  =  2, 71  =  1,  in  formula  (iv)  ;  then 

1      11^      11^ 

3  "^3 '3' "^5 '3"  ■*""•. 

from  which  it  is  easy  to  obtain  the  value  log,  2  =  -693147. . . 
Having  found  log,  2,  we  have  from  (iv) 

log,3-log,2  =  2|i  +  |.^3+|.^,  +  ...|  =  -405465.... 

Hence  log,  3  =  -693147  +  '405465  =  1-09861. 

Proceeding  in  this  way,  the  logarithm  to  base  e  of 
any  number  can  be  found  to  any  requisite  degree  of 
approximation. 

306.  Logarithms  to  base  e  are  called  Napierian  or 
natural  logarithms. 

The  logarithms  used  in  all  theoretical  investigations 
are  Napierian  logarithms;  but  when  approximate  numeri- 
cal calculations  are  made  by  means  of  logarithms,  the 
logarithms  used  are  always  those  to  base  10,  for  reasons 
which  will  shortly  appear :  on  this  account  logarithms 
to  base  10  are  called  Common  logarithms. 

We  have  shewn  how  logarithms  to  base  e  can  be  found ; 
and  having  found  logarithms  to  base  e,  the  logarithms  to 
base  10  are  obtained  by  multiplying  by  the  constant 
factor  logio^,  or  by  l/log,10.  [Art.  303,  V.]  This  constant 
factor  is  called  the  Modulus:  its  value  is  -43429... 
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EXAMPLES  XXXI. 


1.     Shew  that  log  (x  +  n)  =  log  x  +  log  [  1  +  -  j  + 


2.  Shew  that  log.  7l2  =  l  +  (1  + i)  i+ g+ 1)  i + 
(s+y)i^6-'^)?* to  infinity. 

8.     Shew  that  log.  VlO=|l +11 +1  i +i  ^1  + to 

"'*^*y}  *  {d '^  I  W '*' 5  ^' "^  7  y"*' *®  infinityj. 

4     Shewthatlog.2-l  =  j-i-3+3-l^  +  g-^+...... 

to  infinity. 

5.  Shew  that  j-|-^  +  ^-^  +  g_|-^  +    

=  31og.2-l. 

5  7  9 

6.  Shew  that   = — ^r— «  +  oak  +  nan  "*"••*   ^   infinity 

=  31og.2-l. 

■7      au       lt.i.1  «-l      1»'-1        laj'-l 

7.  Shewthatlog,«:  =  ^^j4-2(^-f)-.+  3(^f^     

8.  Shew  that 

,       a  +  x  _    2ax        1  /  2aa:  V      1  /  2aa;  V 


1 
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9.  Shew  that 

10.  Shew  that 

{iog.(i+*)}'=2g^-|(i.|)«»4(-;4.|).*-...}. 

11.  Shew  that,  if  log«  (1  +  a;  +  a;")  be  expanded  in  powers 

1           2 
of  a;,  the  coefficient  of  af  is  either  -  or ,  and  distinguish  the 

cases. 

12.  If  log,  (1  —  a;  +  a;")  be  expanded  in  ascending  powers  of 
X  in  the  form  a^x  +  ajx?  +  a^a?  + ,  then  will  a^  +  a^  +  a^  +  . . . 

=  |log.2. 

13.  Expand  log.  i±^  in  a«,ending  Powersoft. 

J.  ^  a;  +  XT 

14.  Shew  that 

1  a;  a;"  a? 

I- 1-  — — -J. + 

n     w(n+l)     n(7H-l)(n  +  2)     w(rn- l)(w  +  2)  (w  +  3) 

_   ,fl_         X  7? ^  \ 

~^\n      11(^+1)"^  [2  (71  +  2)      |l3(w+3)"^ /• 

15.  From  the  identity  2  log  (1  -  ar)  =  log  (1  -  2a;  -i-  7?\  prove 

16.  If  log, 5 — -g  be  expanded  in  a  series  of  positive 

X  ~"  X  ^  X  T  aj 

1       3 

integral  powers  of  x,  the  coefficient  of  a;"  will  be  -  or  -  accord- 
ing as  n  is  even  or  odd. 
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17.     Shew  that  the  coefficient  of  af  in  the  expansion  of 

c^—  1      1 

= sjfis  r-{l'  +  2'  +  3'+ +  n'}.     Hence  find  the  sum  of  n 


terms  of  the  series  1*  + 2"  + 3"+...,  and  also  of  l"+2'+ 3*+ ... 

18.     Shew  that,  if  a,  be  the  coefficient  of  of  in  the  ex- 
pansion of  e^,  then 


'''~|rl|J^'^[2"^[3'^***j' 


Hence  shew  that 

p      2»      3^ 

U."^[2"*'[3'*'-""^^' 

and  that 

1*      2*      3* 

10.     Shew  that 

^ /l  J.  ^  J.  '^(^-^)  +  w(«-l)(w-2)         I 
r     1'        1'.2'  1'.2«.3'  / 

-1  ■  fa  I  n  I  (^  +  l)("  +  2)     (n  +  l)(n+2)(n  +  3) 

20.  Shew  that  the  sum  of  n  terms  of  the  series  y  +  «+«  +  .. ., 

beginning  at  the  (n+  l)th,  becomes  equal  to  log.  2  when  n  is 
increased  without  limit. 

21.  Shew  that 

log,(l+w)<Y+^+...-<l+log,(l+w). 

22.  Prove  the  following : — 

(i)    {x  +  yy-x'-y'==7x^(x  +  y){a^  +  xy  +  yyy 

(ii)     («  +  y)"-a:^*-y"  =  llajy(a;  +  y)(x«  +  ajy  +  y') 

{{a^+xy-^  y'Y  +  a^y"  (a;  +  y)*}, 

(iii)     (aj  +  yV-'-aj^'-.y*»  =  13«y(aj  +  y)(a'  +  «y  +  y")« 
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23;     Shew  that  ar*"  +  «/*•  +  (a:  +  yf" 


3.4 

y^(n-r-l)...(n-3r-l)  ,,_8^^g,  , 
3.4...2r 

where  a^x^  +  001/  +  ^  and  h'Bxy(x  +  y), 

24.  Shew  that,  (i)  if  w  be  any  uneven  integer,  (ft  — c)"  + 
(c  -  a)-  +  (a  -  6)-  will  be  divisible  by  (6  -  cf  +  (c  -  a)'*  +  (a  -  ft)»; 
(ii)  if  w  be  of  the  form  6m  ±1,  it  will  be  also  divisible  by 
{b  —  cf  +  (c  —  a)*  +  (a  —  hf ;  and  (iii)  if  w  be  of  the  form 
6m  +  1  it  will  be  divisible  by  (6  —  c)*  +  (c  -  a)*  +  (a  -  6)*. 
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307.  In  what  follows  the  logarithms  must  always  be 
supposed  to  be  common  logarithms,  and  the  base,  10,  need 
not  be  written. 

If  two  numbers  have  the  same  figures,  and  thetefore 
differ  only  in  the  position  of  the  decimal  point,  the  one 
must  be  the  product  of  the  other  and  some  integral  power 
of  10,  and  hence  from  Art.  303,  II.  the  logarithms  of  the 
numbers  will  differ  by  an  integer. 

Thus  log  421-5  =  log 4215  +  log  100  =  2  +  log 4*215. 

Again,  knowing  that  log  3  =  '30103,  we  have  log  03 
=  loff  (3  -^  100)  =  log  3  -  log  100  =  -30103  -  2. 

On  account  of  the  above  property,  common  logarithms 
are  always  written  with  the  decimal  part  positive,  _  Thus 
log  -03  is  not  written  in  the  form  -  1*69897  but  2*30103, 
the  minus  sign  referring  only  to  the  integral  portion  of 
the  logarithm  and  being  written  above  the  figure  to  which 
it  refers. 

Definition.  When  a  logarithm  is  so  written  that  its 
decimal  part  is  positive,  the  decimal  part  of  the  logarithm 
is  called  the  mantissa  and  the  integral  part  the  character- 
istic. 
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308.  The  characteristic  of  the  logarithm  of  any  number 
can  be  written  down  by  inspection.  For,  if  the  number  be 
greater  than  1,  and  n  be  the  number  of  figures  in  its 
integral  part,  the  number  is  clearly  less  than  10"  but  not 
less  than  10**"\ 

Hence  its  logarithm  is  between  n  and  n  —  l:  the 
logarithm  is  therefore  equal  to  w  —  1  +  a  decimal. 

Thus  the  characteristic  of  the  logarithm  of  any  number 
greater  than  unity  is  one  less  than  the  number  of  figures  in 
its  integral  part. 

Next,  let  the  number  be  less  than  unity. 

Express  the  number  as  a  decimal,  and  let  n  be  the 
number  of  ciphers  before  its  first  significant  figure. 

Then  the  number  is  greater  than  10"*"^  and  less  than 

io-». 

Hence,  as  the  decimal  part  of  the  logarithm  must  be 
positive,  the  logarithm  of  the  number  will  be  —  (n  +  1)  -f- 
a  decimal  fraction,  the  characteristic  being  —  (n  +  1). 

Thus,  if  a  number  less  than  unity  be  expressed  as  a 
decimal,  the  characteristic  of  its  logarithm  is  negative  and 
one  more  than  the  number  of  ciphers  before  the  first  signifi- 
cant figure. 

For  example,  the  ch^cteristic  of  the  logarithm  of  3571'4  is  3, 
and  that  of  -00035714  is  4. 

Conversely,  if  we  know  the  characteristic  of  the 
logarithm  of  any  number  whose  digits  form  a  certain 
sequence  of  figures  we  know  at  once  where  to  place  the 
decimal  point. 

For  example,  knowing  that  the  logarithm  of  a  number  whose 
digits  form  the  sequence  35714  is  3*55283,  we  know  that  the  number 
must  be  3571*4. 

309.  Tables  are  published  which  give  the  logarithms 
of  all  numbers  from  1  to  99999  calculated  to  seven  places 
of  decimals:  these  are  called  *  seven-figure'  logarithms. 
For  many  purposes  it  is  however  sufficient  to  use  five- 
figure  logarithms. 
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In  all  Tables  of  losaritlims  the  mantissae  odIv  are 
given,  for  the  characteristics  can  always,  as  we  have  seen, 
be  written  down  by  inspection. 

In  making  use  of  Tables  of  logarithms  we  have,  I.  to 
find  the  logarithm  of  a  given  number,  and  IT.  to  find  the 
number  which  has  a  given  logarithm. 

I.  To  find  the  logarithm  of  a  given  number. 

If  the  number  have  no  more  than  five  significant 
figures,  its  logarithm  will  be  given  in  the  tables.  But,  if 
the  number  have  more  significant  figures  than  are  given 
in  the  tables,  use  must  be  made  of  the  principle  that 
when  the  difference  of  two  numbers  is  small  compared 
with  either  of  them,  the  diflference  of  the  numbers  is  ap- 
proximately proportional  to  the  difference  of  their  loga- 
rithms.    This  follows  at  once  from  Art.  304,  for 

log,o  (N+x)-  log,o  N  =  log,,  (1  +  J)  =  A^  log,  (1  +  J) 

=  fjL   (iw-~i7w^+ ]  ~  f^  W  approximately,     when 

small,  fi  being  the  modulus  1/log,  10. 

An  example  will  shew  how  the  above  principle,  called 
the  Principle  of  Proportional  Differences,  is  utilised. 

Ex.    To  find  the  logarithm  of  357  '247. 

We  find  from  the  tables  that  log  3-6724  = -5629601,  and  log  3-6726 
=  •6529722;  and  the  difference  of  these  logarithms  is  -0000121. 
Now  the  difference  between  3*67247  and  3-5724  is  ^ths,  of  the 
difference  between  3-6724  and  3-5725 ;  and  hence  if  we  suld  ^ths.  of 
-0000121  to  the  logarithm  of  3-6724  we  shall  obtain  the  approximate 
logarithm  of  3-57247.  Now  T^ths.  of  -0000121  is  -00000847,  which 
is  nearer  to  -0000086  than  to  '0000084.  Hence  the  nearest  approxi- 
mation we  can  find  to  the  logarithm  of  3-57247  is  -6529601  +  -0000086 
=•6629686. 

The  characteristic  of  the  logarithm  of  367-247  is  obvionsly  2,  and 
therefore  the  logarithm  required  is  2-6629686. 

II.  To  find  the  nwmber  which  has  a  given  logarithm. 

For  example,  let  the  given  logarithm  be  4.6529662. 
We  find  from  the  tables  that  log  3-5724  =  -6529601  and  that 
log  3-6726 ='5529722,  the  mantissa  of  the  given  logarithm  falling 
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between  these  two.    Now  the  difference  between  *5529601  and  the 

at 
given  logarithm  is  ^ot  of  the  difference  between  the  logarithms  of 

3*5724  and  3*5725;  and  hence,  by  the  principle  of  proportional 

61 
differences,  the  number  whose  logarithm  is  *5529652  is  3*5724  +  r-^ 

X  *0001  =  3*6724  +  *00004  =  3*67244.    [The  approximation  could  only 
be  relied  upon  for  one  figure.] 

Thus      •5529662  =  log  3-67244,      and     therefore     4*5629652  = 
log  •000367244. 


Compound  Interest  and  Annuities. 

310.  The  approximate  calculation  of  Compound  In- 
terest for  a  long  period,  and  also  of  the  value  of  an  annuity, 
can  be  readily  made  by  means  of  logarithms. 

All  problems  of  this  kind  depend  upon  the  three  fol- 
lowing : — [The  student  is  supposed  to  be  acquainted  with 
the  arithmetical  treatment  of  these  subjects.] 

I.  To  find  the  amount  of  a  given  sum  at  compound 
interest^  in  a  given  number  of  years  and  at  a  given  rate 
per  cent  per  annum. 

Let  P  denote  the  principal,  n  the  number  of  years, 
lOOr  the  rate  per  cent,  per  annum,  and  A  the  required 
amount. 

Then  the  interest  of  P  for  one  year  will  be  Pr,  and 
therefore  the  amount  of  principal  and  interest  at  the  end 
of  the  first  year  will  be  P  (1  +  r).  This  last  sum  is  the 
capital  on  which  interest  is  to  be  paid  for  the  second 
year ;  and  therefore  the  amount  at  the  end  of  the  second 
year  will  be  [P  (1  +  r)]{l  +  r)  =  P  (1  +  r)\  Similarly  the 
amount  at  the  end  of  n  years  will  be  P  (1  -f  r)". 

Thus  J.  =  P  (1  +  r)" ;  and  hence 

log  A  =  log  P  +  n  log  (1  +  r). 

If  the  interest  is  paid,  and  capitalised  half  yearly,  it 

can  be  easily  seen  that  th^  amount  will  be  P  f  1  +;5J    . 
s.  A.  25 
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Ex.    Find  the  amount  of  £350  in  25  years  at  5  per  cent,  per  annum. 
Here  P=350,  r=  j^  and  n=25 ; 


.•.Iog4=log360  +  251og  (l+  ^) 


=log  350  +  25  (log  105  -  log  100). 

From  the  tables  we  find  that  log  350=2-5440680  and  log  105  = 
2*0211893 ;  hence  log  ii  =  30738005.  Whenoe  it  is  found  from  the 
tables  that  ^  =  £1185-22. 

II.  To  find  the  present  value  of  a  sum  of  money  which 
is  to  he  paid  at  the  end  of  a  given  time. 

Let  A  be  the  sum  payable  at  the  end  of  n  years,  and 
let  P  be  its  present  worth,  the  interest  on  money  being 
supposed  to  be  100  r  per  cent,  per  annum.  Then  the 
amount  of  P  in  n  years  at  lOOr  per  cent,  per  annum 
must  be  just  equal  to  A, 

Hence  from  I.         P  =  ^  (1  +  r)"". 

III.  To  find  the  present  value  of  an  annuity  of  £A 
payable  at  the  end  of  each  of  n  successive  years. 

If  the  interest  on  money  be  supposed  to  be  lOOr  per 
cent,  per  annum ;  then  from  II. 

The  present  value  of  the  first  pa3maent  is  -4  (1  +  r)"* 
second  A  (lH-r)~* 

nth A  (l4-r)~\ 

Hence  the  present  value  of  the  whole  is 

f    1  1  1      ]  _^  f.  1_) 

^|l+r"^(l  +  r)»"^--"*"(H-r)-j  "r  f     (l+r)"}- 

Ex.    Find  the  present  value  of  an  annuity  of  £30  to  be  paid  for  20 
years,  reckoning  interest  at  4  per  cent. 

Here  4=30,  n=20.r=  4  =  1. 
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Henoe  the  present  value =30x26|l-f^j    |. 

|rj    =20  {log  25 -log  26} 

=  20  {1-3979400 -1-4149738} 
=  20  ( -  *0170333)  =  -  840666 
=  l-659334=log  -466389. 
Hence  the  value  required  =  30  x  26  x  (1  -  -466389) =£407-7... 

EXAMPLES  XXXII. 


ine  loiiowin^ 

I  logantnms  are 

given 

log  1-02      = 

•0086002 

log  1-6386  = 

•2144730 

log  1-025    = 

•0107239 

log  1-6387  = 

•2144995 

log  1-033    - 

•0141003 

log  1-7292  = 

•2378452 

log  1-04      = 

-0170333 

log  1-7349  = 

•2392744 

log  105      = 

•0211893 

log  2 

•3010300 

log  1-06      >= 

•0253059 

log  2-0829  = 

•3186684 

log  1-1467  = 

•0594498 

log  5 

•4771213 

log  1-1468  = 

•Q594877 

log  3  0832  = 

•4890017 

log  1-2258  = 

-0884196 

log  4^4230  = 

•6457169 

log  1-2620  = 

-1010594 

log  5-1        = 

•7075702 

log  1-4816  = 

-1707310 

log  5577    = 

•7464006 

log  1-4817  = 

•1707603 

log  6^3862  = 

•8052425 

log  7^4297  = 

•8709713 

log  7^4298  = 

•8709771 

1.     FiTid«yi05. 

2.     Find  5^51. 

3.  Find  the  amount  of  j£100  in  50  years  at  5  per  cent 
per  annum. 

4.  Shew  that  money  will  more  than  double  itself  in  15 
years  at  5  per  cent,  per  annum,  and  in  18  years  at  4  per  cent, 
per  annum. 

26—2 
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5.  Find  the  amount  of  J&500  in  10  years,  interest  at  4  per 
cent,  being  paid  half  yearly. 

6.  The  number  of  births  in  a  certain  country  every  year 
is  85  per  1000  and  the  number  of  deaths  52  per  1000  of  the 
population  at  the  beginning  of  every  year :  shew  that  the  popu- 
lation will  be  more  than  doubled  in  22  years. 

7.  A  man  invests  £30  a  year  in  a  Savings  Bank  which 
pays  2^  per  cent,  per  annum  on  all  deposits.  What  will  be 
the  total  amount  at  the  end  of  20  years  ? 

8.  What  sum  should  be  paid  for  an  annuity  of  XI 00  a 
year  to  be  paid  for  40  years,  money  being  supposed  to  be  worth 
4  per  cent,  per  annum. 

9.  A  corporation  borrows  £30000  which  is  to  be  repaid 
by  30  equal  yearly  payments.  How  much  will  have  to  be  paid 
each  year,  money  being  supposed  to  be  worth  4  per  cent,  per 
annum? 

10.  A  house  which  is  really  worth  £70  a  year  is  let  on  a 
lease  for  40  years  at  a  rent  of  £10  a  year,  the  lease  being  re- 
newable at  the  end  of  every  14  years  on  payment  of  a  fine. 
Calculate  the  amount  of  the  fine,  reckoning  interest  at  6  per 
cent. 


CHAPTER  XXV. 


Summation  of  Series. 


311.  We  have  already  considered  some  important 
classes  of  series,  namely  the  Progressions  [Chapter  xvii], 
Binomial  series  [Art.  285],  and  Exponential  and  Logarith- 
mic series  [Chapter  xxiv].  In  the  present  chapter  some 
other  important  types  of  series  will  be  considered. 

312.  The  nth  term  of  a  series  will  be  denoted  by  u^, 
and  the  sum  of  n  terms  by  8^.  When  the  series  is  con- 
vergent its  sum  to  infinity  will  be  denoted  by  S^. 

313.  No  general  method  can  be  given  by  which  the 
summation  of  series  can  be  eflFected ;  but  in  a  great 
number  of  cases  the  result  can  be  obtained  by  expressing 
the  general  term  of  the  series,  u^,  as  the  diflference  of 
two  expressions  one  of  which  involves  w  —  1  in  the  same 
manner  as  the  other  involves  w. 

For  example,  in  the  series 

a  a  a 

x(xVa)  "*" Qc  +  a){x  +  2a)  "^ (a?  +  2a) (x  +  3a)  "*"'"' 

the  nth  term,  namely  == ,   is   equal   to 

(x  +  n—  l,a){x  +  no) 

7 7T .     Hence  the  series  may  be  written 

x  +  {n—l)ax  +  na  "^ 
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/I 1_\       /     1      _        1       \        /       1 1      \ 

\x     x-^a)      \x-\-a     x  +  2a/      \a?H-2a     x  +  Sa) 

+  \ 7 ^^j f ;  and  it  is  now  obvious  that  all 

[x  +  ijh—lja     x  +  na) 

the  terms  cancel  except  the  first  and  last ; 


hence 


na 


"     X     x-\-na     x{x'\-  na) ' 


Ex.  1.    Find  the  sum  of  n  terms  of  the  series 

J_     _L     JL  1 

1.2"*'2.3"*'3.4"^ n(n+l) 


Ex.  2.     Find  the  sum  of  n  terms  of  the  series 


Aru,     1- 


n+1* 


ill' 

j2-^|3+^-^ 


n 

+ r^  + 


n+1 


Here  w-.=  -. -^  . 

**     |n      71+1 


Ans,    1- 


n+1 


Ex.  8.    Find  the  sum  to  infinity  of  the  series 

1 


111 


Here  u„  = 


3  |1  '  4  [2  '  6  1 3 
1  1 


(n  +  2)|n 


"     |n  +  l      [n+2* 


iln*.     5. 


Ex.  4.    Find  the  snm  to  infinity  of  the  series 

_3_         5^       _^  2n+l 

ia.2a"^22.3a'^3«.4»"*' '*'n*(n+l)3'*" 

Ex.  5.    Find  the  sum  of  n  terms  of  the  series 


Ans,    1. 


12                3  n 

1.3'*'l.3.6"*'l.3.6.7"'" ■'■l.3.6...(2n+l)* 

L^"'»'^1.3.5...(2n-1)  "  1.3.6...(2n-l)(2n+l)J* 

"^"^^    2r"'l.3.6...(2n+l)r 
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Ex.  6.    Snm  to  infinity  the  series 

-?-^  +  J-     il4.    ^       ia.  n+1  1 

1. 3  3  "^8.  6  •3*"*' 6. "6  •38**' ■*'(2n-l)(2n+l)  S^"^ 

"^®®  (2n  - 1)  (2n+ 1)  ^  4  V2S^  "  2m=1  j  * 

"*    2n-13»-i     2n  +  13^J*       "^^^    4* 

Ex.  7.    Find  the  sum  to  infinity  of  the  series 

1      ■    ^^     11  1 

23-l"'"4a-l'*'6*^''"82^'*' ^^-    2* 

Ex.  8.    Find  the  sum  of  n  terms  of  the  series 

a:  aj*  ar' 

(1  -  a;)(l  -  ar3)  ■*■  (1  -  a;^)  (1  -  ar^)  "*"  {TT^'j^T:^)  +  -  - 

1  1 


iln«. 


(l-a;)«     (l-a;)(l-a;»+i)* 


314.     To  find  ih^mm  of  n  terms  of  the  series 
{a(a  +  6)...(a  +  ^-l «  6)} -f  {(a +  6)  (a +  26)} ...  {(a  +  r6)} 
+  ...  +  {(a  +  w- 1.6)(a  +  7i6) ...  (a  +  n  +  r- 2.6)}  +  ... 

In  the  above  series  (i)  each  term  contains  r  factors, 
(ii)  the  factors  of  any  term  are  in  arithmetical  progression, 
and  (iii)  the  first  factors  of  the  successive  terms  form  the 
same  A.p.  as  the  successive  factors  of  the  first  term. 

Consider  the  series  which  is  formed  according  to  the 
same  law  but  with  one  factor  added  at  the  end  of  every 
term,  and  let  v^  be  the  nth  term  of  this  new  series,  so  that 

t;„  =  {(a  +  w  —  1 . 6)  (a  +  w6)  . . .  (a  +  w  +  r  —  1 . 6)}. 
Then 


^n  -  K-i  =  {(a  +  n  -  1  .  6)  (a  +  n6)  ...  (a  +  n  +  r  -  1  . 6)} 
-  {(a  +  71-2 . 6)  (a  +  n-  1 .  J)  ...  (a  H-n  +  r-2.  6)} 

=  {(a  +  n-1 . 6) ...  (a  4-  n-\-r-2  . 6)}  {(a  +  n  +  r~l .  6) 

-  (a  +  n  -  2 . 6)} 

=  (r  +  1)  6  {(a  +  n.- 1.6)...(a  +  n  +  r-2  . 6)}. 
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Hence  v„  -  v„_^  =  (r  +  1)  6  x  u^. 

Changing  n  into  n  —  1  we  have  in  succession 

^n-l-^n-a=(^+l)&XWn-i 


v^  —  v^  =  (r  +  l)bx  Wg. 

Also  v^  —  Vf^  =  (r  +  l)bx  u^, 

where  v^  is  the  term  preceding  v^  which  is  formed  accord- 
ing to  the  same  law, 

that  is  v^  =  {(a  —  b)  a(a  +  6). ..{a  +  r  —  2  6)},  so  that  v^ 
is  obtained  by  putting  n  =  0  in  the  expression  for  v^. 

Hence  by  addition 

^n-'yo  =  (^  +  i)  ^^«; 

:^S^={v^-v,)/{r  +  l)b. 

Ex.  1.     Sum  the  series  1.2  +  2.3  +  3.4+ +n(n  +  l). 

Here  Mrt  =  n(n  + 1),  v^  =  w(n  +  l)  (n+2),  t;o=0.1.2,  r=2,  and 
6=1. 

Hence  5f«= 5 n  (n  + 1)  (n + 2). 

o 

Or,  by  using  the  above  method  without  quoting  the  result,  which 
is  preferable  in  very  simple  cases,  we  have 

n(n+l)=-{n(n  +  l)(n  +  2)-(7i-l)n(7i  +  l)}, 
(n-l)n=^{(n-l)n{n  +  l)-{n-  2)  (w  - 1)  n}, 

o 


1.2  =  |{1.2.3-0.1.2}. 
Hence         iS^=g?i(n+l)(n  +  2). 

Ex.  2.    Sum  the  series  1.2. 3  +  2.  3.  4+ +n(n  +  l)(n+2). 

Ans.    jn(n+l)(n  +  2)(n  +  3). 
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Ex.  3.    Sum  the  series 

1.2.3.4  +  2.3.4.5  + +n(n+l)(n  +  2)(n  +  3). 

Ans,    gn(n+l)(n+2)(n+3){n+4). 

Ex.  4.    Find  the  sum  of  n  tenns  of  the  series 

3.5.7+5.7.9+7.9.11+ 

Here 

M^=(2w+l)(2n+3)(2n  +  5),  v^=(2n+l)(2n  +  3)(2n  +  6)(2n+7), 

t7o=1.3.  5  .7,  r=3,  and  6=2. 

Hence  /Sfn=^{(2w+l)(2»+3)(2n  +  6)  (2n+7)  -1.3.5.7}. 

Many  series  which  a^e  not  of  the  requisite  form  can  be 
expressed  as  the  algebraic  sum  of  a  number  of  series 
which  are  all  of  the  required  form ;  and  the  sum  of  the 
given  series  can  then  be  written  down.  The  following  are 
examples. 

Ex.  5.    Find  the  sum  of  n  terms  of  the  series  1.3  +  2  .4  +  3.5  + 

Here  Un=^n(n  +  2) = w  (n+ 1)  +  w. 

The  sum  of  the  series  1 .  2  +  2  .  3  + ...  n(7i+l)  is 

g{n(n+l)(n+2)-0.1.2}, 
and  the  sum  of  the  series  1  +  2+...  wis  5{7i(n+l)-0. 1}. 
Hence  the  required  sum  is  -  n  (n  + 1)  (n  +  2)  +  -  n  (n  + 1). 

Ex.  6.    Find  the  sum  of  the  series 

2.3.1  +  3.4.4  +  4.5.7  + +  (n  +  l)(n+2)(3n-2). 

Herew„=(n  +  l)(n  +  2)(3n-2)=3n(n  +  l)(w  +  2)-2(n  +  l)(w  +  2). 

•■•  'S^n=T{w(»+l)(w  +  2)(n  +  3)-0.1.2.3} 
-|{(w  +  l)(w  +  2)(/i  +  3)-1.2.3} 
=  ^(9n-8)(TO+l)(TO+2)(7i+3)  +  4. 
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316.  To  find  the  sum  of  n  terms  of  the  series  whose 
general  term  is 

1  / {(a  +  n-1 . 6) (a  +  nb) (a  +  n  +  1 . 6). . .(a  +  n  +  r-2  . 6)}. 

Consider  the  series  which  is  formed  according  to  the 
same  law  but  with  one  factor  taken  away  from  the 
beffinning  of  each  term,  and  let  v^  be  the  nth  term  of  this 

second  series,  so  that  v„=l  /  {{a  -\-  nb). , .{a  +  n  +  r  —  2.6)}. 

Then 

1 


{(a  +  nb)...(a  +  n  +  r  -  2  . 6)} 

1 


{(a  +  n  —  l  .6)  (a  +  n6)...(a4-w  +  r  — 3.6)} 

=  {(^^-l,fe)...(a+n+r-2.6)}^^'^^''~^'^^ 

-(a  +  n  +  r-2.6)}; 

Changing  n  into  n  —  1  we  have  in  succession 


Vj  - 1;,  =  -  (r  -  1)  6  X  w,. 
Also  Vj  —  Vq  =  —  (r  —  1)  6  X  u^y 

where  v^  is  the  term  which  precedes  v^  and  which  is  formed 
according  to  the  same  law,  that  is 

Vq  =  1  / {a{a  +  b)...a-\-r  —  2,  6}. 

Hence,  by  addition, 

t;^-v,  =  -(r-l)6x5.; 

.•.^n=K-0/(^-l)«^. 

1        1  1 

Ex.  1.    Sum  the  series  ^r-^  +  s— ;  + ...  + 


2.3^3.4^""^(n  +  l)(w  +  2)* 
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XT  1  1  1  «    .     ^ 

Here    u-  =  ; — -=y-7 — rsv  »«;-  =  ■-— ^i  t;o=s,  r= 2,  6=1. 
*    (n+l)(n+2)*    *    n+2     ''2  ' 

Henoe         'S-sss— =  ^- r^?  =  « x. 

*    1.1(2     n+2)      2     n+2 

Ex.  2.    Sum  the  series  ^    ,   ^    .  +  ^  ^   ,    ^  +...  —, tt-, — 7:r-, — :rv 

1.2.3.4^2.3.4.6         n(n+l)  (n+2)  (n+3) 

to  n  terms  and  to  infinity. 

Uefe      u   ^  -i^— ^— ^— ^— — ^-^-^_^__^_^_  4}   ^  , 

"     n{n+l)(n+2)(n+3)*         *""  (n+l)(n  +  2)  (n+3)* 

»o  =  17273*   *'=4>"id6=l. 

Henoe    ^h=37^]i7273  "  {n+l)(n+2)(n+3)j» 
and  8^  =  -. 


*     3'1.2.3"18* 


Ex.  3.    Sum  the  series  .   _  , ,  +  „  ,*  ,^  + ... 


3.7.11"^7.11.16^"*(4n-l)(4n+3)(4n+7)* 
Ans.   ^n=  8  |377-(4;n.3)  (4^  +  7)1  • 

Many  series  which  are  not  of  the  above  form  can  be 
expressed  as  the  algebraic  sum  of  a  number  of  series 
which  are  all  of  the  required  form ;  and  the  sum  of  the 
series  can  then  be  written  down.  The  following  are 
examples. 

Ex.4.    Sum  theseries  7-r +  r— J +5— =  +  ... 

1,6      2.4      o . O 

Here 

1  n+1  1  1 


u^  = 


*     n(n+2)     n(n  +  l)(n  +  2)     (n  +  1)  (n+2)  ^  n(n+I)(n  +  2)* 
The  series  whose  general  terms  are rr-j =.  and 


(n+1)  (n  +  2)  n(n  +  l)(n+2) 

are  of  the  required  form.    Hence  the  sum  of  the  given  series  is 
given  by 

«  _/l L^4.1/'J_  1  \_3  2n  +  3 

•""V^     n  +  2/'^2Vl.2"'(n  +  l)(n+2)y"4     2(n  +  l)(n+2)* 
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Ex.  6.    Sum  the  series  ^    ^   ^  +  ^    .    ^  + ...  + 


«*n  = 


1.3.6     2.4.6     •••     n(n+2)(n  +  4)' 
1  (n+l)(n+3) 

n(n+2)(n+4)     n(n+l)  (n+2)  {n+3)(n+4) 

n(n+4)+3 

n(n+l)(n+2){n  +  3){n  +  4) 

1  3 


(n+l)(n+2)(n+3)     n(n+l)(n+2)(n+3)  {n+4)  * 
Hence 

1(J^ 1  )     3(        1 1 i 

*"2(2.3     (n+2)(n  +  3)j'*'4  (1.2.3.4     (n+l)(n+2)  (n+3)(n+4)j  ' 

316.     The  sum  of  series  of  the  kind  just  considered 
may  be  obtained  by  means  of  partial  fractions. 

The  method  will  be  seen  from  the  following  example. 

To  find  the  sum  of  the  series  ^t— 5  +  it-a  +  5—?  + ...  +  —7 ^. . 

1.3     2.4     3.5  n(n  +  2) 

Let  —7 xv  =  -  +  — -75 ;   then,  as  in  Chapter  xxm,  we  find 

n(n  +  2)nn  +  2'  '^  ' 

that  ^  =  o  and  B  =  -  5 . 

XX  oil 

Hence  2u^  = . 

n     n  +  2 

We  haye  therefore  the  following  series  of  equations : 


11                      oil                      ^1 

2«i=j-3,            2n,=  ^-j,            2u,=  -- 

1 
'6' 

1         1          0                11 
2w«-2-^_2     n'        ^^'^-i-n-l     n  +  l» 

and  2m-= ~, 

*    n     n  +  2 

Hence,  by  addition. 

00      1     1        1           1 
^**""l'^2     n+1     n+2' 

- 

the  other  terms  all  cancelling. 

Hence                 3  -^            ^"  +  ^ 

Hcnco                 b^^^     2 (n  +  1)  (n  +  2)- 

317.     To  find  the  sum  of  the  rth  powers  of  the  first 
n  whole  nwmhers. 

We  will  first  consider  the  two  simplest  cases. 
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Case  I.     To  find  the  sum  of  1*  +  2»  +  3'  +. . .  +  n\ 
Here  m^  =  ri*  =  n  (rn- 1 )  —  n. 

Hence,  by  Art.  314, 

;Sf.  =  |n(n  +  l)(n  + 2)- 1  n(n  +  l) 

=  ^  «(«  +  !)  (271  +  1). 

Case  II.     To  find  the  sum  of  1'  +  2*  +  3'  +. . .  +  n\ 
Here    m,  =  n'  =  n  (w  +  1)  (n  +  2)  —  3n'  -  2n 

=  TO  (m  + 1)  (a  +  2)  -  3n  (n  +  1)  +  n. 
Hence,  by  Art.  314, 

S,  =  |«(«  +  l)(«  +  2)(n  +  3)-|«(n+l)(TO  +  2) 

+  ^to(to  +  1) 
=  Jn(TO  +  l){(n  +  2)(TO  +  3)-4(n  +  2)  +  2} 

=  lTO'(n  +  l)«. 

Since  1  +  2  +. . .  +  to  =  5  to  (w  + 1), 

the  above  result  shews  that 

r-f-2'+...+w»  =  (l  +  2+...+n)^ 

so  that  the  sum  of  the  cubes  of  the  first  n  whole  numbers  is 
equal  to  the  square  of  the  sum  of  the  numbers. 

The  sum  of  the  onbes  of  the  first  n  integers  can  also  be  easily 
found  by  means  of  the  identity  M  =  {n{n-\- 1)}*  -  {(n  - 1)  n}". 
For  we  have  in  succession 

4n» ={n(n+ !)}«  -  |(n  - 1)  n}«, 
4(n-l)»={(n-l)»P^{(n-2)(n-l)}«, 

4. 28=  (2. 3)«- (1.2)8, 
and  4.1»=(1.2)2-(0.1)a. 

Hence,  by  addition,  45,j=n'  (n  + 1)*. 
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Case  III.     To  find  the  sum  of  l*"  +  2''  +  S*'  +. . .  -f-  n\ 

The  sum  for  any  particular  value  of  r  can  be  found  by 
the  same  method  as  that  adopted  for  the  values  2  and  3. 

For  example,  the  sum  of  the  fourth  powers  can  be 
written  down  as  soon  as  n*  is  expressed  in  the  form 

n*  =  n(M+l)  (n  +  2)  (n  +  3)  -  6n(n  + 1)  (w  +  2) 

+  7w  (n  +  1)  —  n. 

By  means  of  the  Binomial  Theorem  a  formula  can  be 
found  which  gives  the  sum  of  the  rth  powers  in  terms  of 
the  sum  of  powers  lower  than  the  rth ;  and  this  formula 
can  be  used  for  finding  the  sum  of  the  2nd,  3rd,  4th,  &c. 
powers  in  succession.  The  formula  has  however  the  great 
disadvantage  that  in  order  to  find  by  means  of  it  the  sum 
of  the  rth  powers,  it  is  necessary  to  know  the  sums  of  all 
the  powers  lower  than  the  rth. 

By  the  Binomial  Theorem,  we  have  in  succession 

(n)^^  =  (n-  ir*  +  (r  +  1)  (n  - 1)-  H--^^^^^  (n  -  1)-* 

+...  +  1, 


3^'  =  2'*^  +  (r  +  l)2'-  +  ^-^yl^2->+...  +  l, 

2-^^  =  1^^  + (r  +  i)r  +  ^-^^-r-*+...  +  i. 

Hence,  by  addition,  we  have  (n  +  I)'**  —  (n  +  1) 
=  (r  +  l)S:  +  ^^^^^Sr+..^  +  (.r  +  l)S:, 
where  8 J  is  written  for  the  sum  of  n  terms  of  the  series 

r+2"+3'"+... 
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We  can  in  a  similar  manner  find  a  formula  for  summing  the 
rth  powers  of  any  series  of  quantities  a,  a +  5,  a +25,...  in  arith- 
metical progression.    The  result  is 

(a+n6)''+i-a'"+i-n6»-+i  =  (r+l)6,V+^^Y^6^V"^+.-  + 

(*• +  !)&*•  V. 

where  <S/  =  a♦'+(a  +  6)''+...  +  {a+n-16)^ 

318.  Piles  of  Shot.  To  find  ths  nurnber  of  spherical 
balls  in  a  pyramidal  heap,  when  the  base  is  (I)  an  equilateral 
triangle,  (II)  a  sqimre,  and  (III)  a  rectangle, 

I.  In  a  pile  of  this  kind  the  balls  which  rest  on  the 
ground  form  an  equilateral  triangle,  and  upon  this  first 
layer  a  number  of  balls  are  placed  forming  another  equi- 
lateral triangle  having  one  ball  fewer  in  each  side  than  in 
the  side  of  the  base;  and  so  on;  a  single  ball  being  at  the 
top. 

If  n  be  the  number  of  balls  in  each  side  of  the  base, 
the  total  number  in  the  base  will  be  n  +  (n  —  1)  +  (n  —  2) 
+...+  2+1,  that  is  ^n  (n  +  1).  The  whole  number  of  the 
balls  in  the  pile  will  therefore  be  J  {n  (n  +  1)  +  (n  —  1)  w 
+...+ 1 .  2},  that  is  ^n  (n  +  1)  (n  +  2). 

II.  In  this  case  the  balls  in  any  layer  form  a  square 
with  one  ball  fewer  in  each  side  than  in  the  layer  next 
below.  Hence  if  n  be  the  number  of  balls  in  each  side  of 
the  lowest  layer,  n'  will  be  the  number  of  balls  in  the  base, 
and  therefore  the  whole  number  of  the  balls  will  be 
n'  +  (n-l)»  +  (n-2)"+...+  l',  thatisjn(n  +  l)(2w+l). 

III.  In  this  case  the  balls  in  any  layer  form  a 
rectangle  with  one  ball  fewer  in  each  side  than  in  the 
layer  next  below.  Hence  if  n  and  m  be  the  number  of  balls 
in  the  sides  of  the  lowest  layer,  nm  will  be  the  number  of 
balls  in  the  base  and  therefore  the  whole  number  of  the 
balls  will  be,  n  being  greater  than  m,  nm  +  (n  —  1)  (m  —  1) 

+  (n  —  2)  (m  —  2)  +...  (n  -  m  +  1)  l=(n— m+m)m  + 

(n  —  m  +  m  —  1)  (m  —  1)  +. .  .(n  —  m  +  1)  1 
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=  {n-m)  {m  +  (m-l)  +  ...-f  1} +m'  +  (m- 1)"  +  ...+  !' 
=  i  (n  —  m)  m  (m  +  1)  +  j^m  (m  +  1)  (2m  +  1) 
=  Jm  (m  +  1)  (3w  —  m  +  1). 

Ex.  1.  How  many  balls  are  contained  in  8  layers  of  an  anfinished 
triangular  pile,  the  number  in  one  side  of  the  base  being  12  ? 

If  the  pile  were  completed  it  would  contain  - .  12 .  13 .  14  balls ; 
and  there  are  ^.4.5.6  missing  from  the  complete  pile ;  hence  the 
required  number  is  ^  (12 .  13 .  14  -  4 . 5 . 6). 

Ex.  2.  How  many  balls  are  contained  in  10  layers  of  an  incomplete 
pile  of  balls  whose  base  is  a  rectangle  with  20  and  25  balls  in  its 
sides?  Ans,  3260. 

319.  Figurate  numbers.  Series  of  numbers  which 
are  such  that  the  nth  term  of  any  series  is  the  sum  of  the 
first  n  terms  of  the  preceding  series,  all  the  numbers  of 
the  first  series  being  unity,  are  called  orders  of  figurate 
nvmbers. 

Thus  the  different  orders  of  figurate  numbers  are  : — 

First  order,     1,  1,  1,  1,  1, 

Second  order,  1,  2,  3,  4,  5, 

Third  order,   1,  3,  6,  10,  15, 

It  follows  from  the  definition  that  the  nth  term  of  the 
second  order  of  figurate  numbers  is  n\  the  nth.  term  of 
the  third  order  will  therefore  be  (1  +  2  +  3  +...n),  that  is 
\n  (n  +1);  the  nth  term  of  the  fourth  order  will  therefore  be 

J  {n (n  + 1)  +  (n- 1) ri+...+ 1 .  2},  that  is  ^^  ; 

the    nth    term    of    the    fifth    order   will   therefore   be 

g-g  {n(n  +  l)(n+2)  +  (n-l)n(n+l)+...+  1.2.3},that 
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is  a  Q   yL  ^  (^  +  1)  (w  +  2)  (72  +  3)  ;  and  so  on,  the  nth  term 

of  the  rth  order  being 

w(w+l)(n  +  2)...(w  +  r-2) 


r-1 


320.  Polygonal  numbers.  Consider  the  arithmetical 
progressions  whose  first  two  terms  are  respectively  1,  1 ; 
1,  2 ;  1,  3 ;  1,  4 ;  and  so  on.  Then  the  series  formed  by 
taking  1,  2,  3,...n  of  the  terms  of  these  dififerent  arith- 
metical progressions,  namely  the  series 

1,  2,  3, ,  n, 

1,  3,  6, ,  |n(n4l),  

1,  4,  9, ,  <  

1,  5,  12, ,  n+fn(w-l), 


1,  r,    Sr  —  3, . . .,  ?i  +  ^n  (71  —  1)  (r  —  2),  ... 

are  called  series  of  linear,  triangular,  sqiLare, pentagonal,... 
r-gonal  numbers. 

The  sum  of  n  terms  of  a  series  of  r-gonal  numbers 
can  be  written  down  at  once,  for  the  sum  of  n  terms  of  the 
series  whose  general  term  is  n  -^  ^n  (n  —  1)  (r  —  2)  is 
in{n  +  l)+^{n-l)n(n  +  1)  (r  -  2)  [Art.  314]. 


EXAMPLES  XXXIII. 

Find  the  sum  of  n  terms  of  each  of  the  following  series, 
and  find  also  the  sum  to  infinity  when  the  series  is  convergent. 

1.     4.  7. 10 +  7. 10. 13 +  10. 13. 16  +  ... 

1  1  1 

•     3.7.11'^7.11.15'*' 11.15.19"*"*' 

3.  1  .3.4  +  2.4.6  +  3.5.6+... 

4.  1.5  +  3. 7  +  5. 9  +  7. 11  +  ... 

S.  A.  26 
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5.  1.2. 3  +  2. 3. 5  +  3. 4. 7  +  4. 5.9+... 

6.  1.2*  +  2.3'+3.4*  +  4.5«+... 

7.  1.3»  +  3.5»  +  5.7'  +  7.9"+... 

8      -^  1  1  1 

1.3.  7'*"3.5.9"*'5.7.11  ^7.9.13"^••• 
g         _1_  1  1  1 

1.3.4^2.4.5^3.5.6"*"4.6.7"^** 


10. 


4  5  6  7 

1.2.3'*'2.3.4'*'3.4.5  "*"  4.  5  .  6  "^  •" 


,,         J_  2         3^  4 

•  i.3.5'*'3.5.7'*'  5.7.9"*'7.9.1l"^- 

12  3  _^  5  6 

•  1.2.4'*'2.3.5"*"3.4.6'*"4.5.7"^" 

13  1       JL  1  1 

l"*"l  +  2'^l  +  2  +  3^1  +  2  +  3  +  4"*"*" 

-.       1*     l«  +  2«     l«  +  2»+3«     r+2«  +  3«  +  4« 

14.  Y+-2-+ 3 4- J +  ... 

15.  l.l'+2(l"  +  2«)  +  3(l'  +  2»  +  3")+4(l'+2»+3»+4')+. 

16.  a»  +  (a  +  6)»  +  (a+26)*+... 

17.  a' +  (a +  6)'  + (a +  26)'+... 

18.  l»  +  3»  +  5«  +  7*+... 

19.  r  +  5»  +  9*  +  13»+... 

20.  Shew  that 

l«-2»  +  3»-4"+...+(2n+l)''  =  (w+l)(2n+l). 

21.  Shewthat  r-2«  +  3"-4*+...-(2n)'  =  -n(2w+l). 

22.  Shew  that 
18_2V3'~4»+...+(2ri+l)'  =  4n«  +  97i»  +  6w+l. 

23.  Find  the  sum  of  the  series 

l.n  +  2(n-l)  +  3(w-2)+...+n.l. 


EXAMPLES.  403 

24.  Find  the  sum  of  the  series  n.n  +  (n-l)(n+l)  +  (n-2) 
(w4-2)  +  ...  +  2  (2n-2)+ 1.(271-1). 

25.  Find  the  sum  of  n  terms  of  the  series 

a6  +  (a-l)(6-l)  +  (a-2)(6-2)  +  ... 

26.  Prove  that,  if  a^/=  1'  +  2'  +  . . .  w' ;  then  will 

(i)  ^s:=6s:xs:-s:. 

(ii)     12S^'  =  US^'SJ'-4:S;. 
(iii)     6S^'  +  2S;  =  J{n+iy. 

27.  Find  the  sum  of  the  following  series  to  n  terms  : 
....      ^1     ^1        5_1 


8 

+ 


1 .  2  2     2 .  3  2'     3 .  4  2' 
.....        4    /2\        5     /2V        6     /2\ 

8       /5\  9      /5\'         10      /5V 

9_/3\         10_/3Y         11      /3V 

^'''     1.2.3V4/      2.3.4W       3.4.5^4/  "*"■■■ 

15      /6\  16      /6V         17      /6\» 

<")      IT2T3  \V  "•  27374  [7)  ■"  37475  Vt;  •"  - 

28.  Shew  that  the  sum  of  all  the  products  of  the  first  n 
natural  numbers  two  together  is22(w-l)w(^+l)  (3w  +  2). 

29.  Shew  that  the  sum  of  all  the  products  of  the  first  n 
natural  numbers  three  together  is  —  (w  —  2)  (w  -  1)  w'  (w  +  1)*. 

30.  Shew  that  the  sum  of  the  products  of  every  pair  of  the 
squares  of  the  first  n  whole  numbers  is 

^    n(w'-l)(4w«-l)(5w  +  6). 


360 

26—2 
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321.    To  find  the  sum  of  n  terms  of  the  series 

a     a^a-k-x)     a  (a -^  x){a -^  2x) 
b  "^  6(6  +  a?)  "^  6 (H-^)(6  +  2x)  ^"' 


6(6  +  a?)...(6+»—  l.a:) 

In  the  above  series  there  is  an  additional  factor  both 
in  the  numerator  and  in  the  denominator  for  every  succes- 
sive term,  and  the  successive  factors  of  the  numeratpr  and 
denominator  form  two  arithmetical  progressions  with  the 
aa/me  cormnon  difference. 

Consider  the  series  formed  according  to  the  same  law 
but  with  an  additional  factor  in  the  numerator,  and  let  v^ 
be  the  general  term  of  this  second  series,  so  that 


K  = 


__a{a-\-a))..,{a-\-n  —  l  >x){a-\-nx) 


fe(6  +  a:)...(6  +  w.—  1  .a?) 
Then 


K  -  ^n-i 


^a(a  +  x),..{a  +  n—l  .x)(a-\-  nx) 
b(b'\-x)...{b  +  n  —  l.x) 


a(a  +  x)..,(a  +  n'-l  ,x) 
6  (6  +  a?) . . .  (6  +  n  -  2 .  a?) 

6(6  +  a?)...(6+ w  — 1  a?) 
/.   v„  —  t;,,_j  =  w„  X  (a  +  a?  — 6). 

So  also   v^.j  —  v^_,  =  M^^j  X  (a  +  x  —  b) 


v,  —  v^  =  i^jj  X  (a  +  a?  —  6). 

A1  (^  +  ^)       /     .     \ 

Also         Vj  =  a  -^— T — -  =  (a  +  a?)  u^ 

=  t^j  X  (a  +  a?  -  6)  +  bu^. 
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Hence  flf„  x  (a  +  a?  —  6)  =  t;„  —  a ; 
^  __        a        {       {a-\-x)...{a-^nx)        _  -1 

The  sum  of  n  terms  of  the  series 

b^b{b  +  ai)  '^b(b  +  x)(b  +  2x)'''" 

in  which  the  successive  factors  of  the  numerator  and 
denominator  form  two  arithmetical  progressions  whose 
common  diflferences  are  equal  in  magnitude  but  of  opposite 
sign,  can  be  found  by  changing  the  sign  of  a  in  the 
previous  result :  the  sum  can,  however,  be  obtained  inde- 
pendently by  the  same  method.     Thus 

a  _        1         fa     a  (a  —  a?)"] 
6  " a  +  6-a?  [l  "^        6      J 

a{a  —  x)  1         fa  (a  — a?)     a{a  —  x){a  —  2a?)1 

6(6  +  4  "^ a  +  b-x  L      6       "^        6(6  +  a?)       J 


6  (6  +  a?). .  .(6  +  w  —  1 .  a?) 


=  ^-  ir-^  T"  (a-a?)...(a-n-l.a?) 
^      ^     L6(6  +  a')... 6  +  71-2. «? 

a(a  — a?)...(a  — na?)     1 
6(6  +  a;)...(6  +  w-l  .a?)J* 
Hence 

«     a  +  6-a?L  6(6  +  a?)...(6  +  n-l.aj)  J' 

o       9    fk       2    fk    ft 

Ex.  1.    To  find  the  sum  of  n  terms  of  the  series  5  +  —^  +    '    '     + .. . 

o      3.6      3.0.9 
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We  have 

2^1/2.5     2\      2.  5_  1/2.  5.  8     2  .  5\ 
3"2V   3        Ij'  3.6""2V    3.6  3    /' 

2.5.  8...(3w-l)     1  j2.5.  8...(3n  +  2)     2  .  5  .  8...(37i-l)> 
3.6.9...3W     "21     3.6.9...3n         3  .  6  . 9...(3n-3)(  * 

_  _       142  .6.8...{3n+2)      2) 

[This  particular  series  is  a  binomial  series,  the  successiye  terms  being 
the  coefficients  of  x,  x^t  <&c.,  in  the  expansion  of  (l-a;)~^*  Hence 
1  +  Sf^^=sum  of  the  first  (n+1)  coefficients  in  the  expansion  of  (l-x)~^ 
= coefficients  of  a?**  in  (1  -  x)~^  x  (1  -  x)~\  that  is  in  (1  -  «)"»]. 

2     2.6     2  6    10 
Ex.  2.    Fmd  the  sum  of  n  terms  of  the  series  -  +  -     +    '    '       + . . . 

o      o  •  7      o  ,1  *  11 

2(6.10...(4n+2)        . 
^'^'    3  (3.7...(4n-l)  ^l' 

Ex.  3.    Find  the  sum  of  n  terms  of  the  series 

^      m     m(m-l)     m(TO-l)(m-2) 

1  "^      1.2  1.2.3  '^"' 

"*"**•   ^     ^^  1.2...(w-l)  • 

322.     The  sum  of  w  + 1  terms  of  the  series 

%  +  <^t^  +  c^a^  +  . . .  +  a„a?", 

where  a^  is  any  integral  expression  of  the  rth  degree  in  n, 
can  be  found  in  the  following  manner. 

S^  =  %  +  a^x  +  a^sD*  +  ...  +  a^a?", 
Hence  /Sf^  x  (1  —  a;)*^*  =  ao+  {a^  —  (r  + l)ao}a?+... 


0^«_o       •  •  • 


ha;*'  +  ... 


2      ''-2 
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Now  a  is  by  supposition  an  integral  expression  of  the 
rth  degree  in  p ;  hence 

where  A^,  A^_^,...A^  do  not  contain  p. 

Also,  by  Art.  301,  the  sum  of  the  series 

/  -  (r  +  l)/-*  +  ^^y^  j9*-^-  ...  to  (r  +  2)  terms, 

is  zero  for  all  integral  values  of  k  less  than  r  + 1.     Hence 

(r  + 1)  r 
a^-(r  +  l)ap.^H-^  ^     '    a^,-...to  (r  +  2)  terms 

is  zero  for  all  values  of  p. 

All  the  terms  of  the  product  /S,  x  (1  —  x)^^  will  there- 
fore vanish  except  those  near  the  beginning,  or  the  end, 
for  which  the  series  %  —  {r  +  1)  ap_^-\-..,  is  not  continued 
for  (r  +  2)  terms,  that  is  all  the  terms  of  the  product  will 
vanish  except  the  first  r  + 1  terms  and  the  last  r  + 1  tenns. 

Hence 

/8f„  X  (1 -a?)*^*  =  ao  + {a^ -  (r  + 1) a> +... 

whence  the  value  of  S^  is  found. 

Ex.  1.    Find  the  sum  of  the  series 

l  +  2a?  +  3ie?+4a«+ +  (n+l)a;». 

iSr,»=l  +  2«  +  8a;a+4a:»+ (n  +  l)a^, 

(l-a5)2  =  l-2a;+a;2; 
.-.  {l-a?)2  5,,=  l  +  aj«+M(w-2)(n  +  l)}  +  (n  +  l)a?»»+2, 
[aU  the  other  terms  vanishing  on  acooont  of  the  identity 

A;_2(ft-l)  +  (fc-2)  =  0] 
=  1  -  (n  +  2)  x^H-iH. (n+ 1)  a;«+« ; 

1  (n  +  2)a;**+^~(w  +  l)a;**+» 


-n+l 


.-.  s^= 


(l-xf  (1-ar)* 
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Ex.  2.    Find  the  sum  of  n  + 1  tenns  of  the  series 

18+2%+3»«2+ (n+l)V. 

S^=V  +  2^x+Sh^+ (n+l)»a;*, 

.•.flf^x(l-a;)4=l  +  (2'-4)  x  +  (S^-"i  .  23  +  6  .  P)  x^ 
+  (43-4.  33  +  6.  23-4.  13)  x3 
+  {-4(n+l)3+6n3-4(n-l)3+(n-2)»}  a:"+i 

+  {6  (n + 1)3  -  4n8  +  (n  - 1)3}  a;*+a 
+  {-4(n+l)3+n3}x»+3 

+  (n+l)3a;«+*. 

[The  other  terms  all  vanishing,  since 

fc8_4(^_l)3  +  6(*-2)8-4(A;-3)3+(A-4)»  =  0identicaUy.] 

Hence    8^=[l  +  ix+x^-{n^  +  ^^+12n  +  S)  x'H-i 
+  (3n3  + 1571^  +  21n + 6)  x"^^ 
-  (3n3  + 12^2  +  12n + 4)  a;»+3 
+  (w+l)3a;«+*]/(l-a;)4. 

When  X  is  numerically  less  than  1,  the  series  is  convergent,  and  the 
sum  of  the  series  continued  to  infinity  is  (1  +  4a;  +  x*)  /  (1  -  a?)*. 

323.  Series  whose  law  Is  not  given.  We  have 
hitherto  considered  series  in  which  the  general  term  was 
given,  or  in  which  the  law  of  the  series  was  obvious  on 
inspection.  We  proceed  to  consider  cases  in  which  the 
law  of  the  series  is  not  given.  With  reference  to  series 
in  which  the  law  is  not  given,  but  only  a  certain  number  of 
the  terms  of  the  series,  it  is  of  importance  to  remark  that 
in  no  case  can  the  actual  law  of  the  series  be  really  deter- 
mined: all  that  can  be  done  is  to  find  the  simplest  law  the 
few  terms  which  are  given  will  obey. 

There  are  for  instance  an  indefinite  number  of  series 
whose  first  few  terms  are  given  by  x  +  a^  +  af+  ,,.,  the 
simplest  of  all  the  series  beiDg  the  geometrical  progression 
whose  nth  term  is  x"" :  another  series  which  has  the  given 

terms  is  that  formed  by  the  expansion  of  — 


1-x 


10 
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which  agrees  with  the  geometrical  progression  except  at 
every  10th  term. 

Note.  In  what  follows  it  must  be  understood  that 
by  the  law  of  a  series  is  meant  the  simplest  law  which 
satisfies  the  given  conditions. 


Method  of  Differences. 

324.  If  in  any  arithmetical  series 

aj  +  aj  +  ag+'-'+^n' 

each  term  be  taken  from   the   succeeding  term,   a  new 
series  is  formed,  namely  the  series 

(a,  -  a^)  +  (aj-a,)  +...+  (a„  -  a^,)  +..., 

which  is  called  the^r^^  order  of  differences. 

If  the  new  series  be  operated  upon  in  the  same  way, 
the  series  obtained  is  called  the  second  order  of  differ- 
ences.    And  so  forth. 

Thus,  for  the  series  2,  7, 15,  26,  40,...  , 
the  first  order  of  dififerences  is  5,  8,  1.1,  14,...  , 
and  the  second  order  of  differences  is  3,  3,  3,... 

325.  When  the  law  of  a  series  is  not  given,  it  can  often 
be  found  by  forming  the  series  of  successive  orders  of 
differences ;  if  the  law  of  one  of  these  orders  of  diflferences 
can  be  seen  by  inspection,  the  law  of  the  preceding  order 
of  differences  can  often  be  found,  and  then  the  law  of  the 
next  preceding  order  of  differences,  and  so  on  until  the 
law  of  the  series  itself  is  obtained.  The  method  will  be 
seen  from  the  following  examples. 

Ex.  1.    Find  the  nth  term  of  the  series 

1  +  6  +  23+68  +  117  +  206  + 

The  first  order  of  differences  is    6  +  17  +  35  +  69  +  89+ 

„    second  „  „  „   12  +  18  +  24  +  30+ 

third     ,,  ,,  „     6  +  6+6+ 


»»  W"**V1.  ,,  ,,  ,, 
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The  second  order  of  differences  is  clearly  an  arithmetical  progres- 
sion whose  nth  term  is  6  (n+1). 

Hence,  if  v^  be  the  nth  term  of  the  first  order  of  differences,  we 
have  in  snccession 

r«-v^_i  =  6n;  v^_i-v^_^=Q{n-l);  ;  v^-Vi  =  Q,2. 

Also  v^ = 6 . 1  - 1.    Hence,  by  addition, 

t;„=6(l  +  2+ +n)-l  =  8n(n+l)-l. 

Then  again,  we  have  in  succession  Wn  "  **n - 1 = ^n^i = 3  (n  - 1)  n  - 1 ; 
H»-i~"»-s=3(w-2)(n-l)-l;  ... ;  Mj-Mi  =  3  .1.2-1.  Also  Ui  =  l. 
Hence  M„=3{(n-l)n+ 1.2} -n+2=(n-l)n(n+l)-n+2. 

Ex.  2.    Find  the  nth  term  and  the  sum  of  n  terms  of  the  series 

6  +  9  +  14  +  23+40  + 

The  first  order  of  differences  is3  +  6  +  9  +  17+ 

„    second  „  „  „  2  +  4  +  8+ 

Hence  the  second  order  of  differences  is  a  geometrical  progression, 
the  (n  -  l)th  term  being  2**-^.  Hence,  if  v^  be  the  nth  term  of  the 
first  order  of  differences,  we  have  in  succession 

Also  t?i = 3.    Hence,  by  addition,  t7„=  (2  +  2»  + 2*-i)  +  3 = 2«  + 1. 

Then  again,  we  have  in  succession  Wn~'*n-i=*^n-i=2'»~^  +  l, 

M„_l-W^_2  =  2*^*  +  1, ,  Mj-Mi  =  2^  +  1.      AlS0t£]  =  6. 

HenceM^j=(2*-i  +  ...2)+n+6=2«+n  +  3. 

The  sum  of  n  terms  of  the  series  can  now  be  written  down :  for 
the  sum  of  n  terms  of  the  series  whose  general  term  is  2**+n+3  is 

(2  +  22+...+2*)  +  {n  +  (n-l)  +  ...  +  l}+3n=2«+i-2  +  -n(n+l)  +  3n. 

Note.  By  the  method  adopted  in  the  preceding 
examples  the  Tith  term  of  a  series  can  always  be  found 
provided  the  terms  of  one  of  its  orders  of  differences  are  all 
the  same,  or  are  in  geometrical  progression, 

326.  It  is  of  importance  to  notice  that  when  the 
?ith  term  of  a  series  is  an  integral  expression  of  the  rth 
degree  in  n,  all  the  terms  of  the  rth  order  of  differences 
will  be  the  same. 
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For,  if  u^  =  A^n^  +  A^_^vr^  +  .,.+A^,  where  A„  A^_^, . . . 
do  not  contain  w,  the  nth  term  of  the  first  order  of  differ- 
ences wiU  be 

{^(n  +  l)''  +  ^,.,(n  +  ir*+...}-{il,n^  +  il,.,n'^^  +  ...}, 

which  only  contains  n  to  the  (r  —  l)th  degree. 

Similarly  the  nth  term  of  the  second  order  of  differ- 
ences will  be  of  the  (r  —  2)th  degree  in  n ;  and  so  on,  the 
nth  term  of  the  rth  order  of  differences  being  of  the  (r  —  r)th 
degree  in  n,  so  that  the  nth  term  of  the  rth  order  of 
differences  will  not  contain  n,  and  therefore  all  the  terms 
of  that  order  of  differences  will  be  the  same. 

When  therefore  it  is  found  that  all  the  terms  of  the 
rth  order  of  differences  are  the  same,  we  may  at  once 
assume  that  u^  =  A^n^  +  A^_^vr^  +  . . .  +  A^,  and  find  the 
values  of  J[„  A^_^, ...  J.^^  by  comparing  the  actual  terms  of 
the  series  with  the  values  obtained  by  putting  n  =  1,  n  =  2, 
&c.  in  the  assumed  value  of  u^.  This  method  will  not 
however  give  the  value  of  i^^  in  a  convenient  form  for 
finding  the  sum  of  the  series ;  for,  if  r  be  greater  than  3, 
the  sum  of  n  terms  of  the  series  whose  general  term  is 
-4,.n**+\4y_jn*^^  +  ...  cannot  be  found  [see  Art.  317]  without 
a  troublesome  transformation  which  will  in  fact  reduce  u^ 
to  the  form  in  which  it  is  obtained  by  the  method  of 
the  preceding  Article. 


Recurring  Series. 

327.    Definitions.     When  r4-l  successive  terms  of 

the  series  a^  +  a^x  +  a^x^  + +  a^af^  +. . .  are  connected  by 

a  relation  of  the  form  a^a?**  -^px  (a„_j  a?*"*)  +  qo^  (a^_,  ic""*) 
+...=  0,  the  series  is  called  a  recurring  series  of  the  rth 
order,  and  l-{-pX'{-qa?-\-,,.  is  called  its  scale  of  relation. 
The  relation  does  not  hold  good  unless  there  are  r  terms 
before  the  nth,  so  that  the  relation  only  holds  good  after 
the  first  r  terms  of  the  series. 
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For  example,  the  series  l  +  2x  +  4a^  +  8x*-{- is  a 

recurring  series  of  the  first  order,  the  scale  of  relation 
being   1  —  2^.     Again,  it  will  be  found  that  the   series 

l  +  Sx  +  5a^  +  7af  +  9x^+ is  a  recurring  series  of  the 

second  order,  the  scale  of  relation  being  1  —  2a?  +  a^. 

328.  To  find  the  sum  of  n  terms  of  a  given  recurring 
series. 

Let  the  series  be  a^  +  UiX  + +  a^  +. . .,  and  let  the 

scale  of  relation  be  1  +^  +  qx\  [This  assumes  that  the 
recurring  series  is  of  the  second  order,  but  the  method  is 
perfectly  general.]     Then 

£^^  =  ^0  +  ^1^  + ^4^+ +  «^«?*; 

.-.  8^  (1  +px  +  qa?)  =  a^  +  (a^  +pa^  x  +  (a,  -{-pa^  +  qa^  a?"  + 

=  ^0  +  («i  +  P«o)  »  +  (pa^  +  ^a^.J/c^^^  +  ga^a?"*', 

since  all  the  other  terms  vanish  in  virtue  of  the  relation 
a^  aj*  +paj  (a^.^  a?*"*)  +  qa?  (a^.^  a;*'*)  =  0,  which  is  by  sup- 
position true  for  all  values  of  k  greater  than  1. 

Hence 

g  ^  «o  +  K  +y«o)  ^  +  {pa,  +  gg,.,)  a;*^'  +  ga,^^* 
•  1 +/)a?4-g'a?*  ' 

If  the  given  series  be  a  convergent  series,  the  wth  term 
will  be  indefinitely  small  when  n  is  increased  without 
limit;  and  the  sum  of  the  series  continued  to  infinity 
will  in  this  case  be  given  by 

^   ^ao  +  (a^+pao)  a? 
"         l-\-px  +  qa? 

The  expression  -®^ * — ^    ,      is  therefore  such  that  if  it 

^  l+px^-qar 

can  be  expanded  in  a  convergent  series  proceeding  accord- 
ing to  ascending  powers  of  x,  the  coefficient  of  a;*  in  its 
expansion  will  be  the  same  as  in  the  recurring  series. 
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On   this   account   the   expression   -Ai — — —      \>      is 

^  l-\-px-\-  qx 

called  the  generating  function  of  the  series. 

329.    A  recurring  series  of  the  rth  order  is  determined 
when  the  first  2r  terms  are  given. 

For  let  the  series  be 

a^^-^a^w+a^  + ajif+ 


Then,  the  series  being  a  recurring  series  of  the  rth 
order,  if  we  assume  that  the  unknown  scale  of  relation  is 
1  -\rp^x-\-  p^a?-\-.,,'\'p^^  we  have  by  definition  the  follow- 
ing equations 

=0, 

We  have  therefore  r  equations  which  are  suflScient  to 
determine  the  r  unknown  quantities  p^,  jPj,  ••-,  i>r  ^^  ^^ 
scale  of  relation ;  and  when  the  scale  of  relation  is  deter- 
mined the  series  can  be  continued  term  by  term,  for  a^^^ 
is  given  by  the  equation  a^^^  +  pfi^  + . . .  +  |)^a^  =  0 ;  and 
having  found  a^^j,  a^^^  can  be  found  in  a  similar  manner; 
and  so  on. 

The  series  is  similarly  determined  when  any  2r  con- 
secutive terms  are  given. 

330.     From  Art.  301  we  know  that  if ;>< r  +  1, 

F-(r-hl)(A;-lX+^-^^j^(A;-2/-... 

to  r  +  2  terms  =  0, 
for  all  values  of  k 


kr  +  1 


414  RECURRING  SERIES. 

This  shews  that  the  series 

is  a  recurring  series  whose  scale  of  relation  is  (1  —  xj 
It  also  shews  that  the  series 

tto  +  a^x  +  a^x^  + . . .  +  a^sc"  + . . . 

is  a  recurring  series  whose  scale  of  relation  is  (1  —  a?)^"*"* 
whenever  a„  is  a  rational  and  integral  expression  of  the 
rth  degree  in  n. 

331.  In  order  to  find  the  sum  of  any  number  of  terms 
of  a  recurring  series  by  the  method  of  Art.  328,  it  is  neces- 
sary to  know  the  general  term  of  the  series;  we  must 
therefore  shew  how  to  obtain  the  general  term  of  a 
recurring  series  when  the  first  few  terms  are  given. 

By  Art.  329  the  scale  of  relation  of  a  recurring  series 
of  the  rth  order  can  be  found  when  the  2r  first  terms  are 
given ;  and,  having  found  the  scale  of  relation,  the  genera- 
ting function  is  at  once  given  by  the  formula  of  Art.  328. 

Now,  provided  the  scale  of  relation  can  be  expressed 

in  factors  of  the  first  degree,  the  generating  function  can 

be  expressed  as  a  series  of  partial  fractions  of  the  form 

A  A 

q or  of  the  form  jz r^,  and  the  coefficient  of  any 

1— aa?  {\—axy  ^ 

power  of  X  in  the  expansion  of  the  generating  function 

can  be  at  once  written  down  by  the  binomial  theorem; 

and  thus  the  general  term  of  the  series  is  found. 

When  the  value  of  x  is  such  that  the  given  recurring 
series  is  not  convergent,  the  generating  function  will  not 
be  equal  to  the  given  series  continued  to  infinity  nor  can 
it  be  expanded  in  a  series  of  ascending  powers  of  x ;  but, 
taking  as  an  example  the  generating  function  in  Art.  328, 

the  expression  -\ — ^ — ^    J^  can  always  be  expanded  in 

ascending  powers  of  y,  if  y  be  taken  sufficiently  small,  and 
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the  coefficients  of  y^  and  y*  in  this  expansion  will  clearly 
be  tto  and  a^  respectively  and  all  succeeding  terms  will 
obey  the  law  a^  +  'pa^_^  +  g^a^.j  =  0,  and  hence  all  the  coeffi- 
cients of  the  expansion  will  be  the  same  as  the  corre- 
sponding coefficients  in  the  given  series.  We  may  there- 
fore in  all  cases,  whether  the  series  is  convergent  or  not, 
find  the  general  term  of  a  recurring  series  by  writing 
down  the  expansion  of  its  generating  function  in  ascending 
powers  of  x  on  the  supposition  that  x  is  sufficiently  small. 

Ex.  1 .    Find  the  nth  term  of  the  recurring  series  3  +  4a;  +  6x?  +  lOa;^. 

In  an  example  of  this  kind,  in  which  the  order  of  the  recurring 
series  is  not  given,  it  must  always  be  understood  that  what  is  wanted 
is  the  recurring  series  of  the  lowtit  possible  order  whose  first  few 
terms  agree  with  the  given  series.  In  the  present  example  there  are 
a  sufficient  number  of  terms  given  to  determine  a  recurring  series  of 
the  secoTid  order,  but  an  indefinite  number  of  recurring  series  of  the 
thirdf  or  of  any  higher  order  than  the  second,  could  be  found  whose 
first  four  terms  were  the  same  as  those  of  the  given  series.  [See 
Art.  323.] 

Assuming  then  that  the  scale  of  relation  is  l+px+qx',  we  have 
the  equations  6 + 4p  +  3gr = 0,  and  10  +  6p  +  4g = 0,  whence  p  =  -  3  and 
q=2.    Hence  the  scale  of  relation  is  1  -  3a;  +  2x^, 

The  generating  function  is  therefore 
3  +  (4-9)a;^      3-5a;  2 


l-Sx  +  2ay^     l-Sx  +  2x^     1-a;     l-2a; 

=2{l  +  a;+...+a;«-i}  +  {l  +  2a;4-...+2»-ia;»»-i  +  ...}. 

Hence  the  general  term  of  the  series  is  (2  +  2*»-^)  a!»-^. 

The  sum  of  n  terms  can  now  be  found  by  the  method  of  Art.  328 ; 
the  sum  can  however  be  written  down  at  once,  for  the  sum  of  n 
terms  of  the  series  2(l  +  x  +  x^+ ...)  is2{l-x^)  j  {1-x)  and  the  sum 
of  n  terms  of  the  series  1  +  2a;  +  4aj2  + . . .  is  (1  -  2«a;«)  /  (1  -  2a;). 

We  may  remark  that  the  given  series  is  convergent  provided  a;  <^. 

Ex.  2.  .Find  the  nth  term  and  the  sum  of  n  terms  of  the  series 
1  +  3  +  7  +  13  +  21  +  31. 

Consider  the  series  1  +  3a;  +  Ta;^  +  13a;»  +  21a;* + 31aj»  +  . . . 

Then,  cusuming  that  the  series  is  a  recurring  series,  and  also  that 
a  sufficient  number  of  terms  are  given  to  determine  the  recurring 
series  completely,  it  follows  that  the  series  is  of  the  third  order. 

Let  then  the  scale  of  relation  be  1  +px  +  qx*+rx^ ;  we  then  have 
the  following  equations  to  find  p,  q,r: 
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13  +  7p  +  3g4-r=0, 

21  +  13p  +  7g  +  3r=0, 

and  31  +  21p  +  lSq  +  7r =0, 

whence  p=  -  3,  g  =  3  and  r=  - 1, 

BO  that  the  scale  of  relation  is  1  -  3a;  +  Sx^  -  x^* 
The  generating  function  is  now  found  to  be 

(1  -  xf  =  (1  -  x)8      (f-  a;)a  "^l-x' 
Hence  the  general  term  of  the  series 
l  +  3a;  +  7«2+...  i%  a^-^  {n(n  +  l)-2»  +  l}  =  (n2-n+ l)a:«-i. 

Thus  the  general  term  of  the  given  series  is  n*  -  n  + 1. 

Having  found  the  general  term  of  the  series  the  sum  of  the  first  n 
terms  can  be  written  down,  for  the  sum  of  n  terms  of  i^e  series 

whose  nth  term  is  n(n- 1)4-1  is  -r  (n-l)n(n  +  l)  +  n. 

Ex.  3.     Find  the  nth  term  of  the  series  2  +  2  +  8  +  20+ 

Considered  as  a  recurring  series  of  the  lowest  possible  order,  the 
generating  function  of  2  +  Ste  +  8a;*  +  20aj*+...  wiU  be  found  to  be 

2-2aj 


l-2x-2x^' 


Now  the  factors  of  1  -  2a;  -  2x^  are  irrational,  and  therefore  the 
nth  term  of  the  series,  considered  as  a  recurring  series  of  the  second 
order,  will  be  a  complicated  expression  containing  radicals. 

On  the  other  hand,  by  the  method  of  Art.  325,  we  should  be  led 
to  conclude  that  the  nth  term  of  the  series  was  (3n*-9n+8)a;'»-^, 
which  by  Art.  330  is  a  recurring  series  of  the  third  order. 

As  we  have  already  remarked,  the  actual  law  of  a  series  cannot  be 
determined  from  any  finite  number  of  its  terms,  and  the  above  is  a 
case  in  which  it  would  be  difficult  to  decide  as  to  what  is  the 
simplest  law  that  the  few  terms  given  obey,  for  the  recurring  series 
of  the  lowest  order  which  has  the  given  terms  for  its  first  four 
terms  is  not  the  recurring  series  which  gives  the  simplest  expression 
for  the  nth  term. 


CONVERGENCY  AND  DIVERGENCY. 

332.     We  shall  now  investigate  certain  theorems  in 
convergency  which  were  not  considered  in  Chapter  XXL 
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333.  Convergency  of  infinite  products.  A  product 
composed  of  an  infinite  number  of  factors  cannot  be  con- 
vergent unless  the  factors  tend  to  unity  as  their  limit ;  for 
otherwise  the  addition  of  a  factor  would  always  make  a 
finite  change  in  the  product  of  the  preceding  factors,  and 
there  could  be  no  definite  quantity  to  which  the  product 
approached  without  limit  as  the  number  of  factors  was 
indefinitely  increased. 

It  is  therefore  only  necessary  to  consider  infinite  pro- 
ducts of  the  form 

where  u^  becomes  indefinitely  small  as  n  is  indefinitely 
increased ;  and  the  convergency  or  divergency  of  such 
products  is  determined  by  the  following 

Theorem.  The  infinite  product  11  (1  +  u^,  in  which 
all  the  factors  are  greater  than  unity,  is  convergent  or 
divergent  according  as  the  infim^ite  series  ^u^  is  convergent  or 
divergent. 

Since  e*  >  1  +  i»,  for  all  positive  values  of  x,  it  follows 
that 

(1  +  wj  (1  +  wj  (1  +  W3) . .  .<  e«i .  e«« .  e«>. . .  <  e**i+«»+«s+... 

Hence,  if  Xu^  be  convergent,  11  (1  + 1*,.)  will  also  be 
convergent. 

Again,  (l  +  ^i)  (1+'^«)>1  +w^  +  Wj, 

{l+u^  {l+u^  (1  +t^3)  >  1  +  ^1  +  t^j  +  U^y 
and  so  on,  so  that 

Hence,  if  2u^  be  divergent,  H  (1  +  u^  will  also  be 
divergent. 

T3     I     m     1.      1.x,  .  a(a+l)(a+2)...(a+n-l) .   .   «   ..  , 

Ex.  1.    To  shew  that  ^  ^ — ^)t — ik — n. ^  [  is  infinite  or  zero,  when 

6(6  +  1)  (6  +  2). ..(6  +  n-l) 

n  is  indefinitely  increased,  according  as  a  is  greater  or  less  than  6. 
S.  A.  27 


«^ 


r 


^^-Ji   l^  '^"'"  ^ 


*»,.       ,  ■  ^  t  —  ^    — 


ft      -  - 
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Now  we  know  that  the  terms  of  this  series  are 
alternately  positive  and  negative  after  the  rth  term,  where 
r  is  the  first  positive  integer  greater  than  m  +  1.  More- 
over the  ratio  u^^^  /  u^  is  numerically  less  or  greater  than 
unity  according  as  m  +  1  is  positive  or  negative.  The 
series  will  therefore,  from  theorem  V.  Chapter  XXI.  be 
convergent  when  m  +  1  is  positive  provided  the  nth  term 
decreases  without  limit  as  n  is  increased  without  limit. 

Now         +i=  1-2 « 


«,     (— m)(l  — m)...(n  — 1  — m) 

Now,  if  m  +  1  be  positive  and  less  than  r,  the  product  of 
the  factors  from  the  rth  onwards  is  greater  than 

(1  +  m)  j +  -— ^ +  ...[ ; 

^  [r  —  m     r  +  l  —m         ) 

and  the  product  of  the  preceding  factors  is  finite. 

Hence,  when  n  is  increased  without  limit,  Iju^  is  in- 
finitely great,  and  therefore  u^  indefinitely  small,  provided 
1  +  m  be  positive. 

Thus  the  binomial  series  is  convergent  if  x  =  1,  pro- 
vided m  >  —  1. 

If  a?  =  -  1,  the  series  becomes 

m  (m  -  1)     m  (m  -  1)  (m  -  2) 
l-m  +  -^-2  j-273  +... 

The  sum  of  n  terms  of  the  above  series  is  easily  found 
to  be  [see  Art.  283  or  Art.  321] 

(1  ~  m)  (2  -  m)  (3  -  m) ...  (n  - 1  -  m) 
1.2.3...(n-l) 

The  sum  of  n  terms  of  the  series  is  therefore  [Ex. 
1,  Art.  333],  zero  or  infinite,  when  n  is  infinite,  according 
as  m  is  positive  or  negative. 

Thus  the  binomial  series  is  convergent  when  a?  =  —  1, 
provided  m  is  positive, 

27—2 
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335.  Cauchy^B  Theorem.  If  the  series  u^  +  u^-h  w, 
-I-  . . .  +  w^j  +  . . .  have  all  its  terms  positive,  and  if  each  term 
be  less  than  the  preceding ,  then  the  series  will  he  convergent 
or  divergent  according  cw  the  series  u^-\- au^-\- a^Uat-\-*-- 
+  a"i/a«  +  ...  is  convergent  or  divergent,  a  being  any  positive 
integer. 

For,  since  each  term  is  less  than  the  preceding,  we 
have  the  following  series  of  relations 

w,  +  Wj  + . . .  w«  <  aWj  <  (a  —  1)  t^j  +  -Mj, 

w„+,  +  -i^a+s  •••  '^a^  <  (»'  -a)u^<{a- 1)  aw„, 


Hence,  by  addition,   S<{a'-'l)%-\-u^ (I), 

where  S  and  2  stand  for  the  sum  of  the  first  and  second 
series  respectively. 

Again,  we  have  since  a  is  -4:  2, 

a  (lAj  +  Wg  +  Wj  +...  +  wj  >  aw« 


Hence  aS>2  — w, (II). 

From  I  and  II  it  follows  that  if  S  is  finite  so  also  is  2, 
and  that  if  S  is  infinite  so  also  is  2. 

Ex.    To  shew  that  the  series  —, r^  is  convergent  if  k  be  greater 

than  unity,  and  divergent  if  A;  be  equal  or  less  than  unity. 

By  Cauchy's  theorem  the  series  will  be  convergent  or  divergent 

according  as  the  series  whose  general  term  is  -^ :^  is  convergent 

or  divergent. 
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^^      a*  (log  «>•)*        n*  (log  o)»  "■  (log  o)*     n* ' 

it  therefore  follows  from  Art.  270  that  the  given  series  is  convergent 
if  ft  >  1  and  divergent  ii  k-j^l. 

336.  We  shall  conclude  with  the  two  following  tests 
of  convergency  which  are  sometimes  of  use,  referring  the 
student  to  Boole's  Finite  Differences  and  Bertrand's  Differ- 
ential Calculus  for  further  information  on  the  subject. 

337.  Theorem.  A  series  is  convergent  when,  from 
and  after  any  particular  term,  the  ratio  of  ea^h  term  to  the 
preceding  is  less  than  the  corresponding  ratio  in  a  known 
convergent  series  whose  terms  are  all  positive. 

For  let  the  series,  beginning  at  the  term  in  question, 
be 

cr= Wj + i^j + 1*8 + ... -M^, 

and  the  known  convergent  series,  beginning  at  the  same 
term,  be 

V  =  v^-\-v^-{-v^-\-...'\-v^, 

Then,  since  -^^  <  -^^  for  all  values  of  r,  we  have 

%(,  V 

r  «• 

F=y-  +  t;, .-^  +  t;.  --  +  v,  -  -  -  +  ... 
^  v^       'v^v^       'v^v^v^ 

>  v,  +  v,  —  +  v,  -^  — ^  4-  v,  -*  — '  ^  +  ... 
^        ^u^        ^u^u^        ^u^  U^  tt, 

V  V 

Wj         ^  2  8  4  U^ 

Hence  as  F  is  convergent,  U  must  also  be  convergent. 

The  given  series  is  therefore  convergent,  for  the  sum 
of  the  finite  number  of  terms  preceding  the  first  term  of 
U  must  be  finite. 

We  can  prove  similarly  that  if,  from  and  after  any 
particular  term,  u^+i-u^  >v^^^:Vr,  and  all  the  terms  of  Xu^ 
have  the  same  sign ;  then  ItU^  will  be  divergent  if  Xv^  be 
divergent. 
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338.    Theorem.    A  series^  all  of  whose  terms  are  posi- 
tive, is  convergent  or  divergent  according  as  the  limit  of 


(1 ^^M  is  greater  or  less  than  unity. 

For  let  the  limit  of  n  [l  -  '^^)  be  a. 

1 

Consider  the  series  2  -s  s  2v. :  then 

n^         * 

(-1      ^n+l^  _     f(^  +  ^)^  ~  ^^1  _  ^^^  +  lower  powers  of  n 
\         v^  J         (    (w  + 1)^    )       nfi  +  lower  powers  of  n 

(V      \ 
1  — ^^^ ) ,  when  n  is  infinitely 
n  ' 

great,  is  p. 

First  suppose  a  >  1,  and  let  ^  be  chosen  between 
a  and  1. 

Then  since  the  limit  of  n  [1 ^^^M  is  greater  than 

the  limit  of  w  ( 1  — ^^* ) ,  there  must  be  some  finite  value 

or  „  fro.  ..d  L  w-fiii  the  fo™„  .  ooo^^U,  ^.. 
than  the  latter. 

But  when    n  (l  - ''^^  >  n  (l  - '"-^) , 
we  have  -^^^  >  -^*^ . 


^n  ^n 


Hence,  by  the  previous  theorem,  Sw^  will  be  conver- 
gent if  Xv^  be  convergent;  but  2v„  is  convergent  since 
I3>1. 

Similarly,  if  a  be  <  1,  and  ff  be  taken  between  a  and 
1,  we  can  prove  that  2w„  is  divergent  if  Xv^  is  divergent, 
and  the  latter  series  is  known  to  be  divergent  when  /8  <  1. 
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T7.      1      T    i.1.         '      ^     a{a-\-\\       a(a  +  l)(a4-2)    , 

Ex.  1.    Is  the  senea  -  +  _-^.,  +  .^^^^-^2jx"  +...  convergent 

or  divergent  ? 

Here  -^^  = , x^  the  limit  of  which  is  ».    Henoe,  either  from 

the  beginning  or  after  a  finite  nnmber  of  terms, 


-^^  ^  1  according  as  a;  ^  1. 
Hence  the  series  is  divergent  if  x  >  1,  and  convergent  if  a;  <  1. 
If   «  =  !,  the   Hmit  of  ^^5^  is  unity.     But  n[\-  ^^^^i^") 

n  (  1  - :; 1 ,  the  limit  of  which  is  6  -  a. 

Thus,  if  a;  =  1,  the  series  is  convergent  when  &  -  a  >  1   and 
divergent  when  6  -  a <  1.    When  6  =a  + 1,  the  series  becomes 

a,        a,  a 

b'^b  +  l'^b  +  2'^ * 


which  is  divergent. 
[These  are  the  results  arrived  at  in  Ex.  2,  Art.  333.] 


EXAMPLES  XXXIV. 

1.  Find  the  sum  of  each  of  the  following  series  to  n 
terms,  and  when  possible  to  infinity  : — 

n     -     ^      ^»7.10 

^^^     5"^5.8'^5.8.11"^'**  • 

2      2.5       2.5.8 
^"^     4'*'4.7^4.7.10"^-  • 

....      3      3.5        3.5.7 

^"^^     8'*"8.10"^8.10.12"*'--  • 

11      11.13     11.13.15 
^'""^    Ti"^  14.16"*"  14. 16. 18  "^•-  • 

2.  Find,  by  the  method  of  differences,  the  nth  term  and 
the  sum  of  n  terms  of  the  following  series : — 

(i)     2  +  2  +  8  +  20  +  38  +  .... 

(u)     7  +  14  +  19  +  22  +  23  +  22  +  ...  . 

(iii)     1  +  4  +  11  +  26  +  57  +  120  +  ... . 
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(iv)     1  +  0  +  1+8  +  29  +  80+193+.... 
(v)     1  +  5  +  15  +  35  +  70+126+.... 
(vi)     1  +  2  +  29  +  130  +  377  +  866  +  1717  +  ... . 

3.  Find  the  generating  function  of  each  of  the  following 
series  on  the  supposition  that  it  is  a  determinate  recurring 
series : — 

(i)  2  +  4aj+14a^  +  52aj"+.... 

(ii)  l+3a;  +  lla:'  +  43a;»+.... 

(iii)  1  +  6a:  +  40aj"  +  288a;"  +  ... . 

(iv)  l+a;  +  2a:>+7ic'  +  14aj*  +  35a;»+.... 

(v)  1»  +  2»aj  +  3V  +  4V  +  5V  h-  6V  +  ... . 

4.  Find  the  Tith  term,  and  the  sum  of  n  terms  of  the 
following  recurring  series  : — 

(i)     2  +  6  +  14  +  30+.... 
(ii)     2-5  +  29-89+.... 
(iii)     1  +  2  +  7  +  20+.... 

5.  Find  the  nth  term  of  the  series  1,  3,  4,  7,  &c. ;  where, 
after  the  second,  each  term  is  formed  by  adding  the  two 
preceding  terms. 

6.  Determine  a,  h,  c,  d  so  that  the  coefficient  of  x*  in 

^,                 .         -  a  +  bx  +  caf  +  dx^  .      .       -vg 

the  expansion  of ^^j ^^ may  bo  (n  +  1)  . 

7.  Shew  that  the  series  r  +  2-aj+ 3V+ 4V+ ...  is  the 
expansion  of  an  expression  of  the  form  °  .,^ — '!^\  •"  j  shew 
also  that  a^  =  0 ;  and  that  a^_,  =  »,_!• 

8.  Find  the  sum  to  infinity  of  the  recurring  series 

2  +  5a;  +  9j»»  +  15a;"  +  25«*  +  43a;*  +  . .. 

supposed  convergent,  it  being  given  that  the  scale  of  relation 
is  of  the  form  1  + /?a;  +  qa?  +  nc".  Shew  that  the  (n  +  l)th  term 
of  the  series  is  (2"  +  2n  +  1)  a;". 
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9.  Find  the  sum  to  infinity  of  the  series 

1  +  4a;+  lla:'  +  26x»  +  57x'  +  120a?*  +  ... , 
X  being  less  than  ^. 

10.  Find  the  sum  of  ri  terms  of  the  series 

-      X     x(x  +  a)      x{x  +  a)  (x  +  b) 
a  ao  cube 

11.  Shew  that 
la  ah 

+  :? w 7T   +-} v-7 TT-, r  +  ... 


x  +  a     {x  +  a){x  +  b)      {x  +  a){x  +  b)  (x  +  c) 

abc.k  1  ahc.kl 


{x  +  a){x  +  6)...(aj  +  k)(x-hl)     x     x{x  +  a)(x  +  b),..{x  +  I)  ' 

12.  Shew  that 

1  1  +  n  (l-i-n)(l+27i) 

p  +  n     (p  +  n){p^2n)      {p  +  n){p  +  2n){p  +  3n) 

+  ...  to  infinity  =  — ^  , 

provided  that  /?  >  1  and  p  +  n>0. 

13.  Shew  that,  if  m  be  greater  than  1, 

,         1  1.2  1.2.3 

w+1      (m  +  l)(wi  +  2)      (m+l)(m  +  2)(w  +  3) 

ni 

+  ...  to  infinity  = =- . 

•^       m- 1 

14.  Shew  that 

_Jl n-1  {n-l)(n-2)  l_ 

m  +  1      (w+l)(w+2)     (m+ l)(w  +  2)(w  +  3)  m  +  n' 

if  m  +  w  be  positive,  or  if  n  be  a  positive  integer. 

15.  Shew  that,  if  n  be  any  positive  integer, 
n  %(w-l)  n(n-l)(n-  2) 

^+1  "  (n+l){n  +  2)  "^  (n+l)(w+2)(n+3)'"*"  "• 

7t(y^-l)(r?-2)...2.1      1 
^    {n+l){n+2)...27i     "2' 
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16.  Shew  that,  if  m  be  a  positive  integer, 

l_      ^^+1      m(m-l)   {2n  +  l){2n  +  S) 
^2^^T2"^       1.2        (2n  +  2)(2n  +  4)     ••• 

1.3.g...(2m-l) 
"2.4.6...(2w  +  2w)' 

17.  Shew  that,  i£  m,n  and  m-n  +  l  are  positive  integers; 
then 

,  m  7i(w--l)  m{m-l) 

m-n+l  1.2      {m-n+l){m-n+2) 

n{n-l)(n  —  2)  m{m-l){m-2) 


1.2.3  {m-n+l)(m-n  +  2){m  —  n  +  3) 

+        to(n+l\  terms  -  (m  + l)(m+ 2)...(m  +  n) 

-1-  ...   to  I  yj  -t-  1 1  lermB  —  -7 r-r-7 jrr       7  r  • 

^         '  (m-M+ l)(m-7H-2)...(w^n  +  m) 

18.     Shew  that,  if  w  +  1  >  0,  then 

1      1  1  w(m— 1)      1  w(m-l)(m  — 2) 

2"3'^"^4   ~Tr2  5  TTO  ■*"••• 

1 


(w+l)(m+2)' 

19.  Shew  that,  if  P^  be  the  sum  of  the  products  r  together 
of  the  first  n  even  numbers,  and  Q^  be  the  sum  of  the  products 
r  together  of  the  first  n  odd  numbers ;  then  will 

l+P,  +  />,+ +P,  =  1.3.5...(2w  +  1), 

and  l  +  Gi  +  Og+ +  ©,=  2.  4.  6. ..271. 

20.  Pr6Ye  that 

{a  +  (a  +  1)  +  («+  2)  +  ...  +  (a  4-  n)}  {a'  +  (a  + 1)  +  (a  +  2)  +  ... 

\  ...  +(a  +  w)}  =  a'  +  (a  +  l)®+  ...  -\-{a-i-ny. 

21.  Shew  ^&t  the  series 

l-«-     aU'')(l-a«-)     (l-a-)(l-«— )(!-«'-)  , 

^"  rrs  +  ll  -  a)  (1  -  «•)  (1- a)  (!-«')  (!-«•)     * -• 

is  zero  when  ^  is  an  odd  integer,  and  is  equal  to  (I  —  a)  (1  -  a') 
...(1  -  a""*)  when  9%  is  an  even  integer  [Gauss]. 
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22.     Find  the  sum  of  the  series 

n  Wr-1         n  —  2  1 

+  TT-^ — r  +  ^     ,     ^  +  ...  + 


1.2.3     2.3.4     3.4.5 n(w+l)(w  +  2)' 

23.  Sumtoinfinity     2^- |^  +  ^^<^- .... 

24.  Sum,  when  convergent,  the  series 

XT?  a;" 

r   •  •  •  T  J  1  \   T    .  .  .     • 


1.2     2.3  "•••"w(w+l) 

25.  Sum  to  infinity  the  series 

1.2.3  +  3.4.5aj  +  5.6.7a;'  +  7.8.9aj^+..., 
X  being  less  than  unity. 

26.  Shew  that,  if  n  is  a  positive  integer 

1  .  ^  1  .  iu  •  t5 

27.  Shew   that,    if  a^,   a^,   ag,...be  all   positive,   and  if 

»!  +  a,  +  a,  +  ...  be  divergent,  then 

is  convergent  and  equal  to  unity. 

28.  Shew  that  the  series 

1         2"         3'"  'rir 

nm-¥x   ■*"  Qm+2  "r"  Tm+*  +  •  •  •  +  /  -i  \m+j?  +  •  •  • 

is  convergent  if  a?  >  1,  and  is  divergent  if  a;  :f- 1. 

29.  Shew  that,  if  the  series  u^-^-u^  +  u^-^- .,.  +u^+  ,,,  be 
divergent,  the  series 

u 

+  ... 


1                        + 

.  + 5 

wiU  also  be  divergent. 
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30.  For  what  values  of  x  has  the  infinite  product 
(1  +  a)  (1  +  (xx)  (1  +  aa^)  (1  +  aa5°) ...  a  finite  value  1 

31.  Prove  that,  if  v^  is  always  finite  and  greater  than 
unity  but  approaches  unity  without  limit  as  n  increases 
indefinitely,  the  two  infinite  products  ViV,^8^4...,  ^i^/^/^s' •  •  • 
are  either  both  finite  or  both  infinite. 

32.  Test  the  convergency  of  the  following  series : — 

^"^     1  "^  4/2^  "^4/3* "*■•••■*■  ;yn"-'^"^*"* 

2  2.4  2.4.6 

^"^^    3T4^3.5.6"*'3.5.7.8'^- 

2.4. 6. ..2w 


3.5.7...(27i+l)(2w  +  2) 


+  ..    . 


1_       1'^        1.3.5 
^^"^^     2.3"^  2.4.5  "^2.4.6.7"^  *•• 

1.3.5...(2w-l) 
'^2.4.6...2w(2w  +  l)"*""" 
afi       a(a.fl))g(/g+l) 
^^      l.y  1.2.y(y+l) 

a(a  +  l)(a  +  2)/?(^+l)0g+2) 

1.2.3.y(y+l)(y  +  2)  "^  •- 


CHAPTER  XXVI. 


INEQUALITIES. 


339.  We  have  already  proved  [Art.  228]  the  theorem 
that  the  arithmetic  mean  of  any  two  positive  quantities  is 
greater  than  their  geometric  mean.  We  now  proceed  to 
consider  other  theorems  of  this  nature,  which  are  called 
Inequalities, 

Note  Throughout  the  present  chapter  every  letter 
is  supposed  to  denote  a  real  positive  quantity, 

340.  The  following  elementary  principles  of  inequal- 
ities can  be  easily  demonstrated : 

I.  If  a >  6 ;  then  a  +  a? > 6  +  a?,  and  a  —  x>h  —  x. 

II.  If  a  >  6 ;  then  —  a  <  —  fr. 

III.  If  a  >  6 ;  then  ma  >  mh,  and  —  7n/a  <  —  rah. 

IV.  lia>h,a'>h\a''>V\&Dc; 
then  a  +  a'  +  a"  +...  >  6  +  6'  +  6"  +..., 
and  aa'a!' . . .  >  hh'V\ . . . 

V.  If  a  >  6 ;  then  a*'*  >  i~,  and  a"*"  <  6"'". 

Ex.  1.    Prove  that  a» + ft'  >  d^h  +  dt^. 
We  have  to  prove  that 

a8-a35-a6«  +  6S>0,  or  that  {a^--W)(a-h)>0, 

which  must  be  true  since  both  factors  are  positive  or  both  negative 
according  as  a  is  greater  or  less  than  &. 
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Ex.  2.    Prove  that  a** + a~»*  >  a»  +  a"*,  if  m  >  n. 

We  have  to  prove  that  (a**  -  a**)  (1  -  a-**-*)  >  0,  which  must  be 
the  case  since  both  factors  are  positive  or  both  negative  according  as 
a  is  greater  or  less  than  1. 

Ex.  3.     Prove  that  {l^  +  m^ + n^)  {V^  -\-m'^-{-  n'^  >  (IV  +  mm'  +  nny. 
It  is  easily  seen  that 

(P  +  m^ + n^)  (r + m'« + n'^)  -  (IV  +  mm'  +  nn'f 
=  (mn'  -  m'nf  +  (nV  -  n'Vf  +  (Im'  -  Vm)K 

Now  the  last  expression  can  never  be  negative,  and  can  only  be 
zero  when  mn'  -  m'riy  nV  -  n'l  and  Im'  -  Vm  are  all  separately  zero,  the 

conditions  for  which  are  -  =  — ,  =  -r . 

V     m'     n 

Hence  (l^  +  m^  +  n^)  (V^+m'^  +  n'^)>(lV  +  mm'  -k-nn')^,  except  when 
llV=mlm'=nln'y  in  which  case  the  inequality  becomes  an  equality. 

341.  Theorem  I.  TTie  product  of  two  positive  quanti- 
ties j  whose  sum  is  given,  is  greatest  when  the  two  factors  are 
equal  to  one  another. 

For  let  2a  be  the  given  sum,  and  let  a-\-  w  and  a  —  a? 
be  the  two  factors.  Then  the  product  of  the  two  quanti- 
ties is  a*  —  a^,  which  is  clearly  greatest  when  a?  is  zero,  in 
which  case  each  factor  is  half  the  given  sum. 

The  above  theorem  is  really  the  same  as  that  of  Art.  228 ;  for 
from  Art.  228  we  have  (  —5—  j  (  —5—  j  >  ah, 

342.  Theorem  II.  The  product  of  any  number  of 
positive  quantities,  whose  sum  is  given,  is  greatest  when  the 
quantities  are  all  equal. 

For,  suppose  that  any  two  of  the  factors,  a  and  6,  are 
unequal. 

Then,  keeping  all  the  other  factors  unchanged,  take 
J  (a  +  6)  and  ^  (a  +  6)  instead  of  a  and  6 :  we  thus,  without 
altering  the  sum  of  all  the  factors,  increase  their  continued 
product  since  J  (a  +  6)  x\{a  +  h)>  ah,  except  when  a  =  6. 

Hence,  so  long  as  any  two  of  the  factors  are  unequal, 
the  continued  product  can  be  increased  without  altering 
the  sum;  and  therefore  all  the  factors  must  be  equal  to 
one  another  when  their  continued  product  has  its  greatest 
possible  value. 
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Thus,  unless  the  n  quantities  a,b,c,  ...  are  all  equal, 

abed 
and  therefore 


/g  +  fc  +  c  +  d-f...' 
\  n 


>  y  (abed . . .). 


n 


By  extending  the  meaning  of  the  terms  arithmetic 
mean  and  geometric  msan,  the  last  result  may  be  enunci- 
ated as  follows : — 

Theorem  III.  The  arithmetic  mean  of  any  nvmber  of 
positive  quantities  is  greater  than  their  geometric  mean, 

343.  The  following  is  another  proof  of  the  theorem  that 
the  arithmetic  mean  of  any  number  of  positive  quantities 
which  are  not  all  equal  to  one  another  is  greater  than  their 
geometric  mean. 

We  know  that  the  theorem  is  true  for  two  quantities. 
Hence  ab  <  (—^ — j  ,  and  cd  <  f    ^     j  ; 

,    ,      fa  +  b     c  +  d\" 

^^aH-6     c  +  d      fl/a  +  6  .  c  +  (f\]'    ,    .  . 

/a  +  6  +  c  -:-  dy 

<( 4 j' 


.*.  abed  < 


/g  -h  6  +  c  +  dy 


By  proceeding  in  this  way  it  can  be  shewn  that 

'g  +  64-c  +  (i  +  ... 


ahcd ...  to  m  factors  < 

m 

provided  that  m  is  an  integral  power  of  2. 


)■ 
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To  prove  the  theorem  for  a  value  of  n  which  is  not  an 
integral  power  of  2,  take  m  any  integral  power  of  2  which 
is  greater  than  n,  and  let  m  =  n  -^  r.  Consider  the  n 
quantities  a,  6,  c,  d...,  and  r  quantities  each  of  which  is 

a  +  6  +  c  +  d...      7      mi^         •  .       •  'J.        1 

— ! ! ■ s  fc     Then,  since  n  +  r  is  an  integral 

n 
power  of  2,  we  have 

abed, .  .to  n  factors  x  A; .  A? .  A. .  .to  r  factors 

+  6  +  c  +  dH-...H-r.  M*"^** 


.'.  a6cd  . . .  X  ifc*-  <  f '^f^Xl^j      ,  that  is  <  F^ ; 


.'.  abed .,,  <  M'y  that  is  <  I — '—\  . 


Ex.  1.     Shew  that  a3  +  &*  +  c»>3a6c. 

flS  _L  53  _j.  g3 

We  have ^ >  /^(a"  .  fes  .  c*)  >  dbc. 


Ex.2.    Shew  that  ^+^  +  ^+ +  ^>n. 

^2       ^3       ^4  ^     '^l 

Wehaveif^  +  ^+ +  M>  «^  (%  .  ^...«nV  n^l. 

Ex.  3.    Find  when  a^y^z'  has  its  greatest  value,  for  different  values  of 
a;,  y  and  2;  subject  to  the  condition  that  0;+^+;!;  is  constant. 


LetP=a?"2/V;  then 

P     _  (xY   (yy   (z\y 


XXX       y  y  y       z  z  z 

a    a    a  p   p    p  777 


The  sum  of  the  factors  in  the  last  product  is  constant,  since  there 

XV  z 

are  a  factors  each  - ,  j8  factors  each  | ,  and  y  factors  each  - ,  and 

a  p  7 

therefore  the  sum  of  all  the  factors  is  x  +  y+z. 
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Hence,  from  Theorem  II,  (-)*  (|)    (- )^  ^as  its  greatest  value 

when  all  the  factors  are  equal,  that  is  when  -  =  ^  =  -  . 

a     /3     7 

It  is  clear  that  P  is  greatest  when  Pla'pPy^  is  greatest,  since 
a,  /S,  7  are  constant;  hence  P  is  greatest  when  xja-yl^=zjy. 

In  the  above  it  was  assumed  that  a,  /3,  7  were  integers ;  if  this 
be  not  the  case,  let  n  be  the  least  common  multiple  of  the  denomina- 
tors of  a,  j8,  7.  Then  x'yfz^  wUl  have  its  greatest  value  when 
x^*^y^z^  has  its  greatest  value,  which  by  the  above,  since  na^  nfi 

X         V  z 

and  ny  are  all  integers,  will  be  when  —  =  -^  =  — ,  that  is  when 

na     np     ny 

X  _y  _z 
a'fi"  7* 

Thus,  whether  a,  /3,  7  are  integral  or  not,  x'^y^z'^  is  greatest,  for 
values  of  x,  y  and  z  such  that  x-{-y  +  zia  constant,  when  x/a = yj^ = zjy, 

344.  Theorem  IV.  The  sum  of  any  number  of 
positive  quantitieSy  whose  product  is  given,  is  least  when 
the  quantities  are  all  equal. 

First  suppose  that  there  are  two  quantities  denoted  by 
a  and  b. 

Then,  if  a  and  b  are  unequal,  (^a  ~  \/6/  >  0,  and  there- 
fore a  +  6  >  Jah  +  Jab,  Hence  the  sum  of  any  two 
unequal  quantities  a,  b  is  greater  than  the  sum  of  the  two 

equal  quantities  Jab,  Jab  which  have  the  same  product. 
Next  suppose  that  there  are  more  than  two  quantities. 

Let  a,  by  any  two  of  the  quantities,  be  unequal.     Then, 

keeping  all  the  others  unchanged,  take  Vofc  and  Jab 
instead  of  a  and  b :  we  thus,  without  altering  the  product 

of  all  the  quantities,  diminish  their  sum  since  Jab  +  Jab 
<a  +  b.  Hence,  so  long  as  any  two  of  the  quantities  are 
unequal,  their  sum  can  be  diminished  without  altering 
their  product;  and  therefore  all  the  quantities  must  be 
equal  to  one  another  when  their  sum  has  its  least  possible 
value. 

S.  A.  28 
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mil  be  greater  than 


345.     Theorem  V.     Ifm  and  r  he  positive  integers, 
and  m>r ;  then 

n 

n  n 

We  have  to  prove  that 

or  that 

(n  -  1)  (a,"*  +  a,"*  +  ...)>  2  (a/a,"*'"  +  a,""  V). 
or  that 

every  letter  being  taken  with  each  of  the  {n  —  1)  other 
letters. 

Now 

a,^  +  a,*"  -  aX""  -  «r"  V  =  «  -  O  «'*"  -  «2"~0> 

which  is  positive  since  a,**  —  a/  and  a^'""  —  aj"*"**  are  both 
positive  or  both  negative  accoixiing  as  a^  is  greater  or  less 
than  a,. 

Hence  2  (a^'"  +  a^"*  -  a^a^'""  -  a^'^^a^)  >  0, 

which  proves  the  proposition. 

By  repeated  application  of  the  above  we  have 

ta^     ta,^  taf  Xa^ 
n  n        n        n 

where  a  +  )8  +  y+ =ni, 

A 1  2a "     /ta 

Also  — ^  >  ' 


m'- 


n 

Ex.  1.     Shew  that  3  {cfi  +  6'  +  c^)  >  (a  +  6 + c)  (a*  +  h^  +  c«). 
Ex.  2.     Shew  that  a"  +  6*  +  c«  >  a6c  (a*  +  6»  +  c*). 

From  Theorem  V, > .  I  — - —  J  , 


3 

aa  +  62  +  ca 


.  abc,  from  Theorem  III. 


J 
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346.     To  shew  that  -^  ^ — -  5  {  ^  a     j    according  as 

in  is  or  is  not  a  positive  proper  fraction,  a^  and  a,  being 
unequal. 

Suppose  ttj  >  a,,  and  put  a^  =  5  +  d,  a^^s  —  d,  where 
«  =  i  («!  +  ^a)  and  d  =  ^  (a^  -  a  J. 

Then  a,"*  H- a,"*  =  (5  +  d)"*  +  (5  -  d)"*. 

Now  (5  +  d)"'  and  {s-^dy  can  be  expanded  by  the 
Binomial  Theorem  in  series  proceeding  according  to  ascend- 

ing  powers  of  - ,  since  d<s.     Hence  we  have 

8 


-  -^  »»  Ji  j.«.  '^  ,  m  (m  -  1)  d* 
-2*    f+"*s+       1.2       ?^  + 


1     m 

+  2* 


-         d     m  (m  —  1)  d* 


(  |2        s" 

.  m(m-l)(wi-2)(m-3)d*  )      ,. 

Now  every  tenu  in  (a)  will  be  positive,  when  to  is 
a  positive  integer,  and  when  m  is  negcHive. 

Hence  in  these  cases  J  (a^"  +  a,"*)  >  s",  that  is 

K«r  +  O  >  {H«.  +  «.)}"• 

Also,  every  term  in  (a)  except  the  first  will  be  negative 
if  m  be  a  positive  proper  /ration.  Hence,  if  1  >  m  >  0, 
^{a-  +  a-)<{^(a,  +  a,)}-. 

[If  m  be  a  positive  fraction  greater  than  1,  it  cannot 
always  be  seen  at  once  from  (a)  whether  J  (a^^"*  +  a^"")  is 
greater  or  less  than  «"*.  If,  for  example,  m  be  between  2 
and  3,  all  the  terms  of  a  are  negative  after  the  second ; 
but  we  cannot  see  by  inspection  whether  the  second  term 
is  greater  or  less  than  the  sum  of  all  the  succeeding  terms.] 

If  m  be  a  positive  fraction,  p/q  suppose,  greater  than 

unity,  put  a^  =  x^  and  a^  =  ^/.     Then 

28—2 
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p 

a 


'   2^'  <  \     2     J  ^^^^^^^g 


as 


9     P 


^  Q    *  ^  ("^'"9 — ~ )  »  ^^^*  ^®  according  as 


9  9 


<  (5-.)'-. 

But  -^— ^ — ^-  IS  less  than  (  -*  -9—  )  >  since  -  is  a  proper 


p       p  p 

9_L./¥9  //»_L/»\tf 


fraction.     Therefore -^-^ — ^  >  [  '^       'j  when  -  is  positive 

and  p>q.     Thus  — * — ^ — ^  is  greater  than  (— -^ — ^)    in  all 

cases  except  when  n  is  a  positive  proper  fraction. 

The  proposition  can  be  shewn  to  be  true  for  more  than 
two  quantities  either  by  the  method  of  Art.  342  or  by 
that  of  Art.  343. 

Thus    — '-^.^^^ 5-   is    less   or  greater  than 

-^ -\   according  as  m  is  or  is  not  a  positive 

proper  fraction,  so  that 

The  arithmetic  mean  of  the  mth  powers  of  any  number 
of  positive  quantities  is  less  or  greater  than  the  mth  power 
of  their  arithmetic  msan  according  a^  m  is  or  is  not  a 
positive  proper  fraction. 

347.  We  shall  conclude  this  chapter  by  solving  the 
following  examples.     [See  also  Art.  133.] 

Ex.  1.    Shew  that,  if  8=01  +  02+  ...+a^i 


8  8  8  T? 


+  —       +...H > r  ,  unless  01  =  03=. ..=a 


8-0^       *~*9  *~<*n      W-1 


n* 
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Unless  ai=aj= ...  =o^,  we  have 

^,  ('-'^)  +  ('-'^j+   •+('-'-.>)>.y((,-.,)(,-^)...(,-.^>. 

By  multiplioation,  since  («  -  a^)  +  («  -  Aj)  + ...  +  («  -  aj  =  rw  -  », 
we  have 

— g-l;; + +  ...  + )>1. 

Ex.  2.    Shew  that,  ifa  +  6  +  c  +  d=3«;  then  will 

aftcd >  81  («-a)(«- 6)  («-.c)(«-d). 
For  34^{(8-6)(«-c)(«-d)}<{(«-6)  +  (s-c)  +  («-d)}<a. 
So  also  34/{(«-c)(»-d)(s-a)J<6,   3^{(«-d)(«-a)  (»-6)}<c, 
and         Bi/{{8-a)(8-b){8-c)]<d. 

Hence  81  («  -  a)  («-&)(«-  c)  (a  -  d)  <  abed, 

^ )  >  x*\fifx^y  unless  «=«=«. 

x+y+z  J  ^  ^ 

First  suppose  that  x^  y  and  z  are  integral ;  then  by  Theorem  III. 

{x+x+...  toa;  terms) +  (i/+y+.. .  toy  terms)  +  (g+g-|-...  to  z  terms) 

xTy+z 

>»+v+^(X=^»Z^); 

\  x-hy  +  z  J  ^ 

If  a;,  y,  z  be  not  integral  let  m  be  the  least  common  multiple 
of  their  denominators ;  then  mxy  my  and  mz  are  integral,  and  we 
have  by  the  first  case 

\    mx  +  my  +  mz    J  \     /     \   v/     \     /     y 

x-\-y •\-z  J 

The  Theorem  can  in  a  similar  manner  be  proved  to  be  true  for  any 
number  of  quantities. 
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EXAMPLES  XXXV. 

Prove  the  following    inequalities,   all   the   letters    being 
supposed  to  represent  positive  quantities : — 

1.  ^«*  +  ^Q^  +  a;y  ^  xy%  (x-vy-\-  z), 

2.  (a,«  +  a/  +  a/+ )(b^'  +  b/  +  b/+ ) 

^:  (« A  +  aA + «a*. + )'• 

3.  {aA  +  a,b,  +  aJl>,+ )  gj  +  |  +  ^»  + ) 

/x     y     z\  /a     b     c\    ,  ^ 
\a     0     cj  \x     y     zj 

6.  (a  +  6  +  c)  (a' +  6*  +  c*)  <^:  9a6c. 

7.  a^cc?  +  6'ac?  +  c^ah  +  c^'^ftc  ^  Mbcd, 

8.  (6c  +  ca  +  a5)'  ^  Zahc  (a  +  6  +  c). 

9.  a*  4-  J*  +  c*  <4:  aftc  (a  +  6  +  c). 

10.  a^  +  b^  +  c^-^d^  '^abcd{a-\-b  +  c  +  d). 

,_       a-a5     d^  —  Qi?    .J, 

11.     <  -5 a ,  if  a;  <  a. 

a  +  a;     a"  +  xr 

a      0      c     Jbc     Jea     Jab 

13.  Shew  that,  if  a;^*  +  a;/  + +  a?/  =  », 

then  Tia  >  (a?!  +  ajj  + +  x^  >  a. 

14.  Prove  that,  if  ajj,  aj^,  ajg, ,  «„  be  each  greater  than 

a,  and  be  such  that  {x^  —  a){x^  —  a) {x^-a)=  6",  the  least 

value  of  a;ia;jaj3...aj^  will  be  (a  +  6)",  a  and  6  being  positive. 

11-      on.       .1    .  (a  +  b)xy  .  ax  +  by 

15.  Shew  that  ^^ V"^  > ^^ . 

ay  +  ox         a  +  o 


EXAMPLES.  439 

16.      T —  +  +  ^  < r —  . 

b+c     c+a     a+o  ^a+o+c 

17  3  3        ^         3        ^        3  16 

b  +  c  +  d     c  +  d  +  a     d  +  a  +  b     a  +  6  +  c     a  +  6  +  c+c?* 

18.  Shew  that  if  a  >  5  >  o  ;  then 

19.  liaf  =  y'  +  z*,  then  will  a?"  ^  t/"  +  ^"  according  as  n  ^  2. 


1 


20.  Shew  that  ((ibcd)p+9+Hrt  lies  between  the  greatest  and 

1111 

least  of  a^,  6«,  c%  d\ 

21.  Shew  that  1  +aj  +  cc*+ +  a" ^: (2n  +  1) aj". 

22.  If  71  be  a  positive  integer,  and  a  >  1 ;  then 

a""*'  +  1         a 
a    —  1       a  —  i 

23.  (m  +  1)  (w  +  2)  (w  +  3) (w  +  2n  -  1)  <  (w  +  w)'""*. 

24.  a6c  ^  (6  +  c  -  a)  (c  +  a  -  6)  (a  +  6  -  c). 

25.  abed  <^  (6  +  c  +  (i-  2a)  (c  +  c?+  a  -  26)  (e^+  a  +  6  -  2c) 

(a  +  6  +  c  -  2c?). 

26.  aja^ag.-.a^  <{:(w-  1)"  («-»,)  (B-a^,.,(s-a^^ 
where  (n— l)«  =  aj  +  aj+ +a^. 

26.  If  a,  5,  c  be  unequal  positive  quantities  and  such  that 
the  sum  of  any  two  is  greater  than  the  third,  then 

1  1  1  9 

6+c  — a     c-'i-a  —  b     a'\-b'-c     a-vb-^-c 

27.  Shew  that)  unless  a  =  6  =  c, 

(6  -  c)*  (6  +  c  -  a)  4-  (c  -  a)'  (c  +  a  -  6)  +  (a  -  6)*  (a  +  6  -  c)  >  0. 

28.  Shew  that,  if  a,  6,  c  be  unequal  positive  quantities 
and  the  sum  of  any  two  be  greater  than  the  third  ;  then 

a"(a-6)(a-c)+'6*(6-c)(6-a)  +  c'(c-a)(c-6)>0. 
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29.  Shew  that  jor'"'"  +  g'af "' +  rsc*'"' >  0,  unless  x=l,  or 
p=:q  =  r, 

30.  Shew  that  2.4.6...2n      "  V  2^^!' 

oi      au       U.I.  X     3.7.11...(4w-l)  /     3 

31.  Shew  that     ^   ^    ..^ — }-. ^  <  ^  /-j ^  . 

5.  9  .  13...(4n  + 1)      V  4n+3 

32.  Shew  that,  if  n  be  greater  than  rrif 

7^  {a^  +  a^  -¥  ...  +a^"')"<r"  {a^  +  a^  ■{-  ...  +  a/)"*. 

33.  Find  the  greatest  value  of  ocfH^T^^  for  different  values 
of  a;,  y,  and  2  subject  to  the  condition  that  oaf-  +  hy^  +  c^y  =  a?. 

34.  Prove  that,  if  w  >  2,  (|  w)»  >  w". 

36.     Shew  that,  if  n  be  positive, 

(1  +  xY  (1  +  a")  >  2-'»  a". 

36.  In  a  geometrical  progression  of  an  odd  number  of 
terms,  the  arithmetic  mean  of  the  odd  terms  is  greater  than 
the  arithmetic  mean  of  the  even  terms. 

37.  Prove  that,  if  an  arithmetical  and  a  geometrical  pro- 
gression have  the  same  first  term,  the  same  last  term,  and 
the  same  number  of  terms ;  then  the  sum  of  the  series  in  a.  p. 
will  be  greater  than  the  sum  of  the  series  in  g.p. 

38.  Shew  that,  if  P^  denote  the  arithmetic  mean  of  all 
those  quantities  each  of  which  is  the  geometric  mean  of  r  out 
of  n  given  positive  quantities;  then  Pj,  P^,  ...,  P,  are  in 
descending  order  of  magnitude. 


39.     Shew  that 


'x  +  y-¥  z\^'^v+^ 


/x  +  y  +  z\'' 
r^yy^  >  ( 1 ^ 

40.     Shew  that,  if  w  be  any  positive  integer, 

-~"><-»-©-(";T'-(;r!i)"e)' 


CHAPTER  XXVIL 


Continued  Fractions. 


348.     Any  expression  of  the  form  a±b 


c-^-d 


e±&}c. 
is  called  a  continued  fraction. 

Continued    fractions  are  generally   written  for  con- 
venience in  the  form 

h     d     f 


a± 


o±  e±  g ± 


349.     The  fraction  obtained  by  stopping  at  any  stage  is 
called  a  convergent  of  the  continued  fraction.     Thus  a  and 

a  +  -,  that  is  =-  and      ~    ,  are  respectively  the  first  and 

h      /7 

second  convergents  of  the  continued  fraction  a  +  — ; •  •  • 

~c±  e± 

The  rth  convergent  of  any  continued  fraction  will  be 
denoted  by  — . 

h     /7 

The  fractions  a,  - ,  - ,   &c.  will  be  called  the  first, 

c     e 

second,  third,  &c.  elements  of  the  continued  fraction. 


•  •  • 
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h      // 

350.  In  a  continued  fracti(m  of  the  form  a-\ 

where  a,  b,  c,  cfcc.  are  aU  positive,  the  convergents  are 
alternately  less  and  greater  than  the  fraction,  itself 

For  the  first  convergent  is  too  small  because  the  part 

-—  ...  is  omitted ;   the  second  convergent,  a  +  - ,  is  too 

great  because  the  denominator  is  really  greater  than  c; 

then  again,  the  third  is  too  small,  because  c  +  -  is  greater 

e 

than  c  H . . . :  and  so  on. 

e  + 

351.  In  order  to  find  any  convergent  to  a  continued 
fraction,  the  most  natural  method  is  to  begin  at  the 
bottom,  as  in  Arithmetic  :  thus 

Oj     a,     a^  a,  c^A^s  +  ^A 

If  only  one  convergent  has  to  be  found,  this  method 
answers  the  purpose ;  but  there  would  be  a  great  waste  of 
labour  in  so  finding  a  succession  of  convergents,  for  in 
finding  any  one  convergent  no  use  could  be  made  of  the 
previous  results:  the  successive  convergents  to  a  continued 
fraction  are,  however,  connected  by  a  simple  law  which  we 
proceed  to  prove. 

352.  To  prove  the  law  of  formation  of  the  successive 
convergents  to  the  continued  fraction 

^1  ^o  ^fl      ^ 

'*^6.  +  6,  +  6.+ 

The  first  three  convergents  will  be  found  to  be 

a     ah.  +  a,        ,    abK  -f  aa«  +  a,6, 

T>    — L — -  and   — 2-Vt — ^^• 

1  \  bfi^  +  a. 
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Now  the  third  convergent  can  be  written  in  the  form 

(a\  -f  a^)  6,  +  (a)  a, 
6j .  6,  + 1 .  ttj 

from  which  it  appears  that  its  numerator  is  the  sum  of  the 
numerators  of  the  two  preceding  convergents  multiplied 
respectively  by  the  denominator  and  numerator  of  the  last 
element  which  is  taken  into  account;  and  a  similar  law 
holds  for  the  denominator. 

We  will  now  shew  by  induction  that  all  the  convergents 
after  the  second  are  formed  According  to  the  above  law 
provided  there  is  no  cancelling  at  any  stage. 

For,  assume  that  the  law  holds  up  to  the  nth  con- 
vergent, for  which  the  last  element  is  a^_i/^n-i>  ^^^  ^^^ 
Pr/9r  denote  the  rth  convergent ;  then  by  supposition 

1>»  =  ^-iP-i  +  «n-ii>n-9  and  ?«  =  6^ig„-i  +  a^_i?„^...(i). 
Then  the  (n  H-  l)th  convergent  will  be  obtained  by 

changing  y^^^  into  y-^^*     t^  ,   that   is  into  t — V^   *     . 

Hence  in  (i)  we  must  put  a„_j  6^  for  a^_j  and  h^_^  h^  4-  a„ 
for  6.  , ;  we  then  have 

Pn  +  l  =  (^-1  K  +  «n)  Pn-1  +  «„-l  ^P«-2 

=  K  (K-lPn-l  +  «n-li>«-2)  +  «nl>«-l 
"^KPn  +  CtnPn-l       [from  i.]. 

Similarly         q^^^  =  b^q^  +  a^q^_^. 

Thus  the  law  will  hold  good  for  the  (n+l)th  con- 
vergent if  it  holds  good  for  the  nth  convergent.  But  we 
know  that  the  law  holds  good  for  the  third  convergent ; 
it  must  therefore  hold  good  for  all  subsequent  ones. 

Cor.  I.     In  the  fraction  a,  H —  .  —  ...., 

*     ttj  +  ttj  + 

Pn  =  anPn.l'^Pn-2     ^nd     ?„  =  ««?«-!  +  ?»-«• 
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Cor.  II.    In  the  fraction  ^^     t^     j^     ... , 

Ex.  By  means  of  the  law  connecting  Buocessive  oonvergents  to  a 
continned  fraction,  find  the  fifth  convergent  of  each  of  the  following 
fractions: 

n    14-1    1    i    1  r\    1     1    1    i     1 

^*^     ^+1  +  2  +  3  +  4*  ^"^     4  +  1  +  4  +  1+4+"* 

,...v     12346  ,.  ,_^2     222 

(Ul)       t;        ;r        -T        ■=        TT.  (iV)       3  +  p        ■=        ■=        ■= 

^    '     2+3+4+6+6  ^  ^    '  6+6+6+6+ 

12346  ..43211 

^^^     l  +  l  +  l  +  l  +  l'  ^^^     4  +  3  +  2  +  1  +  2* 

^^'    3_3_  3-3-3-   ••  ^^"^     l-4_i_4-l-"' 

^ns.  ii.  -ftfe.  Aft,  yw,  H,  H^,  ti  i. 

353.     The  convergents  to  continued  fractions  of  the 

form  a  +  T  .  -     j     -">  where  a,  6,  c,  d,...  are  all  positive 
0  +  c  +a  + 

integers,  have   certain   properties   on   account   of  which 

such  fractions  have  special  utility :   these  properties  we 

proceed  to   consider.     We  first  however  shew  that  any 

rational  fraction  can  be  reduced  to  a  continued  fraction 

of  this  type  with  a  finite  number  of  elements. 

For  let  —  be  the  given  fraction ;  then,  if  m  be  greater 
than  n,  divide  m  by  w  and  let  a  be  the  quotient  and  p 
the  remainder,  so  that  —  =  a  +  — .     Now  divide  n  by  » 

and  let  h  be  the  quotient  and  q  the  remainder;   then 

»      1  1 

-=^  =  —  =  — — .     Now  divide   p  by  a  and  let  c  be  the 

™     ^     6  +  i 
P  P 

quotient  and  r  the  remainder ;  then  -^  =  —  =  — — .     By 

P     P     c+- 
Q  9 
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proceeding  in  this  way,  we  find  —  in  the  required  form, 

,         m  »  1  11 

namely       —  =  a  +  —  =  a  +  ^~^  =  a  +  r  .-.•••  • 
'^        n  n  T      Q  0  +c  + 

P 

Since  the  numbers  p,  q,  r, . . .  become  necessarily 
smaller  at  every  stage,  it  is  obvious  that  one  of  them 
will  sooner  or  later  become  unity,  unless  there  is  an 
exact  division  at  some  earlier  stage,  so  that  the  process 
must  terminate  after  a  finite  number  of  divisions. 

It  should  be  noticed  that  the  process  above  described 
is  exactly  the  same  as  that  for  finding  the  G.  C.  M.  of  m 
and  Uy  the  numbers  a,  6,  c,...  being  the  successive  quo- 
tients.    On  this  account  the  numbers  a,  6,  c  &c.  in  the 

continued  fraction   a  +  r     -     ...   are    often  called  the 

6  +  c  + 

first,  second,  third,  &c.  partial  quotients. 

It  is  easy  to  see  that  the  continued  fractions,  found  as 

above,  for  —  and  — r ,  where  k  is  any  integer,  will  be  the 

same. 

491 
Ex.    Convert  r^^,  and  3' 14169  into  continued  fractions,  and  find  in 
1224 

71       355 
each  case  the  fourth  convergent.  Ans,    y==  ,   jjo  • 

354.    Properties  of  Convergents.   Let  the  continued 

fraction  be  a,  H —      —      ...,  and  let  ^  denote  the  nth 

'     a,  +  a3+  q^ 

convergent. 

I.     From  Art.  352  we  have 

Pn  _  P.n-1  ^  <^nPn-l+Pn.2  _,Pn^l  ^  Pn-^qn-l"  Pn-l<ln-2  . 
PrAn-l  -  Pn-x9in  =  ^  (Pn-l9n-2  "  PnJln-l)' 
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So  also  in  succession 

But  p^q^  -  p^g,  =  {afi^  +  1)  -  a,a,  =  1. 

Hence   Ag„_i -Pn-i?n  =  (-!)" W- 

Hence  also         ^-&=i  =  tl)r    /jix 

11 
Cor.     In  the  continued  fraction  —     —+...,  which  is 

«!  4-  ttj 

less  than  unity,  we  have 

II.  Every  common  measure  oip^  and  q^  must  also  be 

a  measure  of  p^q^.^  ■"i^n-i?n>  ^'^^^  ^^^  ^^^"^  !•>  ^  measure  of 
+  1.     Hence  p^  and  q^  can  have  no  common  measure. 

Thus  all  convergent  are  in  their  lowest  terms. 

III.  If  i^=a,  +  -  .-.....-.  ...;  then  i?' will  be 

1        1 


obtained  from  the  nth  convergent  by  putting  —     — 

14/  I      W| 


in  the  place  of 

a. 


n    '    *^n+l    * 


•   •  • 


n 


( 


«n  +  r— _j^---   ?»+i  +  9«-2 


«^n+l  + 


where  X  is  written  instead  of  . . . ,  so  that  X  is  some 

««+!  + 


positive  quantity  less  than  unity. 


CONTINUED  FRACTIONS.  447 

Hence      F       ^n  ^  .Pn  +  ^.Pn-l        Pn  ^'^  iPn-l9n  -  Pn9n-l) 
Also    j^        Pn-l,^JPn-^^Pn-l        Pn-1  ^      (j>ngn-l  "^^n-igJ 

(-ir 

Now  X  is  less  than  1,  and  q^  is  greater  than  g^_j;  hence 
F'-^is  less  than  F--^^. 

Thus  any  convergent  is  nearer  to  the  continued  fraction 
than  the  immediately  preceding  convergent,  and  therefore 
nearer  tlian  any  preceding  convergent 

IV.     If  any  fraction,  -  suppose,  be  nearer  to  a  continued 

on 
fraction  than  the  ?ith  convergent,  then  -  must  from  III.  be 

also  nearer  than  the  (n  — l)th  convergent;   and,  as  the 
continued  fraction  itself  lies  between  the  nth   and  the 

(n  —  l)th  convergents  [Art.  350],  it  follows  that  -  must 

if 

also  lie  between  these  convergents. 

Hence       ^'  ~  -  must  be  <^  ~  ^ ; 

.-.  y  must  be  >  q,  (p^_,y  ~  q^.,x). 

Hence,  as  all  the  quantities  are  integral,  y  must  be 
greater  than  q^. 
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Thus  every  fraction  which  is  nearer  to  a  continued 
fraxntion  than  any  particular  convergent  must  have  a  greater 
denominator  than  that  convergent. 

V.     We  have  seen  in  III.  that 

where  \  is  a  positive  quantity  less  than  unity. 
Hence  F--^^  >  — ^ c  ; 

also  i^'^^fLi  <__!_. 

Thus   any  convergent   to  a  continued  fraction  differs 
from  the  fraction  itself  by  a  quantity  which  lies  between 

ZTT  ^^  ~m 1~\  >  "^^^^  ^1  ^^  ^2  ^^^  respectively  the 

a^d^  a^ya^  +  a^) 

denominators  of  the  convergent  in  question  and  the  next 

succeeding  convergent 

Ex.  1.    Shew  that,  if  Prl^r  ^  ^^^  ^^  convergent  to  the  continued 

fraction  a, +  —     —      — ,  then  will 

^    aj  +  Og  +  +a^ 

Pn  1  11 

For  we  have    p^ = a^Pn-i  +Pn-2 1 

Pn-l  =  ^n-lPn-2  +JPn-3 » 

i^2=«2Pi  +  l»  a^d  Pi=a^. 
Hence    ^»-=a^+^»»-3=a„+-L  =a„+ 1 

Pn-l  Pn-l        "     Pn-l  „         ,Pn-S 

Pn-2  Pn-i 

11  1       jpi 

=  «n+ —       — 

«n-l  +  «n-2+  +«3+i'2 

1  111 

=  a-.H —      —     —  . 
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It  can  be  proved  in  a  similar  manner  that 


=  ««  + 


n 


9n-l  an-i+  +a3  +  <'2 

n  111 

Ex.2.    To  shew  that l  =^     ^     7:      ton  quotients,  where  n 

»+l     2  -  2  -  2  -  ^ 

is  a  positive  integer. 

We  have 

n             1  n-1           1                                 2 1 

n+l-.    »-i'        n'~^    n-2 '  ^^^S'~l' 

n  n-1                                         2 

Hence — -^7     «     s     «     to  n  quotients. 

n+1 =2-2-2-  ^ 

Ex.  3.    Shew  that,  if  Pr/fl'r  ^^  *^®  ^^  convergent  of  r     t     t     ; 

then  will  j?„+i = a^^ . 

Assume  that  the  theorem  is  true  for  all  values  up  to  n ;  then 

=  *  (*^n-l  +  <^n-2)  =  <*^n  • 

Hence,  if  the  theorem  be  true  for  any  two  consecutive  values  of 
n,  it  will  be  true  for  the  next  greater  value.  Also  it  is  easily  seen  to 
be  true  when  n=l  and  when  n  =  2 :.  it  must  therefore  be  true  for  all 
values  of  n. 


EXAMPLES   XXXVI. 

1.  Shew  that,  if  ^^    ?« ,  ??  be  three  successive  convergents 

S'l    <1^    % 

to  any  continued  fraction  with  unit   numerators,  then   will 

2.  Shew  that,  if 

^  be  the  wth  convergent  oi  ^      -r      t^      •  •  •  ^ 

then  will         'pji^^^  -^^_^^^  =  (-  i)»-i  a^a^ a,. 

s.  A.  29 
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3.  Two  graduated  rulers  have  their  zero  points  coincident, 
and  the  100th  graduation  of  one  coincides  exactly  with  the 
63rd  of  the  other:  shew  that  the  27th  and  the  17th  more 
nearly  coincide  than  any  other  two  graduations. 

4.  Shew  that,  if  a^ ,  a,, ^,  ^6  i^  harmonical  progression ; 

then  will —2- =  jr      ^      ..,      -^     -^, 
a^_j      2  —  2-        — 2- a, 

5.  Shew  that 

111  ,111 

wa,  +  —      —      —      ...s  Witt, +  —5 —     —     — T—      •••?. 
*      nag  +  wttg  +  7ia^  +  na^  +  ^s  "^  ^  '*4  "*" 

6.  Shew  that,  if  P=-     ^     ""  ^ 


a  +ft  +  c  +  *"  +A;  +  1' 

J  /^__  a     6      c  h 

and  V  =  T     -      J      ...      7 ; 

then  will  P{a+Q+l)  =  a  +  Q, 

7.  Find  the  value  of 

n     n- 1      w-2  2      11 

w  +  w-1  +71-2  +  *"+2+I  +2' 

1111 

8.  Shew  that,  whether  n  be  even  or  odd,  t     i     t     t 

1 —4—1—4— 

to  w  quotients  = 


n-r 


9.     Prove  that  the  ascending  continued  fraction 
—      -     — ^      ...  IS  equal  to  — * +— ^  + — ^-  +  ... 

10.     If  p^  be  the  numerator  of  the  wth  convergent  to  the 

fraction!-'      —-     -^     ....  shew  that  a  linear  relation  connects 

every  successive  four  of  the  series  p'y  p^,  Pa'v  9   a^d  fin<J 
what  the  relation  is. 
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11.  If  p  /q    he  the  rth  convergent  of-     r-     -     j-      ..., 
shew  that  p^^^^  =;?,,  +  hq^^y  and  that  q^^^^  =  ap^^  +  (ah  +  l)q,^, 

12.  If  p^  I  q^  be  the  rth  convergent  of  the  continued  fraction 

111111 

_  _     _  _      ...,  shew  that  ©..=6»-  +  (6c +  1)^3 . 

___-.,.,         ,  .     i,a      h     a      h 

13.  If  p,   q   be  the  rth  convergent  of  t-     ^     ^      7      .... 

^•''^•'  ®  1+1+1+1+* 

shew  that  p.,  9,,_,  -  q,^  p,^_,  =  -  a-ft". 

P 

14.  Shew  that,  if  -  -  be  the  Tith  convergent  to  the  continued 

fraction  -  ^  ^  ^-  ^  ^  ^  ...,  then  q,,=p,,^,  and  bq,^^,=ap^^. 

15.  Shew  that, if-  =  a+T      -      ...7      r;  then  will 

5'  6+C+       a;  +  ^' 

11  lll^ll  11=- 

l'hk-¥"'+c+b+a      l+k'h"''\-c  +  b         pq 

P 

16.  Shew  that,  if  -^  be  converted  into  a  continued  fraction, 

P 
the  first  quotient  being  a,  and  the  convergent  preceding  -^  being 

P  Q 

- :  then,  if  -  be  converted  into  a  continued  fraction,  the  last 

convergent  will  be  {P  -  aQ)  l{p  —  aq\ 

17.  Shew  that,  if  -  and  — .  be  any  two  consecutive  conver- 

pp' 
gents  of  a  continued  fraction  a,  then  will  ^  5  ^  according  as 

29—2 
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355.  To  find  the  nth  convergent  of  a  continued 
fraction. 

We  have  in  Art.  352  found  a  law  connecting  three  suc- 
cessive convergents  to  a  continued  fraction,  so  that  the 
convergents  can  always  be  determined  in  succession.  In 
some  cases  an  expression  can  be  found  for  any  convergent 
which  does  not  involve  the  preceding  convergents :  the 
method  of  procedure  will  be  seen  from  the  following 
examples. 

Ex.  1.     To  find  the  nth  convergent  of  the  continned  fraction 

1     1.3     3.5     5.7 

3+4    +    4    +    4    +••'  • 

Here  the  nth  element  is  ^ ^-4 ,  and  therefore 

4 

l>n=4Pn-i  +  (2n- 3)(2n-l)i)„>2. 

The  above  relation  may  be  written 

i>n-(2w+l)i)n-i=-(2n-3){|)„_i-(2n-l)i)^.2}. 

Changing  n  into  n  -  1  we  have  in  succession 

Pn-i  -  (2w-  l)l>„-2=  -  (2n-  5)  {i>„-2-  (2n-  3)i>^_8}, 


l>3-7i>a=-3{i?j-.6pi}. 
But,  by  inspection,  p  =  hP2=^;  ,\p^-5pi=-l. 
Hence    i^n- (2n  +  l)i?„_i  =  (-l)»»-i(2n-3)(2n-6)...3.1. 
Then  again 

Pn Pn-i        _       (-1^-^ 


1.3 

...(2n  +  l) 

1.3.. 

.(2n-l) 

~(2n+ 

l)(2n 

-1)' 

Pa 
1.3. 

Pi 
5      1.3 

-  3.5 

1 

and 

Pi 
1.3 

1 
~1.3' 

Hence 

Pn 
1.3.6...(2i 

n+1) 

1 
"1.3 

1 
3.6"*'*" 

•  •  •  •  "T* 

(- 

■l)«-> 

(2n+ 

l)(2n- 

■1) 

Since  the  denominators  of  convergents  are  formed  according 
to  the  same  law  as  the  numerators,  we  have  from  the  above 
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(y^-(2/i  +  l)g„.i  =  (-l)*-«3.5...(2«-3){g,-5^i}=0, 
since  9i=d  and  ^2=^^* 
Hence 

in gn-1  _        «?a       _    gl    _X. 

(2n+l)(2n-l)...3.1""(2n-l)...3.1~ 6.3.1     3.1 

.-.     g^=1.3...(2n-l)(2n+l). 
Kenee  pjq^^t  the  nth  convergent  required,  is 

J. 1_  (-1)**-^ 

1.3     3.6"^ "^(2n-l)(2n  +  l)* 

Ex.  2.    To  find  the  nth  convergent  of  the  continued  fraction 

12     3     4 

1  +  2  +  3  +  4+-'- 

The  necessary  transformations  are  given  in  Ex.  5,  Art.  247. 

1       1  (-1)**-^ 

It  will  be  found  that  p^=  (2  ""TO"*" "^    j^T+T"' 

jxu  X                  ill  (-1)»» 

4mdthat  ^,=  l-j^  +  __ +^^. 

If  n  be  supposed  infinitely  great 

Pn^    g"^    ^    1    ^ 
g'^     1  -  e-i     e  - 1 ' 

356.  Periodic  continued  Aractions.  When  the 
elements  of  a  continued  fraction  continually  recur  in  the 
same  order,  the  fraction  is  said  to  be  a  periodic  continued 
fraction)  and  a  periodic  continued  fraction  is  said  to  be 
simple  or  mixed  according  as  the  recurrence  begins  at  the 
beginning  or  not. 

mu  111111 

Thus  a+r     -     -     T     -     -     ••• 

•      1         A         1111 
IS  a  simple,  and         -     -     -     -     ... 

is  a  mixed  periodic  continued  fraction. 
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357.     To  find  the  nth  convergent  of  a  periodic  continued 
fraction  with  one  recurring  element. 

Let  the  fraction  be  a  +  -      -     -  +  . . .     Then,  for  all 

c  +  c-f  c 

convergents  after  the  second,  we  have  l^»  =  c/)„_j  +  6|),j.- 
where  h  and  c  are  constants,  that  is,  are  the  same  for  all 
values  of  n. 

Now,  if  t^j  H-  u^x  +  u^x^  +. . .+  u^co"^^  +. . .  be  the  recurring 

A  +  Bx 

series  formed  by  the  expansion  of  :j j—^,  the  sue- 

X  "^  ex  ~~  ox 

cessive  coefficients  after  the  second  are  connected  by  the 

law  u  =  cu„  ,  -f  bu    ..     Hence,  if  A  and  B  are  so  chosen 

that  w,  =  jOj  and  u^  =  p^,  then  will  u^  =  p„  for  all  values  of 

n.     The  necessary  values  of  A  and  B  are  respectively  p^ 

and  /)j  —  cp,,  that  is  a  and  b. 

Hence  the  numerator  of  the  nth  convergent  to  the 

continued  fraction  a+-     -     ...  is  the  coefficient  of  a?*"^  in 

c  +  c  + 

^1                .        o     CL  -^  bx 
the  expansion  oi  ^ r^. 

X  — *"  ex  ^  OXr 

Similarly  the  denominator  of  the  nth  convergent  is 

the  coefficient  of  a?""*  in  the  expansion  of  ^*  ^  ^^* lT  t 

1  —  ex  —  ox 

that  is  of  ^i r- o . 

1  — ex  — oar 

Ex.  1.     Find  the  nth  convergent  of  the  continued  fraction 

3     3     3 

The  numerator  of  the  nth  convergent  is  the  coefficient  of  x^~^ 
in  the  expansion  of  ^ — ^ 5-0 1  that  is  of 


l-2a;-3a;2'"  2(l-3a;)     2  +  2a; 

Hence  j,^  =  ^{3»+ (-!)»»}. 

Also  q^=  coefficient  of  x^-^  in  the  expansion  of 

1 3  1 

i  -  2a:  -  3a:2  ~  4  ( 1  -  3a; )  "^  4  ( 1  +  ar)  * 
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Hence  g»  =  j  {3*- (-!)»}. 

Thus  the  nth  oonyergent  is  2  ^- — ) — ?—  . 

o*  —  ( —  1)" 

Ex.  2.    Find  the  nth  oonyergent  of  the  continued  fraction 

a     c     a     c 

We  have  P2n=dp2n-i + ci>t»..2, 

Hence,  eliminating  ptn-i  ^T^^P^n-t*  we  have 

Pan  -  (a  +  c  +  M)  i>a„_2  +  acpj«_4= 0. 

Since  the  last  result  is  symmetrical  in  a  and  c,  and  also  in  6 
and  d,  it  follows  that 

i?in-i  -  (a + c  +  W)  jps„_8 + acp2n-6 = 0. 
Hence  the  relation 

Pn-(a+c  +  bd)pn-2+acpn-i=0 
holds  good  for  all  values  of  n. 

Hence  pn  will  be  the  coefficient  of  x^~^  in  the  expansion  of 

A+Bx  +  Ga^-^Da^ 
1-  (a  +  c  +  6d)x*+aca;** 

provided  the  values  of  ^,  £,  C,  D  are  so  chosen  that  the  result 
holds  good  for  the  first  four  convergents.  It  will  thus  be  found 
that  Pn  is  the  coefficient  of  x^~^  in  the  expansion  of 

a+adx-acs^ 


l-{a'i-c  +  bd)x^+acx* ' 

It  will  similarly  be  found  that  qn  is  the  coefficient  of  x*^-^  in 
the  expansion  of 

h  +  {bd-^c)x-  acafi 

l'-{a+c  +  bd)x^  +  €Uix*' 


358.  Convergency  of  continued  fractions.  When 
a  coDtinued  fraction  has  an  infinite  number  of  elements  it 
is  of  importance  to  determine  whether  it  is  convergent  or 
not.     When  an  expression  can  be  found  for  the  nth  con- 


1 
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vergent,  the  rules  already  investigated  can  be  employed ; 
the  nth  convergent  cannot  however  be  often  found. 

In  the  continued  fraction  r^     t^  .  t^     ...  it  is  easy  to 

sheW;  as  m  Art.  354,  that 

and  hence  that 

Now,  if  all  the  letters  are  supposed  to  denote  positive 
quantities,  the  terms  of  the  series  on  the  right  are 
alternately  positive  and  negative;  also  each  term  is  less 
than  the  preceding,  for  the  ratio  of  the  rth  term  to  the 

preceding  term  is    *"  ^*'"' ,  which  is  less  than  unity  since 

?r  =  ^r?r-i +  ^r?r-«-  Honco  the  serios,  and  therefore  the 
continued  fraction,  is  convergent  provided  the  nth  term 
diminishes  indefinitely  when  n  is  indefinitely  increased. 

It  can  be  shewn  that  the  condition  of  convergency  is 
satisfied  whenever  the  ratio  b^  .  b^_^  :  a^  is  finite  for  all 
values  of  n*. 

For  let  bjb^^  be  always  greater  than  A  .  a»,  where  k  is 
some  finite  quantity. 

Then  u^  =  -*-* ^*-^-^  =  ^  »       «  1 


?«..(?„-, +  ^?n..) 


b  k  k 

But  f  g,_,  >  r—  q,.,  >  ,-  (b^,q^  +  a,_,?,_)  >  kq^^. 


Hence    u«  < l  »"  '^i-l 


tf»-i?«-»  (1  +  *) ' 


Whence  w«<  *  * 


in-8  • 


3.9.  (1  +  ^)' 

*  Todhimter's  Algebra^  Art  783. 
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But  (1  +  i)**"*  increases  indefinitely  with  n,  since  k  is 
finite ;  hence  u^  decreases  without  limit  as  w  is  increased 
without  limit. 

We    have    therefore  the   following  Theorem.     The 

infinite continibed fraction fr  ,r^  .jf  ,"->'^'^ which  all  the 

letters  represent  positive  qtiantitieSy  is  convergent  if  the  ratio 

KK-i  •  ^«  '^  always  greater  than  some  fixced  finite  quantity. 

It  should  be  remarked  that  any  infinite  continued 

11 
fraction  of  the  form  a  +  r     -....,  in  which  a,  6,  c,... 

are  positive  integers,  is  convergent. 

359.     In  the   following  five  Articles  the  continued 

fractions    will    all    be    supposed    to    be    of    the    form 

11 
a  +  T     -     ..., where  a,  6,  c,  ...  are  positive  integers. 
6  +  c  + 

This  form  of  continued  fraction  possesses  two  great 
advantages,  for  we  know  that  every  convergent  is  in  its 
lowest  terms,  and  we  can  also  see  by  inspection,  within 
narrow  limits,  the  difference  between  any  convergent  and 
the  true  value. 

*360.  Theorem.  Every  simple  pei^odic  continued 
fracti(M  is  a  root  of  a  quadratic  equation  with  rational 
coefficients  whose  roots  are  of  contrary  signs,  one  root  being 
greater  and  the  other  less  than  unity.  Also  the  reciprocal 
of  the  negative  root  is  equal  in  magnitude  to  the  continued 
fraction  which  has  the  same  quotients  in  inverse  order. 

Let  the  fraction  be 

_         1      1  1     1     1     1 

p/         p 

Let  jy  and  ^  be  the  last  two  convergents  of  the  first 

*  Articles  360,  361  and  865  are  taken  from  a  paper  by  Gerono, 
Nouvelles  Annates  de  MathematiqueSf  t.  i. 
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period.     Then 

xF  +  r 

""'xQ  +  Q' 
:.a?Q  +  x{q-P)-P'  =  0 (i). 

The  roots  of  (i)  are  obviously  of  dififerent  signs,  and  the 
positive  root  is  the  value  of  the  continued  fraction. 

Now,  from  Art.  354,  Ex.  1, 

P      ,     1  11 

Hence,  ify  =  ;  +  |^...^i^J^^_^.... 

we  have         2/  =  ;^^-; 

:.y'F  +  y(ff-P)-Q  =  0 (ii). 

The  roots  of  (ii)  are  obviously  of  different  signs,  and  the 
positive  root  is  the  value  of  the  continued  fraction 

,1  11 

From  (i)  and  (ii)  we  see  that  the  positive  root  of  (ii)  is 
equal  in  magnitude  to  the  reciprocal  of  the  negative  root 
of  (i) ;  and  therefore  the  reciprocal  of  the  negative  root  of 
,.../,     1  11  \ 

(l)  IS  —  U  +  y         ....    -        T  . .  •      • 

The  positive  roots  of  (i)  and  (ii)  are  both  greater  than 
unity,  as  may  be  seen  by  inspection ;  the  negative  root  of 
(i)  must  therefore  be  less  than  unity. 

11  11 

The  fraction-     y      •••      i      -      ...  requires  no  special 
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1 

examination,  for  we  have  only  to  change  x  into  - ,  and 

y  into  - ;  thus  -  7-  ...  y  ,  -  ...  is  equal  to  the 
positive  root  of  P'a?  —  {Q'  —  P)x  —  Q  =  0,  and  the  negative 
rootis  — -^fc  +  y      ...      -i     -\ , 

Hence,  as  before,  one  root  of  the  quadratic  equation  in 
X  is  greater  and  the  other  is  less  than  unity. 

361.  Theorem.  Every  mixed  periodic  continued 
fractibnj  which  has  more  than  one  non-periodic  element^  is  a 
root  of  a  quadratic  equation  with  rational  coefficients  whose 
roots  are  both  of  the  same  sign» 

Let  the  fraction  be 

1  111  1111 

and  let 

-        1  1     1     1      1 

A'         A 
Let  ^,  and  -^  be  the  two  last  convergents  of  the  non- 
periodic  part ;  then 

yB  +  B'  '>''• 

jy  p 

Let  zy  and  -^  be  the  last  two  convergents  of  the  first 

period  of  y ;  then 

yP  +  P'  r-s 

''yO^ ^"^- 

The  elimination  of  y  from  (i)  and  (ii)  will  clearly  lead 
to  a  quadratic  equation  in  x  with  rational  coefficients. 

Now,  if  the  positive  root  of  (ii)  be  substituted  in  (i)  we 
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shall  clearly  obtain  a  positive  value  of  x,  and  this  will  be 

the  actual  value  of  the  given  continued  fraction. 

Also,  from  the  preceding  article,  the  negative  value  of 

1.(1  1) 

-is— -^1/+-      ...      -}:  and,  if  this  value  be  substituted 

y  \       /A+       H-aJ 

in  (i),  we  have 

1  _1_      1 

6-1-       +fc  —  V  —  fi  + 

we  have  to  shew  that  this  is  positive.     It  k>v  the  result 

1         1 

is  obvious ;  if  k  <v,  ^ ...  is  negative  but  is  less 

f€  —  V  "^  fJL  -J- 

than  1,  and  therefore  x  is  positive  provided  one  element  at 
least  precedes  k ;  also  k  cannot  be  equal  to  i/,  for  in  that  case 
the  periodic  part  would  really  begin  with  k  and  not  with 
a.     Hence  both  values  of  x  are  positive  in  all  cases. 


Reduction  of  Quadratic  Surds  to  Continued 

Fractions. 

362.  It  is  clear  that  a  quadratic  surd  cannot  be  equal 
to  a  continued  fraction  with  a  finite  number  of  elements ; 
for  every  such  continued  fraction  can  be  reduced  to  an 
ordinary  fraction  whose  numerator  and  denominator  are 
commensurable.  It  will  be  shewn  that  a  quadratic  surd 
can  be  reduced  to  a  periodic  continued  fraction  of  the  form 

11 

a  +  r     -      ...,  where  a,  6,  c,   ...   are  positive  integers. 

The  process  will  be  seen  from  the  following  example. 

Ex.    To  reduce  ^8  to  a  continaed  fraction. 

The  integer  next  below  ^8  is  2 ;  and  we  have 

The  integer  next  below  '^—       is  1 ;  and  we  have 
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V8-f2_       V8-2_  4         _  1 

i      "    "^      4      "•'"*■  4(^8  +  2)  "-""^VS  +  S  • 

The  integer  next  below  ^^8+2  is  4  ;  and  we  have 

^8  +  2  =  4  +  ^8-2=4+-^. 

"~4~" 
The  steps  now  recur,  so  that 

/8-2+^      ^      ^      ^ 

Thus  J8  is  equal  to  a  periodic  continued  fraction  with  one  non- 
periodic  dement,  which  is  half  the  last  quotient  of  the  recurring 
portion ;  and  it  will  be  proved  later  on  that  this  law  holds  good 
for  every  quadratic  surd. 

363.  We  now  proceed  to  shew  how  to  convert  any 
quadratic  surd  into  a  continued  fraction. 

Let  js/lf  be  any  quadratic  surd,  and  let  a  be  the  integer 
next  below  aJN  ;  then 


^1 


where  r^  =  N—c?. 

Since  fsjN—a  is  positive  and   less  than  1,  it  follows 

that  — is  greater  than  1.     Let  then  h  be  the  integer 

'  1 

next  below ;    then 

r 

^/JN^+a  _ ,      yiV^  -  (br^  -  a) 
r  V 


where  a^  =  br^  —  a  and  r^  = 


T 


I 

Then,  as  before, is  greater  than  unity ;  and  if 


r 
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a  be  the  integer  next  below *,  we  have 


—  c  + 

'a  '2 


»•. 


_,.      N-{cr.-aJ  1 

r 

where^  a,  =  cr,  —  a^  and  rg  = '  . 

^2 
The  process  can  be  continued  in  this  way  to  any  extent 

that  may  be  desired.     Thus  JN  =  a  +  T     -  .  j  .  

364.  To  shew  that  any  quadratic  surd  is  equal  to  a  re- 
curring continued  fraction. 

It  is  first  necessary  to  prove  that  the  quantities  which, 
in  the  preceding  Article,  are  called  a,  a^,,  ttg, . . . ,  r^  r,,  r,, ... 
are  all  positive  integers. 

It  is  known  that  iV^  is  a  positive  integer,  and  that  a,  6, 
c,  d, . . .  are  all  positive  integers. 

We  have  the  following  relations  : 

r,^N^a\  (i); 

a,  =  6rj-a,     r^r^  =  N-a;    (ii)  ; 

a3  =  cr,-a,,     r^r^^N-^ai  (iii)  ; 

«4  =  ^^8-»8»    V4  =  -^-«4'  (iv); 

and  so  on. 

Now  it  is  obvious  from  (i)  that  r^  is  an  integer. 

From  (ii)  we  have  r^  = ^^ — ^ =  1  +  2a6  —  ftV^, 

since  N  —  a*  =  r^. 

Thus  a^  =  br^  —  a,  and  r,,  =  1  +  2ab  —  b\;  whence  it 
follows  that  a^  and  r^  are  integers,  since  r^  is  an  integer. 
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From  (iii)  we  have  similarly 

whence  it  follows  that  ag  and  r^  are  integers,  since  a,  and 
r^  are  integers. 

Then  again,  from  (iv)  we  have 

^4  =  dr^  —  cis  and  r4  =  1  +  2a3d  —  cPr^ ; 

whence  it  follows  that  a^  and  r4  are  integers,  since  a^  and  r^ 
are  integers. 

And  so  on;  so  that  a^  and  r^  are  integral  for  all  values 
of  n. 

We  have  now  to  prove  that  a„  and  r^  are  positive  for 
all  values  of  n. 

We  know  that  a,  b,  c,  &c.  are  the  positive  integers 

neai  below  ^JNy , * ,  &c.     Hence  isJN  —  a, 

r  T 

1  9 

ijN—a^t  ^/N'—a^^&c,  and  therefore  also  iV— a",  iV— a/, 
-S^  —  ttg*,  &c.,  are  all  positive.  That  is  r-^,  r^,  r-g,  &c.  are  all 
positive. 

Again,  since  b  is  the  integer  newt  below .  it 

follows  that  ^JN  +  a  <  br^  +  r^.  Now,  a  cannot  be  equal 
or  greater  than  ftr^,  for  then  ^/N<  r,,  and  therefore  a<r^; 
therefore  a  <br^,  since  r^  is  positive  and  b  a  positive 
integer.     Hence  a<br^,8o  that  a^  is  positive. 

Again,  since  c  is  the  integer  next  below ^ ,  it 

2 

follows  that  V^+^2^^^2  +  ^2-  -^^^  ^®  cannot  have, 
a,  >  CTj,  for  then  V-ZV^  <  ^j*  and  therefore  a^  <  r^  <  cr^,  since 
r^  is  positive  and  c  a  positive  integer.  Thus  a^  <  cr^y  so 
that  dg  is  positive. 

And  so  on ;  so  that  a^  is  positive  for  all  values  of  n. 

Having  shewn  that  the  quantities  r^,  r ,  rg,  &c.  and  a, 
a,,  ttg,  &c.  are  all  positive  integers,  it  follows  from  the 
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relation  r^  r^_^  ^  N  —a^  that  a»  is  less  than  Ny  so  that 
a^l^  a\  hence  the  only  possible  values  of  a^  are  1,  2,...,  a. 

Then,  from  the  relation  a^  +  a^^  =  k,r^,  where  &  is  a 
positive  integer,  it  follows  that  r^  cannot  be  greater 
than  2a. 

Hence  the  expression ^  cannot  have  more  than 

2a  X  a  different  values  ;  and  tnerefore  after  2a'  quotients, 
at  most,  there  must  be  a  recurrence. 

365.  Theorem.  Any  quadratic  surd  can  he  reduced 
to  a  periodic  continued  frojction  with  one  non-recurring 
element,  the  last  recurring  quotient  being  twice  the  quotient 
which  does  not  recur ;  also  the  quotients  of  the  recurring 
period,  exclusive  of  the  last,  are  the  same  when  read  back- 
wards or  forwards. 

Let  \/i\r  be  the  quadratic  surd. 

Then,  from  the  preceding  Article,  we  know  that  Jt/Jf 
is  equal  to  a  periodic  continued  fraction. 

We  also  know  that  any  periodic  continued  fraction  is 
equal  to  one  of  the  roots  of  a  quadratic  equation  with 
rational  coefficients ;  and  the  only  quadratic  equation  in  x 
with  rational  coefficients  of  which  ^N  is  one  root  is  the 
equation  a?'  —  JV  =  0. 

Now  the  roots  x>{  a?'  —  JV  =  0  are  both  greater  than 
unity  in  absolute  magnitude,  and  the  roots  are  of  different 
signs :  it  therefore  follows  from  Articles  360  and  361  that 
the  continued  fraction  which  is  equal  to  ^N  must  be  a 
mioced  recurring  continued  frax^tion  with  one  non-recurring 
element 

Hence  we  have 

/AT-     4.1     1  1     1     1     1 

v^-^+6+c+  '"  h  +  k+l-\-b-\-'"' 


or 


^^  b  +  c+"  h  +  k+l  +  h+"" 
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^°^l+-o  +  -+l  +  k  +  l+b+-  ^  ^'^  P'^'^*'^ 
root  of  a  quadratic  equation  with  rational  coefficients; 
and  as  this  positive  root  is  V-^  ""  <^>  *he  negative  root 
must  be  —  a/N  —  a.     Hence,  Art.  360,  we  have 

1  111  111 


^N+a     l+k  +  h+  •••+C  + 6+ ;  +  •••' 

TT  /  ^1        1  111 

Hence       ^ —  ot  +  r  .  i  ,•••,-.  t  .   i.  ... 

11  111 

"■^'*"6  +  c  +  ***  +A  +  A+f +  •••' 

whence  it  is  easy  to  see  that  I  -  a  =^  a,  k  =  b,  h  =  c,  ..,, 


Series  expressed  as  Continued  Fractions. 

366.  To  shew  that  any  series  can  be  expressed  as  a 
continued  fracti(m. 

Let  the  series  be 

'^i  +  ^2  +  ^8  +  ^4+.--+^„+ (i)* 

Then  the  sum  of  n  terms  of  the  series  ^i)  is  equal  to 
the  nth  convergent  of  the  continued  fraction 

u,         u^  u^%         v^u,  u^_,u^ 

This  can  be  proved  by  induction,  as  follows. 

Assume  that  the  sum  of  the  first  n  terms  of  (i)  is  equal 
to  the  wth  convergent  of  (ii).  Another  term  of  the  series 
is  taken  into  account  by  changing  u^  into  w^  +  ^^+j ;  and, 

u     u 
by    changing    u^    into    u^  +  u^+i,      ^-aj!,  y^m     become 

s.  A.  30 


1 
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i 

"^*     " ^^^  ,  which    is    easily   seen   to   be    equal    to  i 

— n-2  n        — n-t  n+i         Thus  the  sum  of  w  +  1  terms  of 

(i)  will  be  equal  to  the  (n  -f  l)th  convergent  of  (u)  provided 
the  sum  of  n  terms  of  (i)  is  equal  to  the  nth  convergent  of 
(ii).  But  it  is  easily  seen  that  the  theorem  is  true  when 
n  is  1  or  2  or  3 :  it  is  therefore  true  for  all  values  of  n. 

Thus  u^  +  ttj  + 1*8  +  ^4  +•  •  '^  ^  terms 

=  ;,      ^—      — —^      — ^-^—     . .  .to  n  quotients. . .  [A  1 

1  — 1*1  +  ^2  -  t^i  +  Wg  —  Wj  + 1*4  —  ^  •-    ■" 

It  can  be  proved  in  a  precisely  similar  manner  that 
Wj  —  Wg  -f  i^g  —  ^4  + to  w  terms 

=  -4     ^—     — —^-.  — ^—        ...to  71  quotients... [BJ. 

1  +tAj-Uj  +  t4,-li,  +  W,-'M4+  ^  ^     ■• 

The  formula  [B]  can  also  be  deduced  from  [A]  by  changing  the 
signs  of  the  alternate  terms. 

367.     The  following  cases  are  of  special  interest : 
r  ±  lV  +  -tt^*  +  ...  to  n  terms 

all  the  upper  signs,  or  all  the  lower  signs,  being  taken. 
And  — + 1 —  + h...  ton  terms 

«!  ttj  O^Z  ^4 

=  —  _  — i — _  — ? — _  ...  to  n  quotients  ...  [D], 
dj  +  a,  +  a^  +  a,  ±  a,  + 

all  the  upper  signs,  or  all  the  lower  signs,  being  taken. 

These  can  be  proved  by  induction  as  in  the  preceding 
Article. 
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Thns  to  prove  [C].    It  is  obvious  by  inspection  that  the  theorem 
is  true  when  n=:2.    Assume  then  that  [C]  is  true  for  any  particular 

value  of  n ;  then,  to  include  another  term  of  the  series  —  must  be 
changed  into  _  *  ±  rhr^  i  and  therefore  ^^^  -  will  become 


which  can  easily  be  seen  to  be  equal  to  =- **  ^  **     . — *— ♦*+t__ ,    Thus, 

if  [C]  be  true  for  any  value  of  n,  it  will  be  true  for  the  next  greater 
value ;  hence  as  [C]  is  true  when  n=2,  it  is  true  for  all  vidues  of  7?. 

The  following  are  particular  cases  of  [C]. 
ttj  ±  a^a^  +  a Affs  ±  a^a^a^a^  + 

1  +  l±or,  T  1  ±a3  + 1  ±a,  + ^   -•' 

11  1  1 

and  —  + -I ± h  . . . 

ai  +  ttjii  1  Tagi  1  Ta,  ±  1+  ^  -•• 

Ex.  I.    Shew  that 

1      1*      32      52 

=  T"o  +  c"^+-'  *<^  infinity.     [Brouncker.] 
i      o      o      7 

Put  «!  =  !,  aj=3,  ag  =  5,  tfec.  in  [D]. 

Ex.  2.     Shew  that 

1      1*      2*      8* 

j-y-j-y.-.to  infinity  =:loge2.     [Euler.] 

Put  ai=l,  aj  =  2,  03  =  3,  (fee.  in  [D]. 

•  The  formula  [A]  is  due  to  Euler;  [C]  is  given  by  Dr  Glaisher  in 
the  Proceedings  of  Die  London  Mathematical  Society y  Vol.  v* 

80—2 
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Ex.'  3.    Find  the  value  of  =-  .  ^  ,  s  ,  o  ,  j  .      •  *<>  infinity. 

1+1+2+3+4+ 

From  [F]  we  see  that 

112     3  X    .  «    x 

iH.l  +  2  +  3+-*^^^^^*y 

+  = — TT-i;  -  1  -n  -5 — A  +  .-.  to  infinity  =1  - e-^. 


"1      1.2^1.2.3     1.2.3.4 

13      3 
Ex.  4.    Find  the  nth  convergent  of  -  ,  ;=  ,  ^      .... 

o  +  A  +  «  + 

From  [F]  we  have 

1_    1  1  _1     3     3 

3"  373  "^3.  3.  3      ••"3  +  2  +  2+   ■•• 

Hence  the  nth  convergent  required  =-Jl-f-gj  Y  . 

Ex.5.     Shewthat      l  +  [  __^  _  ^  _^^^ -=er, 

r     r .r      r ,r ,r      r  .r ,r ,r 
^'■=^  +  1  + 172  + 17273  +  1727874+ - 

,     r        r  2r        3r  r    _  r/^i 

=  l  +  I.,T2-f+3-r-n-      '''^"^f^^* 


EXAMPLES  XXXVII. 

1.  Find  the  continued  fractions  equivalent  to  the  following 
quadratic  surds : 

(1)   s/17,         (2)    JUO,        (3)    ^33,         (4)    ^^3,     • 

(5)   V(«'+l),         (6)    V(a*+2a). 

2.  Shew  that  JN  =a+  ^       ^      . . . ,  where  a  has  any  value 
whatever,  and  h  =  N^a^. 

3.  Find  the  value  of 
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"i)     «     H     T     F     T     e      ...  to  infinity. 
'     2+3+4+5+4+5+  ^ 

4.  Shew  that 

7  +  T-j      T-i      •••  to  infinity  =  5  ( 1  +  t^      ^      ...  to  infinity  J . 
14  +  14+  ^         \        2  +  2+  '' ) 

5.  Shew  that 

\a  +  6  +  c +5 +  a  +  *"/    V        c+6+a+S+"*/ 

6  +  ^  +  6cc/ 
a  +  c  +  ac6  * 

6.  Shew   that,  if  aj  =  y  +  H-      k-      ...    to   infinity,  then 

^     2y  +  2y  +  •" 

7.  Shew  that,  if 

a?  =  -     7-     -     7-      ...  to  infinity, 
a  +  6+a+5+  "^ 

1111 
and  »=7r      th      ^      i^?      ...  to  infinity : 

3a  +  36  +  3a  +  36  +  -^  ' 

then  will      a;  (y"  -  »»)  +  2y  («^  -  aj»)  +  3^  (aj*  -  y")  =  0. 

8.  Shew  that,  if  n  be  any  positive  integer, 

^«_1«     ^«_2«     ri'-3' 

W=l+  j: = =- 

3      +      6      +      7       + 

9.  Shew  that 

l  +  a»  +  a*+...+a'"  111 

a  +  a  +a^  +  ,.. +a'    ^  all 

a-\ a  +  — 

a  a 

to  n  quotients. 


470  EXAMPLES. 

10.  Shew  that,  if 

a      c     a      c  .  c      a      c      a 

"b  +  d  +  b  +  d-^"'  ^~d  +  b+d  +  b+"'' 

then  bx-dy  =  a-e. 

11.  Shew  that  the  ratio  of 

1111  ,^1111 

l+6+a+l+  l+a+6+l+ 

is  1  +  a  :  1  +  6. 

12.  Shew  that  the  nth  convergent  of 

14      2      2  .     2"-l 

_  _  IC         . 

3_3-3-3--'        r  +  r 

13.  Shew  that  the  nth.  convergent  of 

1  1  1        (i+72r-(i-^2r. 

^"^2+2+2+-*^      (l  +  ^2)"-(l-V2)"    • 

12     2     2 

14.  Shew  that  the  ri-th  convergent  of  =-      ^      «      o 

is2"-l. 

15.  Shew  that  the  wth  convergent  of 

1  ah  ah  ,        a*-b* 


IS 


a  +  b-a  +  b-a^b-'"         a-+»-6-+»- 

16.  Find  the  wth  convergent  of  the  continued  fraction 

2      3      8  r'-l 

1-5-7-  •••-2r  +  l-  •"  • 

17.  In  the  series  of  fractions  — ,  — ,  &c.,  where  the  law 

of  formation  is  p^  =  q^_^y  S'r  =  (^*"  l)i^r-i  +  ^^'^-i  ^   prove  that 

the  limit  of  —  when  w  is  infinitely  jsrreat  is  r . 

q^  -^  ^  1  +  7i 
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18.  Shew  that  in  the  continued  fraction 

a       a      a  a 

_1         __I         _5  _2 

ft,  +  6g  +  ^3  4-  "*  +  5^  +  *"' 
the  wth  convergent  is  to  the  {n  -  l)th  in  the  ratio 

ft     4-         »  _?      •      ft      4.     !L  _? 

"     ft,+       +6,        "6,+       +5, 

19.  Shew  that,  if  y,,  ^g,  <fec.,  be  the  convergents  of  a  simple 

periodic  continued  fraction  found  by  taking  1,  2,  <fec.,  complete 

,     P    F 
periods,  and  if   >^,   7?  ^  *^®  ^^^  convergents  immediately 

preceding  y,.  then  y  =  _,- ^~^ — ^, 

20.     If  ^  be  any  integer  not  a  perfect  square,  and  if  JZ 
be  converted  into  a  continued  fraction 

11  1      I,      1 

b  +c  +'"  +k  +  2a  +  b  -^  "*' 

aiid  if  the  convergents  obtained  by  taking  one,  two,  ...,  i 
complete  periods,  each  period  terminating  with  k^  be  denoted 
by  P,,  Pg  ...,  Pg,  prove  that 

21.  Find  the  nth  convergent  of  the  continued  fraction 

1  1  1 

and  shew  that  the  limit  of  the  wth  convergent  when  w  is 
indefinitely  increased  is  a  or  a"  *  according  as  a  is  numerically 
less  than  or  greater  than  unity. 

22.  Shew  that  the  nth  convergent  of 

12     3     3 


_  _  IQ  ._ 

2+2  +2  +  2  +  -"         8 


{'-(-5)'}-     ■ 


2 
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23. 

Shew  that 

_«        i-            3J                X                X                   j.»/»»j. 

1  +1  -a  +  2-aj  +  3-05+                      "^ 

24. 

Shew  that 

05      as*       as*                X       ax         hx 

a     ah     ahc      *"  ~a+6-a3  +  c-a5+  *"' 

25. 

Shew  that 

—       —       —       —       —        .       \jr%  infimtv  =  /»    a. 

26.  Find  the  value  of 

113     6  3(w-2)  ,    .  «  ., 

i^      rt      e      H      •••      -^^ T        ...  to  infinity. 

1+2  +  5+8+       +3n-4+  "^ 

27.  Shew  that 

1      r.3*     ^.^     3'.  5'  (n-l)'(yi+l)' 

3+5      +7     +     9      +'"+         2n+ 1 

"1.3     2.4     3.5      •••■^V-^;      7i(w  +  l)' 

28.  Shew  that  the  wth  convergent  of 
2     2      2     2  .      ^    2"-l 

:r      t:       ...     is     6 


1  -.9-l-.9_--*     "^     "2"+»-l* 

29.  Shew  that  the  wth  convergent  of 

14      14  .    6ri-l  +  (-l)" 

3-3-3-3-"*  '%7^  +  7  +  (-l)"' 

1*     2*     3* 

30.  Shew  that  ^     -^     ^      ...   to  infinity  =  1. 

31.  Shew  that 

.  1      1.2     3.4     5.6  ^    .  „  .^ 
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32.     Shew  that 


,       1        1      2.3     4.5     6.7  ,    .  ^  .,. 

1 J7Z  =  ^      -^ —     -— -      -rr—      ...  to  infinity. 

^2     2+1     +    1+1+  -^ 


...to  infinity  =  1. 


33.  Shew  that 

1      3^     6^     7.8     9.10 
4-    9    -  13   -    17-    21    - 

34.  Shew  that  (1  4- a;)" 

VM        {n-l)x  2{n-2)x         3(y^-3)a; 

"        T  -2  +  (w-l)aj  -3  +  (n-2)aj  -  4  +  (n  -  3)  a;  -  " ' 

35.  Shew  that,  if  n  be  a  positive  integer, 

n     n-l      2(n-2)      3(n-3)  (^-1)1 

1-w  +  l-    n+l     -    n  +  l     -        -    n+l 

36.  Shew  that  (l+?)(l+|,)(l +  !„)... 

-      X      a{x-^a)       a'  (x  +  a') 

a  '-X  +  a  +  a'  —  x  +  a  +a''  —  ' *' 

37 .  Shew  that  -      = =■      ,  ...  to  infinity 

w-2w-fl-3w+l-  "^ 

1  n  2n  J,    '  n  'J. 

= r     7i T     5 T      . .    to  infinity. 

w-1 +2n-l  +3n-l  +  "^ 


CHAPTER  XXVIII. 

Theory  of  Numbers. 

368.  Throughout  the  present  chapter  the  word  number 
will  always  denote  a  positive  whole  number;  also  the  word 
divide  will  be  used  in  its  primitive  meaning  of  division 
without  remainder.  The  symbol  M  (p)  will  often  be  used 
instead  of '  a  multiple  of  p! 

Definitions.  A  number  which  can  only  be  divided 
by  itself  and  unity  is  called  a  prime  number,  or  a  prime, 

A  number  which  admits  of  other  divisors  besides 
itself  and  unity  is  called  a  composite  number. 

Two  numbers  which  cannot  both  be  divided  by  any 
number,  except  uoity,  are  said  to  be  prime  to  one  another y 
and  each  is  said  to  be  prime  to  the  other. 

369.  The  Sieve  of  Eratosthenes.  The  different 
prime  numbers  can  be  found  in  order  by  the  following 
method,  called  the  Sieve  of  Eratosthenes. 

Write  down  in  order  the  natural  numbers  from  1  to 
any  extent  that  may  be  required  :  thus 

1,  2,  3,  4,  5,  6,  7,  8,  9,  10 

11,  12,  13,  14,  15,  16,  17,  1*8,  19,  20 

2i,  22,  23,  24,  25,  2*6,  27,  28,  29,  30 

31,  32,  33,  34,  35,  36,  37,  38,  39,  40  &c. 

Now  take  the  first  prime  number,  2,  and  over  every 
second  number  from   2  place  a  dot:    we  thus  mark  all 
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multiples  of  2.  Then,  leaving  3  unmarked,  place  a  dot 
over  every  third  number  from  3 :  we  thus  mai'k  all  multi- 
ples of  3.  The  number  next  to  3  which  is  unmarked  is  5 ; 
and  leaving  5  unmarked,  place  a  dot  over  every  fifth 
number  from  6  :  we  thus  mark  all  multiples  of  5.  And  so 
for  multiples  of  7,  &c. 

Having  done  this,  all  the  numbers  which  are  left 
unmarked  are  primes,  for  no  one  of  them  is  divisible  by 
any  number  smaller  than  itself,  except  unity. 

It  should  be  here  remarked  that  if  a  composite  number 
be  expressed  as  the  product  of  two  factors,  one  of  these 
must  be  less  and  the  other  greater  than  the  square  root  of 
the  number,  unless  the  number  is  a  perfect  square,  in 
which  case  each  of  the  factors  may  be  equal  to  the  square 
root.  Hence  every  composite  number  is  divisible  by  a 
prime  not  greater  than  its  square  root.  On  this  account 
it  is,  for  example,  only  necessary  to  reject  as  above  multi- 
ples of  the  primes  2,  3,  5  and  7  in  order  to  obtain  the 
primes  less  than  121,  for  every  composite  number  less  than 
121  is  divisible  by  a  prime  less  than  11. 

.  370.     Theorem.     The  nwmher  of  primes  is  infinite. 

For,  if  the  number  of  primes  be  not  infinite,  there 
must  be  one  particular  prime  which  is  greater  than  all 
others.  Let  then  p  be  the  greatest  of  all  the  prime  num- 
bers.    Then  Ip  will  be  divisible  by  p  and  by  every  prime 

less  than  p.     Hence  Ip  +  1  will  not  be  divisible  by  p  or 

by  any  smaller  prime ;  therefore  ^  -f  1  is  either  divisible 

by  a  prime  greater  than  p,  or  it  is  itself  a  prime  greater 
than  p.  Thus  there  cannot  be  a  greatest  prime  number ; 
and  therefore  the  number  of  primes  must  be  infinite. 

Ex.    Find  n  consecutive  numbers  none  of  which  are  primes. 

The  nimibers  are  given  by  Iw+l+r,  where  r  is  any  one  of  the 
numbers  2,  3,  ...,  (w+1). 

371.  Theorem.  No  rational  integral  algebraical 
formula  can  represent  prime  numbe7*s  only. 
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For,  if  possible,  let  the  expression  a±bx±ca}^  ±  da?  +  . . . 
represent  a  prime  number  for  any  integral  value  of  a?,  and 
for  some  particular  constant  integral  values  of  a,  6,  c,  ...  . 
Give  to  X  any  value,  m  suppose,  such  that  the  whole 
expression  is  equal  to  p,  where  p  is  neither  zero  nor 
unity ;  then  p  =  a  ±bm  ±  cm*  +  . . . .  Now  give  to  x  any 
value  m  +  np,  where  n  is  any  positive  integer ;  then  the 
whole  expression  will  be 

a  ±  b{m  +  np)  ±  c  (m  +  npY  ±  ...  =  a  ±  6m  ±  cm*  ±  ... 

+  M{p)=p-\-M(p). 

Thus  an  indefinite  number  of  values  can  be  given  to  x 
for  each  of  which  the  expression  a  ±bx  ±cx*  ±  ,.,  is  not 
a  prime. 

In  connexion  with  the  above  theorem,  the  following  formnlae 
are  noteworthy: — 

(i)    a^  +  x  +  H,  which  is  prime  it  x<.  40.    [Enler.] 

(ii)    x^+x  + 17,  which  is  prime  if  a;  <  16.     [Barlow.] 

(iii)    2a;2 + 29,  which  is  prime  if  a;  <  29.    [Barlow.  ] 

372.  The  student  is  already  acquainted  from  Arith- 
metic with  many  properties  of  factors  of  numbers :  these 
all  depend  upon  the  following  fundamental 

Theorem: — If  a  number  divide  a  product  of  two 
factors,  and  be  prime  to  one  of  the  fa^ctorSy  it  will  divide 
the  other. 

For,  let  ab  be  divisible  by  x,  and  let  a  be  prime  to  x. 

Reduce  -  to  a  continued  fraction,  and  let  -  be  the  con- 
ic q 

vergent  which  immediately  precedes  - ;  then  [Art.  354, 1.] 

qa  —  px=^±l)  :,  qab  —pxb  =  ±  6.  Now  qab  is,  by  supposi- 
tion, divisible  by  p ;  and  therefore  qab  —  pxb  must  be 
divisible  by  p,  that  is  b  must  be  divisible  by  p. 

From  the  above  theorem  the  following  can  easily  be 
deduced : — 
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I.  If  a  prime  number  divide  the  product  of  several 
factors  it  must  divide  one  at  least  of  the  factors. 

II.  If  a  prime  number  divide  a*  it  will  divide  a. 

III.  If  a  be  prime  to  each  of  a,  )9,  7,  ...  it  will  be 
prime  to  the  product  a/3y. . . . 

IV.  If  a  be  prime  to  6,  a"  will  be  prime  to  6"*. 

V.  If  a  number  be  divisible  by  several  primes 
separately  it  will  be  divisible  by  the  product  of  them  all. 

373.  Theorem.  Every  composite  number  can  be  re- 
solved into  prims  factors ;  and  this  can  he  done  in  only  one 
way. 

For,  if  N  be  not  a  prime  number,  it  can  be  divided 
by  some  number,  a  suppose,  which  is  neither  N  nor  1 : 
thus  N  =  ah.  Again,  if  a  and  h  be  not  primes,  we  have 
a  =  cy^d,  h^exfy  and  therefore  N  =  cdef.  Proceeding 
in  this  way,  since  the  factors  diminish  at  every  stage, 
we  must  at  last  come  to  numbers  all  of  which  are  primes. 
Thus  JV'  can  be  expressed  in  the  form  ax/8x7xSx..., 
where  a,  )3,  7,  S,  . . .  are  all  primes  but  are  not  necessarily 
all  different,  so  that  N  may  be  expressed  in  the  form 
0*^8^''...,  where  a,  )8,  7, ...  are  the  different  prime  factors 
ofi^. 

Next,  to  shew  that  there  is  only  one  way  in  which  a 
number  can  be  resolved  into  prime  factors. 

Suppose  that  N=abcd...,  where  a,  6,  c,  d,...  are  all 
primes  but  are  not  necessarily  all  different ;  suppose  also 
that  N^  aj3yS. . . ,  where  a,  /S,  7,  8. . .  are  also  primes.  Then 
we  have  abed,,.  =  afiyS....  Hence  a  divides  0)878... ;  and 
therefore,  as  all  the  letters  represent  prime  numbers,  a 
must  be  the  same  as  one  of  the  factors  of  aj3yS...,  Let 
a  =  a;  then  we  have  bed, . .  =  ^878. . . ,  from  which  it  follows 
that  b  must  be  equal  to  one  or  other  of  )8,  7,  S, . . . ;  and  so 
on.  Hence  the  prime  factors  a,b,c,...  must  be  the  same 
as  the  prime  factors  a,  ^,  7,.... 

Ex.    Express  29645,  13689  and  90508  in  terms  of  their  prime  factors. 

Ann,   5.7M1«,  3* .  13-' and  2M1M7. 
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374.     To  fimd  the  highest  power  of  a  priine  number 
contained  in  \n. 

-J  denote  the  integral  part  of  - ;  and  let  a  be 
any  prime  number.     Then  the  factors  in  i  n  which  will  be 

divisible  by  a  are  a,  2a,  3a, ...,/[-  j .  a.    Thus  /  (- )  factors 

of  \n  will  be  divisible  by  a.     Similarly  /(—a)  factors  will 

be  divisible  by  a\    And  so  on. 

Hence  the  whole  number  of  times  the  prime  number  a 

is  contained  in  [ri  is  /  [-)+^  (-i)  +  ^  (-^)  +  •••• 


Ex.  1.    Find  the  highest  powers  of  2  and  7  contained  in  1 50. 

He.     X(f)  =  25.      x(f)  =  X2.     X  (f )  =6.  ^(f )  =3. 

I  f  ^  j  =  1.     Hence  2*^  is  the  required  highest  power  of  2. 

Again,  I/— -j=7,  I  l-=^j=l.    Hence  7^  is  the  required  highest 

power  of  7. 

Ex.  2.    Find  the  highest  powers  of  3  and  5  which  wlU  divide  1 80. 

Ans.  3««,  519. 

Ex.  3.    Find  the  highest  power  of  7  which  will  divide  1 1000. 

Ana.   71**. 

375.    Theorem.     The  product  of  any  r  consecutive 
numbers  is  divisible  by  \r. 

Let  n  be  the  first  of  the  r  consecutive  numbers ;  then 
we  have  to  shew  that  — — / ^ ~, 

Ir 

ri  +  r  —  1 

,  ,  is  an  integer, 

\r  n-1   '  ^ 

L-    I 

?i  +  r  —  1 
The  theorem  follows  at  once  from  the  fact  that 


or 


r  71  —  1 


is  «^.  ,C  and  the  number  of  combinations  of  71  +  r  —  1 
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things  r  together  must  be  a  whole  number  for  all  values 
of  n  and  of  r. 

The  theorem  can  also  be  proved  at  once  from  first 
principles  by  means  of  Art.  374. 

For  it  is  obvious  that  /  (~^^  <  I  f^)  +  ^  Q  > 

/  [ -J ] <t  I  i — ^— )  +  -^ (-«) »  and  so  on.    Hence  from 

Art.  374  it  follows  that  the  number  of  times  any  prime 
number  is   contained   in  I  n  +  r  —  1    can   never   be   lesSy 

although  it  may  be  greater,  than  the  number  of  times 
the  same  prime  number  is  contained  in  n  —  1  x  Ir.    Thus 

every  prime  number  which  occurs  in  |n  —  1  x  Ir,  occurs  to 

at  least  as  high  a  power  in  In  +  r  —  1,  which  proves  that 


k  +  r  —  1  is  divisible  by  w  —  1  x 


r. 


It  can  be  proved  in  a  similar  manner  that 


ja|^[7.... 
is  an  integer,  where  a  +  /9  +  7+...=n. 

376.  If  n  he  a  prime  number  the  coefficient  of  every 
term  in  the  expansion  of  (a  +  by  except  the  first  and  last 
terms  is  divisible  by  n. 

For,  excluding  the  first  and  last  terms,  any  coefficient 

,     7i(w  — l)...(w  — r +  1)       ,  .  .   , 

IS  given  by  — ^^ ^—j^ ,  where  r  is  any  integer 

between  0  and  n. 

Now,  by  the  preceding  Article,    -    -'     

is  an  integer;  and,  as  w  is  a  prime  number  greater  than  r,  n 

must  be  prime  to  \r:  and  therefore  ^^ — r — ^^ 

^  '-  vr 

must  be  an  integer.     Hence  every  coefficient,  except  the 
first  and  last,  is  divisible  by  n. 

Similarly,  if  ti  be  a  prime  number,  the  coefficient  of 
every  term  in  the  expansion  of  {a  +  b  +  c+  ...)^  which 


480  THEORY  OF  NUMBERS. 

contains  more  than  one  of  the  letters,  is  divisible  by 
n. 

For  the  coefficient  of  any  term  which  contains  more 

than  one  of  the  letters  is  of  the  form  -. — r^. ,  where 

|a|^|7... 

In 
a-f /S  +  7+ ...  =n.     NoW|-r~j        is  an  integer ;  and,  as 

n  is  a  prime  greater  than  any  of  the  letters  a,  )8,  7,  ...,  n 
must  be  prime  to  la  [^  [7... ;  and  therefore  the  coefficient 

of  every  term  which  contains  more  than  one  letter  is 
divisible  by  n, 

Ex.  1.  Shew  that  n{n+l)  (2n+l)  is  a  multiple  of  6. 

Ex.  2.  Shew  that,  if  n  be  odd,  (n^  +  3)  (n^  +  7)  =ilf  (32). 

Ex.  3.  Shew  that,  if  n  be  odd,  n*  +  M+ll=M  (16). 

Ex.  4.  Shew  that  1  +  7**+^ = Jif  (8). 

Ex.  5.  Shew  that  1^-1=M  (360). 

.    Ex.  6.  Shew  that,  if  n  be  a  prime  namber  greater  than  3, 

n(n2-l)(n3-4)=Jlf(360). 

377.  Permat'B  Theorem.  Ifnhe  a  prime  number, 
arid  m  any  number  prime  to  n ;  then  m**"^  —  1  will  be 
divisible  by  n. 

We  know  that  when  n  is  a  prime  number,  the  coeffi- 
cient of  every  term  in  the  expansion  of  {a^  +  a^+...+  a^'*, 
which  contains  more  than  one  of  the  lettei*s,  is  divisible  by 
n.  Now  there  are  m  terms  each  of  which  contains  only 
one  letter  and  the  coefficient  of  each  of  these  terms  is  1. 
Hence,  putting  a^  =  a^  =. .  .=  1,  we  have 

m"  =  m  +  ikf  (n) ;  .'.  m  (m""'  -  1)  =  J/  (n). 

Hence,  if  m  be  prime  to  n,  771*"^  —  1  will  be  a  multiple 

of  71. 

Ex.  1.    Shew  that,  if  n  be  a  prime  number, 

in-i  +  2»»-i  +  3*-i  +  ...  +  (n-l)»-i  +  l=itf(n). 

Ex.  2.    Shew  that,  if  a  and  b  are  both  prime  to  the  prime  number  n  *, 
then  will  a*-^  -  6**~^  be  a  multiple  of  n. 

Ex.  3.     Shew  that  n^ -n^M (30). 
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Ex.  4.     Shew  that  n^  -  n = itf  (42). 

Ex.  6.     Shew  that  x^^  -y^^=M  (1365),  if  a;  and  y  are  prime  to  1365. 

Ex.  6.    Shew  that,  if  m  and  n  are  primes ;  then 

m»»-^  +n"*-i  -  l=M{mn), 

Ex.  7.    Shew  that,  if  m,  n  and  p  are  all  primes ;  then 
{7ip)^-^  +  (pm)^-^+(mn)P-^  -1=M  (mnp), 

Ex.  8.  Shew  that  the  4th  power  of  any  number  is  of  the  form  5m 
or  6w+l. 

Ex.  9.  Shew  that  the  12th  power  of  any  number  is  of  the  form  139i 
orl3m+l. 

Ex.  10.  Shew  that  the  8th  power  of  any  number  is  of  the  form  17m 
or  17m  ±1. 

378.    To  find  the  number  of  divisors  of  a  given  number. 
Let  the  given  number,  N,  expressed  in  prime  factors, 

be  a'b^(f Then  it  is  clear  that  JV  is  divisible  by 

every  term  of  the  continued  product 

(l+a  +  a*+...+  a')(l  +  6  +  6'+...+  6'')(l  +  c  +  c'-f...+c*)... 

Hence  the  number  of  divisors  of  N,  including  JV  and 
1,  is 

(x  +  l){y  +  l)(z+l) 

Ex.  1.    The  number  of  divisors  of  600,  that  is  of  2^ .  3 .  5^,  is 

(3  +  l)(l  +  l)(2  +  l)  =  24. 

Ex.  2.    Find  the  sum  of  the  divisors  of  a  given  number. 

The  given  number  being  ^=a*6yc*...,  the  sum  required  is  easily 
seen  to  be 

(l-a*+i)(l-&y+^)(l-c'+J)... 

(l-a)(l-6)(l-c)... 

Ex.  3.    Find  the  number  of  divisors  of  1000,  3600  and  14553. 

Ans,  16,  45,  24. 

Ex.  4.  Shew  that  6,  28  and  496  are  perfect  numbers.  [A  perfect 
number  is  one  which  is  equal  to  the  sum  of  all  its  divisors,  not 
considering  the  number  itself  as  a  divisor.] 

Ex.  5.    Find  the  least  number  which  has  6  divisors.  Ans,   12. 

Ex.  6.    Find  the  least  number  which  has  15  divisors.  Ans,   144. 

Ex.  7.    Find  the  least  number  which  has  20  divisors.  Ans,  240. 

Ex.  8.  Find  the  least  numbers  by  which  4725  must  be  multiplied 
in  order  that  the  product  may  be  (i)  a  square,  and  (ii)  a  cube. 

Ans,  21,  245. 
S.  A.  31 
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379.  To  find  the  number  of  pairs  of  fa/dora,  prime  to 
each  other,  of  a  given  number. 

Let  the  given  number  be  J\r  =  a'l^if. , . ;  then,  if  one  of 
two  factors  prime  to  each  other  contains  a,  the  other  does 
not ;  and  so  for  all  the  other  different  prime  factors 

Hence  the  factors  in  question  are  the  different  terms 
in  the  product  (1  +  a')  (1  +  6'')  (1  +(f)...,  the  number  of 
them  being  2*  where  n  is  the  number  of  different  prime 
factors  of  N.  The  number  of  different  pairs  of  factors 
prime  to  each  other  is  therefore  2""*,  in  which  result  N 
and  1  are  considered  as  one  pair. 

380.  To  find  the  number  of  positive  integers  which  are 
less  than  a  given  number  and  prime  to  it. 

Let  the  given  number  be  J\r=  a'l/(f...,  where  a,  6,  c,... 

are  the  different  prime  factors  of  N. 

The  terms  of  the  series  1,  2,  3,...,  N  which  are  divisible 

N  N 

by  a  are  a,  2a,  3a...., —  a:   and  therefore  there  are — 
•^  ^  a  a 

N 
numbers  which  are  divisible  by  a.     So  also  there  are  -j- 

JV   .  .  .  JV    .  . 

numbers  divisible  by  b,  j-  divisible  by  be,  -v-  divisible  by 

ahc,  and  so  on. 

We  will  now  shew  that  every  integer  which  is  less 
than  N  and  not  prime  to  N  is  counted  once  and  once  only 
in  the  series 

a      ^  ah  abc  abed    ^  ^* 

Suppose  an  integer  is  divisible  by  only  one  prime  factor 

of  N,  a  suppose;  then  that  integer  is  counted  once  in 

N 
(a),  namely  as  one  of  the  —  numbers  which  are  divisible 

by  a. 

Next  suppose  an  integer  is  divisible  by  r  of  the  prime 
factors  a,  6,  c,...;  then  that  integer  will  be  counted  r 
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times  in  S  — ,  it  will  be  counted  -~ — ^  ^  times  in  S  -v , 
a  1.2  ab 

it  will  be  counted  -^-^j — ^-^r — -  times  in  2  -=-  ,  and  so 

1.2.3  abc 

on.     Hence  the  whole  number  of  times  an  integer  divisible 
by  r  of  the  prime  factor  is  counted,  is 

r  (r-1)-.  r  (r-1)  (r-2)                   .^,  r  (r- l)...l 
+   — ^ — o — Q •••+v-a;     


1.2      '         1.2.3 

Thus  every  number  not  prime  to  N  is  counted  once  in 
(a) ;  and  therefore  the  number  of  positive  integers  less 
than  N  and  not  prime  to  JV  is  given  by  (a) ;  provided 
however  that  unity  is  considered  to  be  prime  to  N", 

Hence  the  number  of  positive  integers  less  than  N  and 
prime  to  iV  is 

jST-S — h  2  -T  -  S  -I-+... 
a  ab  abc 

(  a        ab        abc        ) 

Ex.  1.    Find  the  number  of  integers  less  than  100  and  prime  to  it. 
Since  100=2* .  6*,  the  number  required  is 

100(l-^)(l-i)-l=89. 

Ex.  2.    Find  the  number  of  integers  less  than  1575  and  prime  to  it 

Ans.  719. 

Ex.  3.    Shew  that  the  number  of  integers,  including  unity,  which 

are  less  than  N\N->2'\  and  prime  to  N  is   even,  and  that  half 

N 
these  numbers  are  less  than  ^  . 

I  For  if  a  be  prime  to  J*/^  so  also  is  N-a\  and  if  «>  "o*  ^^^ 

31—2 
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381.  FormB  of  square  numbers.  Some  of  the 
different  possible  and  impossible  forms  of  square  numbers 
will  be  seen  from  the  following  examples : — 

£x.  1.     Shew  that  every  square  is  of  the  form  3m  or  3m  + 1. 

For  every  number  is  of  the  form  3m  or  Sm^i^h  Henoe  every 
square  is  of  the  form  9m  or  3m  + 1. 

Ex.  2.     Shew  that  every  square  is  of  the  form  5m  or  5m  ^  1. 

For  every  number  is  of  the  form  Snit  5m±l  or  5mdb2 ;  and  there- 
fore every  square  is  of  the  form  5m,  5m  + 1  or  5m +4. 

Ex.  3.    Shew  that,  if  a^  +  l^= c^  where  a,  6,  c  are  integers ;  then  wiU  cibe 
be  a  multiple  of  60. 

First,  every  square  is  of  the  form  3m  or  3m  + 1 ;  and  therefore 
the  sum  of  two  squares  neither  of  which  is  a  multiple  of  3  is  of  the 
form  dm +2  which  cannot  be  a  square.  Hence  either  a  or  h  must  be 
a  multiple  of  3. 

Again,  every  square  is  of  the  form  5m  or  5m  ^  1.  The  sum  of  two 
squares  neither  of  which  is  a  multiple  of  5  is  therefore  of  one  of  the 
forms  5m,  or  5m=t2.  Now  no  square  can  be  of  the  form  5m=t2 ;  and 
if  a  square  be  of  the  form  Sm^  its  root  must  be  a  multiple  of  5. 
Hence,  if  ah  is  not  a  multiple  of  5,  c  will  be  a  multiple  of  5.  Thus, 
in  any  case,  abc  is  a  multiple  of  5. 

Lastly,  since  every  number  is  of  the  form  4m,  4m +  1,  4m +  2  or 
4m +3,  every  square  is  of  the  form  16m,  8m +1,  16m +4.  Now  a 
and  b  cannot  both  be  odd,  for  the  sum  of  their  squares  would  then  be 
of  the  form  8m +2  which  cannot  be  a  square.  Also,  if  one  is  even 
and  the  other  odd,  the  even  number  must  be  divisible  by  4,  for  the 
sum  of  two  squares  of  the  forms  8m  + 1  and  16m  +  4  respectively  is  of 
the  form  8m +  5  which  cannot  be  a  square.  It  therefore  follows  that 
ab  must  be  a  multiple  of  4. 

Thus  abc  is  divisible  by  3,  by  5  and  by  4 ;  hence,  as  3,  4  and 
5  are  prime  to  one  another,  ahc=M((oO), 

Ex.  4.     Shew  that  every  cube  is  of  the  form  7m  or  7m  ±1.    Shew  also 
that  every  cube  is  of  the  form  9m  or  9m  ±  1. 

Ex.  5.    Shew  that  every  fourth  power  is  of  the  form  5m  or  5m  + 1. 

Ex.  6.     Shew  that  no  square  number  ends  with  2,  3,  7  or  8. 

Ex.  7.    Shew  that,  if  a  square  terminate  with  an  odd  digit,  the  last 
figure  but  one  will  be  even. 

Ex.  8.    Shew  that  the  last  digit  of  any  number  is  the  same  as  the  last 
digit  of  its  (4n  +  l)th  power. 

Ex.  9.    Shew  that  the  product  of  four  consecutive  numbers  cannot 
be  a  square. 
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EXAMPLES  XXXVIII. 

1.  Shew  that  the  difference  of  the  squares  of  any  two 
prime  numbers  greater  than  3  is  divisible  by  24. 

2.  Shew  that,  if  9i  be  a  prime  greater  than  3, 

7J  (n«  -  1)  (71*  -  4)  (r6»  -  9)  =  Jf  (2^  3« .  5 .  7). 

3.  Shew  that,  if  n  be  any  odd  number, 

(n  +  2my  -  (ri  +  2m)  =  M(2^). 

4.  Shew  that  a*""'''  -  a'""'"  =  M  (30). 

5.  Shew  that,  if  N  —  a^  =  x  and  (a  +  l)*~iV^=y,  where  x 
and  y  are  positive;  then  i\^  — icy  is  a  square. 

6.  How  many  numbers  are  there  less  than  1000  which  are 
not  divisible  by  2,  3  or  5  ? 

7.  P,  Q,  B,  Pj  q,  r  are  integers,  and  jo,  q,  r  are  prime 

P      O      R 

to  one  another  :  prove  that,  if  —  +  —  +  —  be  an  integer,  then 

^  p      q      r 

— ,  —  and  —  will  all  be  integers. 
p     q  r 

8.  Shew  that  284  and  220  are  two  *  amicable'  numbers, 
that  is  two  numbers  such  that  each  is  equal  to  the  sum  of  the 
divisors  of  the  other. 

9.  Shew  that,  if  2»  -  1  be  a  prime  number,  then  2""'  (2"  -  1 ) 
will  be  a  *  perfect'  number,  that  is  a  number  which  is  equal  to 
the  sum  of  its  divisors. 

10.  Find  all  the  integral  values  of  x  less  than  20  which 
make  a;*'  -  1  divisible  by  680. 

11.  Shew  that  no  number  the  sum  of  whose  digits  is  15  can 
be  either  a  perfect  square  or  a  perfect  cube. 

12.  Shew  that  every  square  can  be  expressed  as  the  differ- 
ence between  two  squares. 
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13.  Find  a  general  formula  for  all  the  numbers  which  when 
divided  by  7,  8,  9  will  leave  remainders  1,  2,  3  respectively; 
and  shew  that  498  is  the  least  of  them. 

14.  If  7%  be  a  prime  number,  and  N  prime  to  n,  shew  that 
jVrn2-n«  1  =M{n%  and  that  iV^~^-«'-^ - 1  =M{n'). 

15.  Shew  that,  if  ?i  be  a  prime  number  and  N  be  prime  to 
«,  then  will  N'^'^-^^''-'^-\=M{n^). 

16.  Shew  that,  if  jp  be  a  prime  number,  and  (1  +  «)'"'  =  1  + 
a^x  +  aV  +  a^ix?  +  . .. ;  then  a^  +  2,  a^- 3,  a^  +  4,  &c.  will  be 
multiples  of  p, 

17.  Shew  that  if  three  prime  numbers  be  in  A.  p.  their 
common  difference  will  be  a  multiple  of  6,  unless  3  be  one  of 
the  primes. 

|2a  126 

18.  Shew  that      77-,  —  ,  is  an  integer. 

19.  Shew  that  . — =v-i—  is  an  integer. 

\n/r 

20.  Shew  that  ,  "-r,  ,,  is  an  integer. 

\n{\rY  ^ 

21.  Each  of  two  numbers  is  the  sum  of  n  squares  ;  shew 
that  the  product  of  the  two  numbers  cau  be  expressed  as  the 
sum  ofJw(n  —  1)+  1  squares. 

22.  Shew  that  a*  +  6'  cannot  be  divisible  by  3,  unless  both 
a  and  h  are  divisible  by  3  ;  shew  also  that  the  same  result  holds 
good  for  the  numbers  7  and  11. 

23.  Shew  that  if  a*  +  6'  =  c*,  then  a5(a»-6')  will  be  a 
multiple  of  84. 

24.  Shew  that  no  rational  values  of  a,  6,  c,  d  can  be  found 
which  will  satisfy  either  of  the  relations  a*  +  6'  =  3  (c*  +  c^), 
a»  +  6«  =  7(c»  +  d:»)ora"  +  6'  =  ll(c*+e^*). 

25.  Shew  that,  if  a»  +  c*  =  26* ;  then  a'  -  6'  =  M\U), 
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Congruences. 

382.  Definition.  If  two  numbers  a  and  h  leave  the 
same  remainder  when  divided  by  a  third  number  c,  they 
are  said  to  be  congruent  with  respect  to  the  modulus  c;  and 
this  is  expressed  by  the  notation  a=b  (mod.  c),  which 
is  called  a  congruence. 

For  example,  21  =  1  (mod.  10),  and  (a+l)'Hl  (mod.  a). 

The  coDgruence  a  =  h  (mod.  c)  shews  that  a  —  b  is  a 
multiple  of  c,  which  can  be  expressed  by 

a  —  6  =  0  (mod.  c). 

383.  Theorem.  Ifa^=b  (mod.  x),  and  a^ = 6,  (mod.  x) ; 
then  will  a,  -f  a^  =  6^  +  \  (mod.  x),  and  a^a^  =  6^6^  (mod.  x). 

For  let  a^  =  m^x  +  r^,  and  a^  =  m^  +  r^ ;  then,  by  sup- 
position, 6j  =  n^  +  r^  and  ft^  =  n^  +  r,. 

Hence  a^  +  a,  —  (6^  +  6,)  =  (m^  +  m,  -  n^  —  wj  a; ; 
(a^  +  a,)  -  (6i  +  6j)  =  0  (mod.  a;), 
or  a^  H-  a,  =  6j  +  6^  (mod.  oi). 

Again,  it  is  easily  seen  that  a^^  —  b))^  =  a  multiple  of 
a?,  and  therefore  afl^^b^^  (mod.  oS). 

The  proposition  will  clearly  hold  good  for  any  number 
of  congruences  to  the  same  modulus. 

384.  Theorem.  If  a  and  b  o/re  prime  to  one  another y 
the  numbers  a,  2a,  3a,...,  (6  —  1)  a  will  all  leave  different 
remainders  when  divided  by  b. 

For  suppose  that  ra  and  sa  leave  the  same  remainder 
when  divided  by  6. 

Then  ra  ~  sa  =  Jf(6) ;  but  if  5  divide  (r  —  s)  a,  and  be 
prime  to  a,  it  must  divide  r  —  s,  which  is  impossible  if  r 
and  s  are  both  less  than  b. 

Hence  the  remainders  obtained  by  dividing  a,  2a,  ..., 
(b  —  1)  a,  by  b  are  all  different;  and  since  there  are  6  -  1  of 

these  remainders,  they  must  be  the  numbers  1,  2, 

(ft  —  1)  in  some  order  or  other. 
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If  a  be  not  prime  to  h  the  remainders  obtained  by  dividing  a,  2a, 
3a,  .. .,  (&  - 1)  a  by  6  will  not  be  all  different.  For  let  ^  be  a  common 
factor  of  a  and  6,  and  let  a=ka  and  b=kp.  Then  it  is  easily  seen 
that  (r+^)  a  and  ra  will  leave  the  same  remainder  when  divided  by  b, 
and  (r+B)  a  and  ra  are  both  included  in  the  series  a,  2a, ...,  (6  - 1)  a 
provided  r+fi  <  6  - 1. 

Cor.  If  a  be  prime  to  6,  and  n  be  any  integer  what- 
ever, the  remainders  obtained  by  dividing  n,  n-h  a, 
n-^2a,  . . .,  71  +  (6  —  1)  a  by  6  will  all  be  different,  and  will 
therefore  be  the  numbers  0,  1,  2,  ...,  (6  —  1). 

385.  Fermat^s  Theorem.  From  the  result  of  the 
preceding  article,  Fermat's  theorem  can  be  easily  deduced. 
For,  if  a  and  b  are  prime  to  each  other,  the  numbers  a, 
2a,  ...,  (6  —  1)  a  will  leave,  in  some  order  or  other,  the  re- 
mainders 1,2,  ...  (6  —  1),  when  divided  by  6.   Hence  we  have 

a .  2a . 3a...  (i-1 .  a)  =  1 .  2  .  3...(6  -  1)  (mod.  6), 

that  is  Ib-l  (a*''  -- 1)  =  0  (mod.  6). 

Now,  if  6  be  a  prime  number,  |6  — 1  will  be  prime  to  6; 

and   we  have   a*"*  —  1  =  0   (mod.   b),  which  is   Format's 
theorem. 

386.  Wilson's  Theorem.  If  n  be  a  prime  number, 
1  +  In—  1  mil  be  divisible  by  n. 

If  a  be  any  number  less  than  the  prime  number 
n,  a  will  be  prime  to  n,  and  hence,  from  Art.  384, 
the  remainders  obtained  by  dividing  a,  2a,  ...,  (w  —  1)  a  by 
n  will  be  the  numbers  1,  2,  ...,  (w  — 1);  hence  one  and 
only  one  of  the  remainders  will  be  unity.  Let  then  ab  be 
the  multiple  of  a  which  gives  rise  to  the  remainder  1 ;  then, 
if  6  were  equal  to  a,  we  should  have  a*  =  1  -h  ilf (w),  or 
(a  +1)  (a  —  1)  =  M(n),  and  this  can  only  be  the  case,  since 
n  is  a  prime,  if  a  =  l  or  a  =  /i— 1.  Hence  the  numbers 
2,  3,  ...  (n  —  3),  {n  —  2)  can  be  taken  in  pairs  in  such  a  way 
that  the  product  of  each  pair,  and  therefore  the  product  of 
all  the  pairs,  is  of  the  form  M{n)  + 1. 

Thus  2 . 3 . 4 . .  .(ri  -  2)  =  M(n)  +  1 ; 

.-.  In  -  1  =  M{n)  X  (n  -  1)  +  w  -  1. 
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Hence  w  —  1  -h  1  =  M{n), 


Wilson's  theorem  may  also  be  proved  as  follows : — 
From  Alt.  301,  we  have 

+  (- 1)"^  ^ V^^ — ^ 1"  ^  =  n  - 1. 

n  —  2  ' 


Now     by    Fermat's     theorem     (w  -  1)*  *  =  1  +M{n), 
{n  -  2)«-*  =  1  +  M(n\  &c. 
Hence  we  have 

=  |n-l, 


that  is  (1  -  1)""'  -  (- 1)**"^  +  M{n)  =  |n  -  1 ;  hence,  as  n  -  1 

is  even,  |w  —  1  + 1  =  M(n), 

Wilson  s  theorem  is  important  on  account  of  its  express- 
ing a  distinctive  property  of  prime  numbers;  for  1  +  n  —  1 

is  not  divisible  by  n  unless  w  is  a  prime.  For  if  any 
number  less  than  n  divide  n  it  will  divide    w  —  1   and 

therefore  cannot  divide  |n  —  1  + 1. 

387.  Theorem.  If  the  number  of  integers  less  than 
any  number  n  and  prime  to  n  be  denoted  by  (f>  (n) ;  then,  if 
a,b,  c,,..  are  prims  to  each  other, 

<l>  {abc.)  =  <f){a)  X  ^(b)  X  ^  (c) , 

provided  that  unity  is  considered  to  be  prime  to  any  greater 
number. 

First  take  the  case  of  two  numbers  a,  b  and  their 
product  ah. 

Arrange  the  ab  numbers  as  under : 

1     ,         2     ,         3     ,    ,        k     ,    a 

a  +  \   ,      a  +  2,      a  +  3,    ,      a  +  k ,    2a 

2a  +  l,     2a  +  2,     2a  +  3,    ,    2a  +  Ar,    3a 

(6-l)a-M,  (6-l)aH-2,  (6-l)a+3,  ...,  (6-l)a+A;,  ...  ba. 
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Then  it  is  clear  that  all  the  integers  in  the  kth  vertical 
column  will  or  will  not  be  prime  to  a  according  as  A;  is  or 
is  not  prime  to  a.  Hence  there  are  (f>  (a)  columns  of 
integers,  including  the  first,  all  of  which  are  prime  to  a. 
Then  again,  we  know  from  Art.  384  that  since  a  is  prime 
to  6,  the  remainders  obtained  by  dividing  the  numbers 
k,  a  +  k,,..,  (6  — 1)  a  +  A:  by  b  are  the  numbers  0,  1,  2,... 
(6  —  1) ;  and  it  is  clear  that  a  number  is  or  is  not  prime  to 
b  according  as  the  remainder  obtained  by  dividing  the 
number  by  6  is  or  is  not  prime  to  6.  Hence  there  are 
as  many  integers  prime  to  b  in  any  one  column  as  there 
are  in  the  series  0,  1,  2,... (6  —  1),  that  is  to  say,  there  are 
in  each  column  <^  (6)  integers  prime  to  6.  Thus  there  are 
<!>  (a)  columns  of  integers  prime  to  a  and  each  column 
contains  (f>  (b)  integers  which  are  also  prime  to  6.  But  all 
integers  which  are  prime  to  a  and  also  to  b  are  prime  to 
a  X  6.  Hence  the  number  of  integers  less  than  ab  and  prime 
to  oft  ia  <^  (a)  x  <^  (6),  so  that  <f>  (ab)  =^  <f)  (a)  x  <l>  (6). 

The  proposition  can  at  once  be  extended,  for  we  have 
<!>  (abc. ,,)  =  <l>(axbc.,,)  =  <l>  (a)x  <!>  (be, , .) 

=  ^  (a)  <f>  (b)  <f>{c,,.) 

=  0  (a) .  <^  (6) .  ^  (c). . . 

388.  The  number  of  integers  less  than  a  given  number 
and  prime  to  it  can  be  found  by  means  of  the  theorem  in 
the  preceding  article. 

For  let  the  number  be  iV=  a^t^c^...,  where  a,  b,c,... 
are  the  different  prime  factors  of  N. 

To  find  the  number  of  integers  less  than  a*  and  prime 
to  it,  (unity  being  considered  as  one  of  these  numbers)  we 
must  subtract  a*""^  from  a*;  for  the  numbers  a,  2a,  3a,..., 
a*"^ .  a  are  not  prime  to  a,  and  these  are  the  only  numbers 
which  are  not  prime  to  a ;  thus 

(f>  (a»)  =  a**  -  a*-i  =  a*  ^1  -  -j  . 
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Similarly  <^(6^)  =  6^  Tl  -  |Y  <^  (cv)  =cv(  1  -  -),  &c. 

But,  by  the  preceding  article, 

<f>  {a^.V,cy...)  ^<l>(a^), <!>(¥). <f)(cpf).,.\ 

Hence      <^  (JV)  =  J^(l-l)  (l -^)  (l -1)..., 

where  a,  6,  c,...are  the  diflFerent  prime  factors  of  N,  and 
unity  is  considered  to  be  prime  to  a,  6,  c,  &c. 

389.  The  following  is  an  extension  of  Format's 
Theorem : — 

If  a  and  m  are  two  numbers  prime  to  one  anotlier, 
and  <l>  (m)  the  number  of  integers,  including  unity,  which 
are  less  than  m  and  prime  to  m;  then  a*  ^'^^  —  1  =  0 
{mod.  m). 

Let  the  <^  (m)  integers  less  than  m  and  prime  to  m  be 
denoted  by  1,  a,  ^,  7,. . . ,  (m  -  1).  Then  the  products  a .  1, 
aoL,  al3y ay,...,  a  (m—  1)  must  all  leave  different  remainders 
when  divided  by  m,  for  if  any  two,  ra  and  sa  suppose,  left 
the  same  remainder,  (r  —  «)  a  would  be  a  multiple  of  m, 
which  is  impossible  since  a  is  prime  to  m  and  r  —  «  is  less 
than  m.  Moreover  the  remainders  must  all  be  prime  to 
m,  since  the  two  factors  of  any  one  of  the  products  are  both 
prime  to  m ;  and  therefore  as  the  <b  (m)  remainders  are 
all  different,  and  are  all  prime  to  m,  they  must  be,  in  some 
order  or  other,  the  (f)  (m)  numbers  1,  a,  ^,7... 

Hence  a.aa  ,  aff a  (m  —  1)  =  1  .  a  .  13 .y...{m'-  1) 

(mod.  m) ; 

{a^W-l}  l.a.y3...(m-l)  =  0  (mod.  m). 

Hence  as  1  .ot.)8...(m  — 1)  is  prime  to  m,  we  have 
^*  (»)  _  1  =  0  (mod.  m). 

If  m  be  a  prime  number,  <f>  (m)  =  m  —  1,  and  we  have 
Format's  Theorem. 
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390.     We  shall  conclude  this  chapter  by  considering 
the  following  examples : — 

Ex.  1.     Shew  that  32*+«  -  8n  -  9  is  a  multiple  of  64. 
We  have 

32»+2-8n-9=(l  +  8)*+i-8n-9=l  +  (n+l)8+lf(8«)-8n-9=if{88). 

Ex.  2.     Shew  that  32»  -  S2n^  +  24n  - 1  =  0  (mod.  612). 

Let  u„  =  3*»-32n»  +  24n~l; 

then  ti^i=32»-+^-32(n  +  l)«  +  24(n+l)-l. 

Hence    m«+i  -  9u^ = 256n2  -  256n = 256n  (n  - 1)  =  M  (512) , 

since  n  (n  - 1)  is  divisible  by  2. 

And  since  u,,^.^  -  91^,^  =  0  (mod.  512),  it  follows  that  Uf^i  =  0 
(mod.  512)  provided  u^  =  0  (mod.  512).  The  theorem  is  therefore 
true  for  all  values  of  u  proviaed  it  is  trae  forn= 1,  which  is  the  case 
since  Ui=0. 

Ex.  3.    Shew  that  no  prime  factor  of  n^  + 1  can  be  of  the  form  4m  - 1. 
Every  prime  number,  except  2,  is  of  the  form  2k  + 1.     Let  then 
2ft +  1  be  a  prime  factor  of  n'  +  l.    Then  n  is  prime  to  2k +1,  and 
therefore  by  Fermat's  theorem  n^^=M{2k+l)  + 1. 
But,  by  supposition,  ?i*+l  =  ilf(2Aj  +  l) ; 

n«*={ir(2fc  +  l)-l}*  =  Jlf(2fc  +  l)  +  (-l)*. 

Since  n^=:M(2k  +  l)  +  l  and  n«*=ilf(2A;  +  l]  +  (-l)*  it  follows 
that  k  must  be  even,  and  therefore  every  prime  lactor  of  n'  + 1  is  of 
the  form  4m  + 1,  and  therefore  no  prime  factor  can  be  of  the  form 
4m  - 1. 

Since  the  product  of  any  number  of  factors  of  the  form  4m+l  is 
of  the  same  form,  it  follows  that  every  odd  divisor  of  n^  + 1  is  of  the 
form  4m  + 1. 

Ex.  4.    Shew  that  every  whole  number  is  a  divisor  of  a  series  of  nines 
followed  by  zeros. 

Divide  the  successive  powers  of  10  by  the  number,  n  suppose,  then 
there  can  only  be  n  different  remainders  including  zero,  and  hence 
any  particular  remainder  must  recur.  Let  then  10*  and  10'  leave 
the  same  remainder  when  divided  by  n :  then  10*  -  lO*'  is  divisible  by  n 
and  is  of  the  required  form. 

EXAMPLES  XXXIX. 

1.     Prove  the  following  : — 

(i)      2^"+^  -  9w"  +  3w  -  2  =  J/- (54). 
(ii)     5'"+^  +  n'^  _  5n«  +  4n  -  5  =  J!f  (120). 
(iii)     4""+*  +  3"+'  =  0  (mod.  13). 
(iv)     3*-^'  +  2  .  4"'-'^  =  0  (mod.  17). 
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2.  Shew  that,  if  a  be  a  prime  number,  and  b  be  prime  to 
a;  then  Vb%  2V,  'Cy^)  ^"  ^"^  «^^®  different  re- 
mainders when  divided  by  a. 

3.  Shew  that,  if  4w  +  1  be  a  prime  number,  it  will  be  a 


factor  of  { 
factor  of  { 


2n}*  +  1 ;  and  that,  if  4w  -  1  be  a  prime,  it  will  be  a 
2<-l. 


4.     Shew  that,  if  n  be  a  prime  number,  and  r  be  less  than 
n;  then  will  |r-l  \n--r  +  (-  1)'^'  =  M{n). 


5.  Shew  that,  if  m  and  n  are  prime  to  one  another,  every 
odd  divisor  of  m'  +  n'  is  of  the  form  4A;  +  1. 

6.  Shew  that  y^,  +  o-„  +  o-„  +  j^  +  •  •  •  *^  infinity 

=  ('4)"'(';r('-^-r 

where  2,  3,  5,...  are  the  prime  numbers  in  order. 

7.  Shew  that  the  arithmetic  mean  of  all  numbers  less  than 
n  and  prime  to  it  (including  unity)  is  |  n. 

8.  Shew  that,  if  N  be  any  number,  and  a,  b,  c,  ...  be  its 
different  prime  factoids ;  then  the  sum  of  all  the  numbers  less 

than  iV  and  prime  to  N  is  ^  (1  — )  (^  ~r)  (^  — )  *•»  ^^^ 
the  sum  of  the  squares  of  all  such  numbers  is 

9.  If  <l>  (m)  denote  the  number  of  integers  less  than  m 
and  prime  to  it ;  and  if  d^,  d^,  d^,...  be  the  different  divisors 
of  n ;  then  will  2  ^  (c?)  =  n. 

10.     Shew  that,  if  a  fraction  -=■ ,  where  6  is  a  prime  number 

0 

prime  to  10,  be  reduced  to  a  decimal,  the  number  of  digits  in  the 
recurring  period  will  be  either  5  -  1  or  one  of  its  sub-multiples ; 
and  shew  that  if  there  are  6  —  1  figures  in  the  recurring  period, 
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the  sum  of  the  first  half  of  the  figures  added  to  the  last  half  will 
consist  wholly  of  nines.  Shew  also  that,  if  b  be  not  a  prime, 
but  only  prime  to  10,  the  number  of  figures  in  its  recurring 
period  will  be  ^  (b)  or  one  of  its  sub-multiples,  where  <f>  (6)  is 
the  number  of  integers  less  than  b  and  prime  to  6. 

11.     If  -  be  converted  to  a  circulating  decimal  with  /?  —  1 

figures  in  its  recurring  period,  shew  that  p  must  be  prime  and 

that  the  recurring  period  being  multiplied  by  2,  3, (P~  1) 

will  reproduce  its  own  digits  in  the  same  order. 

1  1 

12.     Shew  that,  if  -=  has  a  circulating  period  of  p  figures,  ^ 

of  q  figures,  and  ^of  r  figures,...,  and  if  P,  Qj  i?,...  are  prime, 

then  pQp  will  have  a  circulating  period  of  n  figures,  where 
n  is  the  l.c.m.  of  ^,  q,  r.... 


CHAPTER  XXIX. 
Indeterminate  Equations. 

391.  We  have  already  seen  that  a  single  equation 
with  more  than  one  unknown  quantity,  or  n  equations 
with  more  than  n  unknown  quantities,  can  be  satisfied  in 
an  indefinite  number  of  ways,  provided  there  is  no  restric- 
tion on  the  values  which  the  unknown  quantities  may 
have.  If,  however,  the  values  of  the  unknown  quantities 
are  subject  to  any  restriction,  n  equations  may  suffice  to 
determine  the  values  of  more  than  n  unknown  quantities. 

We  shall  in  the  present  chapter  consider  some  cases  of 
equations  in  which  the  unknown  quantities  are  restricted 
to  integral  values. 

392.  It  is  clear  that  every  equation  of  the  first  degree 
with  two  unknown  quantities  x  and  y  can  be  reduced  to 
one  or  other  of  the  forms  ax-^hy  =  ±c,ax  —  hy—±Cy 
where  a,  6,  c  are  positive  integers. 

By  changing  x  into  —  x  and  y  into  —  y,  ax  -^hy  =  c 
will  become  ax  +  hy  =  —  c,  and  ax  —  by  =  c  will  become 
—  cw?  +  by  =  c;  hence  in  order  to  shew  how  to  find 
integral  solutions  of  any  equation  of  the  first  degree  in  x 
and  y,  it  is  only  necessary  to  consider  the  two  types 

ax-hby^c  and  ax  —  by^  c. 

Now,  it  is  evident  that  the  equation  ax±by  =  c  cannot 
be  satisfied  by  integral  values  of  x  and  y,  if  a  and  b  have 
any  common  factor  which  is  not  also  a  factor  of  c ;  and,  if 
a,  b  and  c  have  any  common  factor,  the  equation  can  be 
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divided  throughout  by  that  factor.  In  what  follows  it 
will  thei'efore  be  supposed  that  a  and  6  are  prime  to  one 
another. 

393.  To  shew  that  integral  values  can  always  be  found 
which  will  satisfy  the  equation  ax  ±  by  =  c,  provided  a  and 
b  are  prime  to  one  another. 

Let  -r  be   reduced   to   a   continued   fraction,  and  let 

-  be   the   convergent  immediately  preceding  j-.     Then, 

from  Art.  354, 

aq—pb^  ±  1 ; 

.'.     a{±cq)  —  b{±  cp)  =  c (i), 

and  a{±cq)-\-b{Tcp)  =  c  (ii). 

Hence  it  follows  from  (i)  that  either  x  =  cq,  y  =  cp  or 
x  =  —  cq,y  =  —  cp  is  a.  solution  of  the  equation  a^  —  by=c; 
and  from  (ii)  that  either  x  =  cq,  y  =  —  cp  or  a?  =  —  eg, 
y  =  cjp  is  a  solution  of  the  equation  ax  -{-by  =  c. 

Hence  at  least  one  set  of  integral  values  of  x  and  y  can 
always  be  found  which  will  satisfy  the  equation  ax  ±by  —  c. 

The  above  investigation  fails  when  a  or  6  is  unity. 
But  the  equation  oa?  ±  y  =  c  is  obviously  satisfied  by  the 
values  a?  =  a,  ±y=^c-  aa,  where  a  is  any  integer.  So  also 
x±by  =  cis  satisfied  by  the  values  a?  =  c  T  6y8,  y  =  /9,  where 
y8  is  any  integer. 

Hence  the  equation  a^  ±  by  =  c  always  admits  of  at 
least  one  set  of  integral  values. 

394.  Having  given  one  set  of  integral  values  which 
satisfy  the  equation  a^  —  by  =  c,  to  find  all  other  possible 
integral  solutions. 

Let  a?  =  a,  y  =  fi  be  one  solution  of  the  equation 
ax'-by=^C'y  then  a%  —  b^  =  c.     Hence,  by  subtraction, 

a(a?-a)-6(y-)8)  =  0. 
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Now  since  a  divides  a{x—  i),  it  must  also  divide 
b(y  —  /3);  a  must  therefore  be  a  factor  of  y  —  ^,  since  it  is 
prime  to  b. 

Let  then  y  —  yS  =  ma,  where  m  is  any  integer  ;  then 
a  (a?  —  a)  =  mba,  and  therefore  a?  =  a  +  mb. 

Hence,  if  x  =  a,y  =  ^  be  one  solution  in  integers  of 
the  equation  ax^by  =^  c,  all  other  solutions  are  given  by 

x  =  a  +  7nb,  y  =  fi  +  nia, 

where  m  is  any  integer. 

It  is  clear  from  the  above  that  there  are  an  indefinite 
number  of  sets  of  integral  values  which  satisfy  the  equation 
dx  —  by^Cf  provided  there  is  one  such  set;  and,  from  the 
preceding  article,  we  know  that  there  is  one  set  of  integral 
values. 

It  is  also  clear  that,  whether  a  and  yS  are  positive 
or  not,  an  indefinite  number  of  values  can  be  given  to  m 
which  will  make  a  +  mb  and  fi  +  ma  both  positive. 

Hence  there  are  an  infinite  number  oi  positive  integral 
solutions  of  the  equation  ax  —  by  =  c, 

395.  Having  given  one  set  of  integral  values  which 
satisfy  the  equation  ax-\-by  =  c,  to  find  all  other  possible 
integral  solutions. 

Let  x  =  a,  y  =  ^  be  one  integral  solution  of  the 
equation  ax'\-by  =  c',  then  aa  +  6/8  =  c.  Hence,  by  sub- 
traction, a  (a?  —  a)  +  6  (y  --  /8)  =  0. 

Now,  since  a  divides  a  (a?  —  a),  it  must  also  divide 
b{y  —  ^)\  a  must  therefore  be  a  factor  of  y  —  /9,  since  it  is 
prime  to  b. 

Let  then  y-^lS^ma,  where  m  is  any  integer;  then 
a  (^  —  a)  =  —  6  (y  —  ^)  =  —  mob ;  and  therefore  a;  =  a  —  mb. 

Hence,  if  a?  =  a,  y  =  )8  be  one  solution  in  integers  of  the 
equation  ax  —  by  =  c,  all  other  integral  solutions  are  given 

by 

x  =  a  —  mb,  y  =  fi-\-  ma, 
where  m  is  any  integer. 

s.  A.  32 
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From  the  above,  together  with  Art.  393,  it  follows  that 
there  are  an  indefinite  number  of  sets  of  integral  values 
which  satisfy  the  equation  ax  +  by  =  c.  The  number  of 
positive  integral  solutions  of  the  equation  is,  however, 
limited  in  number. 

396.  To  find  the  number  of  positive  integral  solutions 
of  the  equation  ax+by  =  c. 

We  have  proved  in  Art.  393,  that  the  ec^uation 
ax-\-by^c  is  satisfied  by  the  values  x^cq,  y  =  —  cp,  or 
by  the  values  a?  =  —  eg',  y  =  cp,  where  pjq  is  the  penultimate 
convergent  to  a/6. 

First  suppose  that  00  =  cq,  y  —  —  cp  satisfy  the  equa- 
tion; then  all  other  integral  values  which  satisfy  the 
equation  are  given  by 

x  =  cq  —  mb,  y=^  —  cp  +  ma (i), 

where  m  is  any  integer. 

From  (i)  it  is  clear  that  in  order  that  x  and  y  may  both 
be  positive,  and  not  zei^o,  m  must  be  a  positive  integer, 

and  that  the  greatest  permissible  value  oi  m  ia  l(-~j 

and  its  least  value  7  ( —  j  + 1,  so   that   the   number  of 

diflferent  values  ofmis/f-^J— /(  — j.  Hence,  as  one 
set  of  values  of  x  and  y  corresponds  to  each  value  of  m, 
the  number  of  solutions  is/f-r^j  — /(  — j. 

=     J      "     ?     =      ^1      ~      ^«      "^/i      "/«•  ^^^^^       ^      (^)        ^^       ^i~^«       ^^' 

/j  —  Jg  —  1  according  as^^  is  not  or  is  less  than/y 

Thus  the  number  of  solutions  is  /[-rj  +  lor/f-,) 
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according  as  the  fractional  part  of  -^  is  or  is  not  less  than 

the  fractional  part  of  ^ . 

a 

It  can  be  shewn  in  a  similar  manner  that  if 
x  =  —  cq,y=^cp  satisfy  the  equation,  the  number  of  solu- 
tions in  positive  integers  is/f-rj  +  l  ^^  ^  {'~l)  according 

as  the  fractional  part  of  —  is  or  is  not  less  than  the  frac- 


tioiial  part  of  ~ 


a 
cq 


Ex.  1.    Find  the  positive  integral  values  of  x  and  y  which  satisfy  the 

equation  7x  - 13^ = 26. 

7      111 
We  have  =^  =  t     t     «  » the  penultimate  convergent  is  therefore 

I,    Then  7.2-13.1  =  1;  .*.  7  (2x  26)-13  (26)  =  26. 

Hence  one  solution  is  a;= 52,  ^= 26 ;  the  general  solution  is  there- 
fore a; = 62  +  13w,  y = 26  +  7m. 

[In  this  case  the  solution  x=Of  y=:  -2  can  be  seen  by  inspection  ; 
and  hence  the  general  solution  is  a;=13m,  y=:-2  +  7m,  which  is 
easily  seen  to  agree  with  the  previous  result.] 

Ex.  2.     Find  the  positive  integral  values  of  x  and  y  which  satisfy  the 
equation  7x  +  lOy = 280. 

7      111  2 

Here  Tq  =*  T  +  2  +  3 '  *^®  penultimate  convergent  being  - .     Then 

7.3-10.2  =  1;  .-.  7(3.280)  +  10(-2.280)  =  280. 

Hence  jc=840,  y=  -  560  is  one  solution  in  integers.  The  general 
solution  in  integers  is  therefore  a;  =  840- 10m,  y=  -660  + 7m;  and, 
in  order  that  x  and  y  may  be  positive  m:J>84  and  m-f:80.  llius  the 
only  values  are  a  =  40,  y  =  0;  aj=30,  y  =  7;  aj  =  20,  «  =  14;  a;=10, 
y  =  21;  x  =  0,y=28. 

Ex.  3.    Find  the  number  of  solutions  in  positive  integers  of  the  equation 

3a;  +  5y=1306. 

3      111 
Here    =  =:=     :=■     -,  whence  3.2-5.1  =  1; 
01+1+2 

.-.  3 .  (2  X  1306)  +  5  ( - 1306)  =  1306. 
Hence  the  general  solution  is  »=2612  -  Bnif  y=3m  •  1306. 
For  positive  values  of  x  and  y  we  must  have  m>435  and  m^  522. 
Hence  the  number  of  solutions  is  522  -  435=87. 

32—2 
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397.  Integral  solutions  of  the  two  equations 

dx-i-by -\-cz  =  d,  ax  +  b'y  +  cz  =  d! 

can  be  obtained  as  follows. 

Eliminate  one  of  the  variables,  z  suppose ;  we  then 
have  the  equation 

(ax!  —  a  6)  x  +  (be  —  b'c)  y  =  dc'  —  dfc (i), 

and  this  equation  has  integral  solutions  provided  ax!  —  a^c 
and  be  —  b'c  are  prime  to  one  another,  or  will  become 
prime  to  one  another  after  division  by  any  common  factor 
which  is  also  a  factor  of  dc'  —  d'c. 

Hence  from  (i)  we  obtain,  as  in  the  preceding  articles, 
the  general  solution 

a?  =  a  +  (6c'  —  b'c)  n,y  =  /3-  (ac'  -  a'c)  n, 

where  a?  =  a,  y  =  fi  is  any  integral  solution,  and  n  is  any 
integer. 

Now  substitute  these  values  of  x  and  y  in  either  of 
the  original  equations :  we  then  obtain  an  equation  of  the 
form  Az'\'Bn=^G,  from  which  we  can  obtain  integral 
solutions  of  the  form  z  —  y  +  Bm,  n  =  S  —  Am,  provided  A 
and  B  are  prime  to  one  another,  or  will  become  so  after 
division  by  any  common  factor  which  is  also  a  factor  of  C. 

Ex.    Find  integral  solutions  of  the  simaltaneouB  equations 

Eliminating  z,  we  have  13j;  +  13y  =  62,  or  x+y=i.  Whence 
a;=2  +  n,  y  =  2-n.    Then  5  (2  +  n)  +  7(2-n)  +  22  =  24,  thatis2-n=:0. 

Hence  the  general  solution  is  aj  =  2  +  n,  y  =  2  -  n,   z=n. 

If  Xj  y  and  z  are  to  be  positive^  the  only  solutions  are  a; =4,  y=0, 
z^2;  x=Sjy  =  liZ  =  l;  anda;=:2,  |^=2,  z=0;  and,  if  zero  values  are 
excluded,  there  is  only  one  solution,  namely  a; =3,  ^=1,  z  =  l. 

398.  The  following  are  examples  of  some  other  forms 
of  indeterminate  equations.  Other  cases  will  be  found  in 
Barlow's  Theory  of  Numbera 

Ex.  1.    Find  the  positive  integral  solutions  (exolnding  zero  values)  of 
the  equation  3a;  +  2^  +  8« = 40. 

It  is  clear  that  z  cannot  be  greater  than  4,  if  zero  and  negative 
values  of  x  and  y  are  inadmissible. 
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Hence  we  have  the  following  equations : 

z=4,  3a;.+  2y=8; 

z=3,  3a;+2y=16; 

«  =  2,  3a:  +  2y  =  24; 

2  =  1,  3a;  +  23/  =  32. 

And  it  will  be  found  that  all  the  solutions  required  are  2,  1,  4 ; 
4,2,3;  2,6,3;  6,3,2;  4,6,2;  2,9,2;  10,1,1;  8,4,1;  6.7,1; 
4,  10,  1 ;  and  2,  13,  1. 

Ex.  2.    Find  the  positive  integral  solutions  of  the  equation 

6x«-13a;y  +  6y2=l6. 

We  have  (3a?  -  2y)  {2x  -  3y)  =  16 ;  hence,  as  x  and  y  are  integers, 
3x  -  2y  must  be  an  integer,  and  must  therefore  be  a  factor  of  16. 
Thus  one  or  other  of  the  following  simultaneous  equations  must  be 
held  good 

3x-2y==tl6,   2a;-3y=±l (i)  ; 

3a?-2y=±8,     2x-3y=±2 (ii); 

3a;-2y==fc4,     2a;-3y==t4 (iii); 

3aj-2y=±2,     2a;-3y=±8 (iv); 

3a?-2y==fcl,     2a:-3y=±16 (v). 

Whence  we  find  that  5x  must  be  ±  (48  -  2),  ±  (24  -  4),  =t  (12  -  8), 
db(6-16)or  ±(3-32). 

Hence  the  only  integral  values  of  x  are  4  and  2,  the  corresponding 
values  of  y  being  2  and  4. 

Ex.  3.    Solve  in  positive  integers  the  equation 

3aj2  +  7a?y  -  2a;  -  5y  -  35  =  0. 

We  have  y  (Ix  -  6)  +  3a;2  -  2a;  -  36=0 ; 

3jr3_2a:-36     ^ 

••2^+       7a; --6—=^' 

„       a;-246     ^ 
.•.7y  +  3a:+^--g  =0; 

.•.49y  +  21a;+l-^^=0. 

Hence  -=, =^  must  be  an  integer,  and  therefore  7as  -  5  must  be  a 

7x  -  6 

factor  of  1710.    Hence,  if  ar  is  a  positive  integer,  the  only  possible 

values  of  7a;  -  6  (since  7a;  -  6  cannot  be  a  multiple  of  6)  are  342, 171, 

114,  67,  38,  19,  18,  9,  6,  3,  2,  and  1.    It  will  be  found  that,  of  these 

values  of  7x  —  6,  only  the  values  114,  9  and  2  give  integral  values  of  a;, 

the  values  being  17,  2  and  1  respectively.     If  a;  =  17,  y  is  negative ;  if 

x=2,  y=3;   and  if  a;=l,  y  =  17.    Thus  the  only  positive  integral 

solutions  are  a;=2,  y  =  3  and  a;=l,  ^  =  17. 
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EXAMPLES  XL. 

1.  Eind  all  the  positive  integral  solutions  of  the  equations : 
(1)     7a!  +  15y  =  59.  (2)     8aj  +  1  Sy  - 1 38. 

(3)     7x+9y=lO0.  (4)     16aj4- 71y=  10653. 

2.  Find  the  number  of  positive  integral  solutions  of 

2x+3y=lB3  and  of  7x+  lly  =  231^. 

3.  Find  the  general  integral  solutions  of  the  equations 

(1)     7aj-13.v=15.  (2)     9aj-lly  =  4, 

(3)     119a;- 10%  =  217.     (4)     49a;-69y  =  100. 

4.  Find  the  positive  integral  solutions  (excluding  zero) 
of  the  equations 

(1)     2aj+3y  +  7«  =  23.  (2)     7a;  +  4y+ 18«=  109. 

(3)     6aj  + 2/ +72  =  39,  (4)     Bx  +  2y  +  3z  =  250, 

2a;  +  4y  +  92  =  63.  9a;  -  4y  +  62  =  1 70. 

6.     Solve  in  positive  integers  (excluding  zero)  the  equa- 
tions : 

(i)  2a;y-3a;  +  22/=1329. 

(ii)  af-xy-^2x-Sy=ll. 

(iii)  2a;"  +  5a;2/-12y'  =  28. 

(iv)  2a;*  -  a^  ^  2/"  +  2a;  +  7y  =  84. 

6.  Shew  that  integral  values  of  x,  y  and  z  which  satisfy  the 
equation  cue -^  by  +  cz  =:  d,  form  three  arithmetical  progressions. 

7.  Divide  316  into  two  parts  so  that  one  part  may  be 
divisible  by  13  and  the  other  by  11. 

8.  In  how  many  ways  can   £1.    6«.    6d,   be  paid   with 
half-crowns  and  florins  ? 

9.  In  how  many  ways  can  <£100  be  made  up  of  guineas  and 
crowns  ? 
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10.  In  how  many  ways  can  a  mail  who  has  only  8  crown 
pieces  pay  11  shillings  to  another  who  has  only  florins  ? 

11.  Find  the  greatest  and  least  sums  of  money  which  can 
be  paid  in  eight  ways  and  no  more  with  half-crowns  and  florins, 
both  sorts  of  coins  being  used. 

12.  Find  all  the  different  sums  of  money  which  can  be  paid 
in  three  ways  and  no  more  with  four-penny  pieces  and  three- 
penny pieces,  both  sorts  of  coins  being  used. 

13.  Find  all  the  numbers  of  two  digits  which  are  multiples 
of  the  product  of  their  digits. 

14.  Two  numbers  each  of  two  digits,  and  which  end  with  the 
same  digit,  are  such  that  when  divided  by  9  the  quotient  of  each 
is  the  remainder  of  the  other.  Find  all  the  sets  of  numbers 
which  satisfy  the  conditions. 

15.  A  man's  age  in  1887  was  equal  to  the  sum  of  the  digits 
in  the  year  of  his  birth  :  how  old  was  he  1 


16.     Shew  that,  if 

1 


=  1  +A^x+  ..,  +  A^x*-{- ..., 


(1  - aj«i)  (1  - a;«»)  ...  (l-aj«*) 

then  the  number  of  solutions  in  positive  integers  (including 
zero)  of  the  equation  a^x^  +  a^x^  +  . . .  +  a^x^  =  m,  is  A^,  a^,  a^,  . . ., 
a^  being  all  integers. 

The  number  of  solutions  of  the  equations  x  +  2y  =  n  is 
i{2n  +  3  +  (-l)-}. 

At  an  entertainment  the  prices  of  admission  were  Is.,  2«.  and 
£5,  and  the  total  receipts  £1000;  shew  that  there  are  1005201 
ways  in  which  the  audience  might  have  been  made  up. 

17.  The  money  paid  for  admission  to  a  concert  was  £300, 
the  prices  of  admission  being  5«.,  3«.  and  Is.  ;  shew  that  the 
number  of  ways  in  which  the  audience  may  have  been  made  up 
is  1201801. 
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Pkobability. 

399.  The  following  is  generally  given  as  the  defini- 
tion of  probaMlity  or  chance : — 

Definition.  If  an  event  can  happen  in  a  ways  and  fail 
in  b  ways,  and  all  these  ways  are  equally  likely  to  occur, 

then  the  probability  of  its  happening  is j-  and  the  pro- 
bability of  its  failing  is v . 

To  make  the  above  definition  complete  it  is  necessary 
to  explain  what  is  meant  by  '  equally  likely '.  Events  are 
said  to  be  equally  likely  when  we  have  no  reason  to  expect 
any  one  rather  than  any  other.  For  example,  if  we  have 
to  draw  a  ball  from  a  bag  which  we  know  contains 
unknown  numbers  of  black  and  white  balls,  and  none  of 
any  other  colour ;  we  have  just  as  much  reason  to  expect 
a  black  ball  as  a  white ;  the  drawing  of  a  black  ball  and  of 
a  white  one  are  thus  equally  likely.  Hence,  as  either  a 
black  ball  or  a  white  ball  must  be  chosen,  the  probability 
of  drawing  either  is  J,  for  there  are  two  ecjually  likely 
cases,  in  one  of  which  the  event  happens  and  m  the  other 
it  fails.  Again,  if  we  have  to  draw  a  ball  from  a  bag 
which  we  know  contains  only  black,  white  and  red  balls, 
but  in  unknown  proportions,  we  have  just  as  much  reason 
to  expect  one  colour  as  to  expect  either  of  the  others,  so 
that  the  drawing  of  a  black,  of  a  white  and  of  a  red  ball 
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are  all  equally  likely;  and  hence  the  probability  of  draw- 
ing any  particular  colour  is  J,  for  there  are  three  equally 
likely  cases,  and  any  particular  colour  is  drawn  in  one  case 
anii  is  not  drawn  in  the  other  two  cases. 

Another  meaning  may  however  be  given  to  'equally 
likely';  for  events  may  be  said  to  be  equally  likely  when 
they  occur  equally  often,  in  the  long  run.  For  example,  if 
a  coin  be  tossed  up,  we  may  know  that  in  a  very  great 
number  of  trials,  althojigh  the  number  of  '  heads '  is  by  no 
means  necessarily  the  same  as  the  number  of  '  tails ',  yet 
the  ratio  of  these  numbers  becomes  more  and  more  nearly 
equal  to  unity  as  the  number  of  trials  is  increased,  and  that 
the  ratio  of  the  number  of  heads  to  the  number  of  tails  will 
differ  from  unity  by  a  very  small  fraction  when  the  number 
of  trials  is  very  great;  and  this  is  what  is  meant  by  saying 
that  heads  and  tails  occur  equally  often  in  the  long  run. 

Now,  if  each  of  the  a  ways  in  which  an  event  can 
happen  and  each  of  the  b  ways  in  which  it  can  fail  occur 
equally  often,  in  the  long  run,  it  follows  that  the  event 
happens,  in  the  long  run,  a  times  and  fails  b  times  out  of 
every  a  +  b  cases.  We  may  therefore  say,  consistently  with 
the  former  definition,  that  the  probability  of  an  event  is  the 
ratio  of  the  number  of  times  in  which  the  event  occurs,  in  the 
long  run,  to  the  sum  of  the  number  of  times  in  which  events 
of  that  description  occur  and  in  which  they  fail  to  occur. 

Thus,  if  it  be  known  that,  in  the  long  run,  out  of  every  41 
children  born,  there  are  21  boys  and  20  girls,  the  probability  of  any 

21 

particular  birth  being  that  of  a  boy  is  jr . 

Again,  if  one  of  two  players  at  any  game  win,  in  the  long  run, 

5  games  out  of  every  8,  the  probability  of  his  winning  any  particular 

.    5 
game  is  - . 

We  may  remark  that,  in  the  great  majority  of  cases, 
including  all  the  cases  of  practical  utility  such  as  the  data 
used  by  Assurance  Companies,  the  only  way  in  which  pro- 
bability can  be  estimated  is  by  the  last  method,  namely,  by 
finding  the  ratio  of  the  actual  number  of  times  the  event 
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occurs,  in  a  large  number  of  cases,  to  the  whole  number 
of  times  in  which  it  occurs  and  in  which  it  fails. 

400.  If  an  event  is  certain  it  will  occur  without  fail 
in  every  case :  its  probability  is  therefore  unity. 

It  follows  at  once  from  the  definition  of  probability 
that  if  p  be  the  probability  that  Any  event  should  occur, 
1  —  p  will  be  the  probability  of  its  failing  to  occur. 

Whdn  1}he  probability  of  the  happening  of  an  event  is 
to  the  probability  of  its  failure  as  a  is  to  b,  the  odds  are 
said  to  be  a  to  6  for  the  event,  or  6  to  a  against  it, 
according  as  a  is  greater  or  less  than  5. 

401.  Exclusive  events.  Events  are  said  to  be 
mutually  exclusive  when  the  supposition  that  any  one 
takes  place  is  incompatible  with  the  supposition  that  any 
other  takes  place. 

When  different  events  are  mutually  exclusive  the  chance 
that  one  or  other  of  the  different  events  occurs  is  the  sum  of 
the  chances  of  the  separate  events. 

It  will  be  sufficient  to  consider  three  events. 

Let  the  respective  probabilities  of  the  three  events, 
expressed  as  fractions  with  the  same  denominator,  be 

a.    a,       ,  a. 

Then,  out  of  d  equally  likely  ways,  the  three  events 
can  happen  in  a^  a^  and  a^  ways  respectively. 

Hence,  as  the  events  never  concur,  one  or  other  of 
them  will  happen  in  Or^  +  a^  +  a^  out  of  d  equally  likely 
ways.  Hence  the  probability  of  one  or  other  of  the  three 
events  happening  is 

?^«+^«,thatis^^  +  ^>  +  ^». 
a  a      a      a 

This  proves  the  proposition  for  three  mutually  ex- 
clusive events ;  and  any  other  case  can  be  proved  in  a 
similar  maDner. 
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Ex.  1.    Find  th6  ohanoe  of  throwing  3  with  an  ordinary  six-faoed 
die. 

Since  any  one  face  is  as  likely  to  be  exposed  as  any  other  face, 
there  is  one  favourable  and  five  unfavourable  cases  which  are  all 

equally  likely;  hence  the  required  probability  is  ^ . 

Ex.  2.    Find  the  chance  of  throwing  an  odd  number  with  an  ordinary 
die.  Ans,  ^ . 

Ex.  3.    Find  the  chance  of  drawing  a  red  ball  from  a  bag  which  con- 
tains 5  white  and  7  red  balls. 

Here  any  one>  ball  is  as  likely  to  be  drawn  as  any  other;  ihiiflihen 

igie  T  4mmmmkisjmd  S  aahmmaMB  lamm  ^wln^  are  all  equally 

7 
likely ;  the  required  probability  is  therefore  ^^ . 

Ex.  4.     Two  balls  are  to  be  drawn  from  a  bag  containing  5  red  and  7 
white  balls ;  find  the  chance  that  they  will  both  be  white. 

Here  any  one  pair  of  balls  is  as  likely  to  be  drawn  as  any  other 
pair.  The  total  number  of  pairs  is  ^C^y  and  the  number  of  pairs 
which  are  both  white  is  yCj:  the  required  chance  is  therefore 


Ex.  5.  Shew  that  the  odds  are  7  to  3  against  drawing  2  red  balls 
from  a  bag  containing  3  red  and  2  white  balls. 

Ex.  6.  Three  balls  are  to  be  drawn  from  a  bag  containing  2  black,  2 
white  and  2  red  balls ;  shew  that  the  odds  are  3  to  2  against  drawing 
a  ball  of  each  colour,  and  4  to  1  against  drawing  2  white  balls. 

Ex.  7.  A  party  of  n  persons  take  their  seats  at  random  at  a  round 
table:  shew  that  it  is  n~3  to  2  against  two  specified  persons 
sitting  together. 

402.  Independent  Events.  The  probability  that  two 
independent  events  should  both  happen  is  the  product  of  the 
separate  probabilities  of  their  happening. 

Suppose  that  the  first  event  can  happen  in  a^  and  fail 
in  b^  equally  likely  ways;  and  suppose  that  the  second 
event  can  happen  in  a,  and  fail  in  6,  equally  likely  ways. 
Then  each  of  the  a^  +  \  cases  may  be  associated  with  each 
of  the  a,  +  6j  cases  to  make  (a^  -I-  b^)  (a,  +  6J  compound 
cases  which  are  all  equally  likely ;  and  in  a,a,  of  these 
compound  cases  both  events  happen.     Hence  the  proba- 
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bility  that  both  events  happen  is  -. ,    '  ' tt  .  that 

a.  a, 

IS    - 

a 


— ^  X ^- ,  which  proves  the  proposition. 

1  +  Oj     a,  H-  6,  ^  ^    ^ 


Thus  the  probability  of  the  concurrence  of  two  inde- 
pendent events  whose  respective  probabilities  are  p^  and^p^ 
is  p^  X  p,. 

Cor.  If  p^  and  p^  be  the  probabilities  of  two  inde- 
pendent events,  the  chance  that  they  will  both  fail  is 
(1  —  p^  (1  —p^y  the  chance  that  the  first  happens  and  the 
second  fails  is  p^  (1  —  p,),  and  the  chance  that  the  second 
happens  and  the  first  fails  is  (1  —p^  p^. 

It  can  be  shewn  in  a  similar  manner  that,  if  p^,  p^,  jPg, . .  . 
be  the  probabilities  of  any  number  of  independent  events, 
then  the  probability  that  they  all  happen  will  hep^.p^.p^..., 
and  that  they  all  fail  (1  —p^)  (1  —p^)  (1  —Pi)'">  &c. 

403.  Dependent  Events.  If  two  events  are  not 
independent,  but  the  probability  of  the  second  is  different 
when  the  first  happens  from  what  it  is  when  the  first  fails, 
the  reasoning  of  the  previous  article  will  still  hold  good 
provided  that  p^  is  the  probability  that  the  second  event 
happens  when  the  first  is  known  to  have  happened.  Thus 
if  Pj  be  the  probability  of  any  event,  and  p^  the  probability 
of  any  other  event  on  the  supposition  that  the  first  has 
happened ;  then  the  probability  that  both  events  will  happen 
will  be  jPj  X  p^.  And  similarly  for  any  number  of  depen- 
dent events. 

Ex.  1.    Find  the  probability  of  throwing  two  heads  with  two  throws  of 
a  coin. 

The  probability  of  throwing  heads  is  -  for  each  throw ;  hence  the 
required  probability  is,  by  Art.  402,  «  x  h  =  I  • 

A       A       4 

Ex.  2.    Find  the  probability  of  throwing  one  6  at  least  in  six  throws 
with  a  die. 
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The  probability  of  not  throwing  6  is  ^  in  each  throw.    Hence  the 

o 

probability  of  not  throwing  a  6  in  six  throws  is,  by  Art.  402,  (  g )  » 
and  therefore  the   probability   of  throwing   one  six   at  least   is 

'-(ly- 

Ex.  3.  Find  the  chance  of  drawing  2  white  balls  in  succession  from  a 
bag  containing  5  red  and  7  white  baUs,  the  balls  drawn  not  being  re- 
placed. 

7 
The  chance  of  drawing  a  white  ball  the  first  time  is  ^^;  and, 

having  drawn  a  white  ball  the  first  time,  there  will  be  5  red  and  6 
white  balls  left,  and  therefore  the  chance  of  drawing  a  white  ball 

the  second  time  will  be  j^r .    Hence,  from  Art.  403,  the  chance  of 

7       6       7 
drawing  two  white  balls  in  succession  will  be  fH  ^  i  ?  =  ha  • 

[Compare  Ex.  4,  Art.  401.] 

Ex.  4.  There  are  two  bags,  one  of  which  contains  5  red  and  7  white 
balls  and  the  other  3  red  and  12  white  balls,  and  a  ball  is  to  be 
drawn  from  one  or  other  of  the  two  bags;  find  the  chance  of  draw- 
ing a  red  balL 

The  chance  of  choosing  the  first  bag  is  - ,  and  if  the  first  bag  be 

chosen  the  chance  of  drawing  a  red  ball  from  it  is  r^ ;  hence  the 

16       5 
chance  of  drawing  a  red  ball  from  the  first  bag  is  n  ^  To  =  oi  * 

Similarly  the  chance  of  drawing  a  red  ball  from  the  second  bag  is 

13       1 

-  X  —  =  ^ .    Hence,  as  these  events  are  mutually  exclusive,  the 

£       XO       XU 

,  ...5^1       37 

chance  required  ^^  24  "*"  16  "^  120 ' 

Ex.  5.  In  two  bags  there  are  to  be  put  altogether  2  red  and  10  white 
balls,  neither  bag  being  empty.  How  must  the  balls  be  divided  so  as 
to  give  to  a  person  who  draws  one  ball  from  either  bag,  (1)  ti^e  least 
chance  and  (2)  the  greatest  chance  of  drawing  a  red  bsdl. 

[The  least  chance  is  when  one  bag  contains  only  one  white  ball, 
and  the  greatest  chance  is  when  one  bag  contains  only  one  red  ball, 

the  chances  being  ^r  ^^^  fr  respectively.] 
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404.  When  the  probability  of  the  happening  of  an 
event  in  one  trial  is  known,  the  probability  of  its  happen- 
ing exactly  once,  twice,  three  times,  &c.  in  n  trials  can  be 
at  once  written  down. 

For,  if  p  be  the  probability  of  the  happening  of  the 
event,  the  probability  of  its  failing  isl  —  p  =  q.  Hence, 
from  Art.  402,  the  probability  of  its  happening  r  times 
and  failing  n  —  r  times  in  any  specified  order  is  p''q*'~^. 
But  the  whole  number  of  ways  in  which  the  event 
could  happen  r  times  exactly  in  n  trials  is  ^C^,  and  these 
ways  are  all  equally  probable  and  are  mutually  exclusive. 
Hence  the  probability  of  the  event  happening  r  times 
exactly  in  n  trials  is  .C^p'"?**"*'. 

Thus,  if  (/>  +  qY  be  expanded  by  the  binomial  theorem, 
the  successive  terms  will  be  the  probability  of  the  happen- 
ing of  the  event  exactly  n  times,  w  —  1  times,  n  —  2  times, 
&c.  in  n  trials. 

Cor.  I.  To  find  the  most  probable  number  of  successes 
and  failures  in  n  trials  it  is  only  necessary  to  find  the 
greatest  term  in  the  expansion  of  {p  +  g)**. 

Oor.  II.  The  probability  of  the  event  happening  at 
least  r  times  in  n  trials  is 


i>"  +  n.p''  'q+     \        'p^-y  +  . . .  +      ,'-       p'q 

Lz"^^  rhi  —  r 

Ex.  1.     Find  the  chance  of  throwing  10  with  4  dice. 

The  whole  number  of  different  throws  is  6^  for  any  one  of  six 
numbers  can  be  exposed  on  each  die ;  also  the  number  of  ways  of 
throwing  10  is  the  coefficient  of  x^^in(x  +  x^+ ...+  afi)\  for  this  coeffi- 
cient gives  the  number  of  ways  in  which  10  can  be  made  up  by  the 
addition  of  four  of  the  numbers  1,  2,  ...,  6,  repetitions  being  allowed. 

Now  the  coefficient  of  x^^  'm(x  +  a^+...  +3^)*,  that  is  in  «*  (^"^V, 

is  easily  found  to  be  80.    Hence  the  required  chance  is 

80  5 


6.6.6.6     81* 

Ex.  2.    Find  the  chance  of  throwing  8  with  two  dice.  Am,  ■— . 

86 
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Ex.  3.    Find  the  chance  of  throwing  10  with  two  dice.        Am.  —  . 

Ex.  4.    Find  the  chance  of  throwing  15  with  three  dice.        Am.  =^q. 

Ex.  5.  A  and  B  each  throws  a  die ;  ^ew  that  it  is  7 : 5  that  ^'s  throw 
is  not  greater  than  f  s. 

Ex.  6.    A  and  B  each  throw  with  two  dice:  find  the  chance  that  their 

throws  are  equal.  73 

Am.^. 

Ex.  7.  A  and  B  have  equal  chances  of  winning  a  single  game  at  tennis : 
find  the  chance  of  A  winning  the  '  set '  (1)  when  A  has  won  5 
games  and  B  has  won  4,  (2)  when  A  has  won  5  games  and  B  has  won 
3,  and  (3)  when  A  has  won  4  games  and  B  has  won  2. 

S  7  18 

Am  {1)^,(2)  ^A^)^' 

Ex.  8.  A  and  B  have  equal  chances  of  winning  a  single  game  ;  and  A 
wants  2  games  and  B  wants  3  games  to  win  a  match :  shew  that  it  is 
11  to  5  that  A  wins  the  match. 

Ex.  9.    A  and  B  have  equal  chances  of  winning  a  single  game  ;  and  A 

wants  n  games  and  B  wants  n+ 1  games  to  win  a  match :  shew  that 

.,        ,,  .         ,      1.3.5...(2n-l),    -       1.3.6...(2n-l) 

the  odds  on  ^  are  1+       „  -.-  _^   ., — -  to  1  -   ■    ^   a    a    o —  * 

2.4.6...2n  2.4.6...2» 

Ex.  10.     A*8  chance  of  winning  a  single  game  against  B  ia  ■=:  find  the 

o 

chance  of  his  winning  at  least  2  games  out  of  3.  q-^ 

^"*-    128- 

2 

Ex.  11.     A*8  chance  of  winning  a  single  game  against  B  is  -:  find  the 

chance  of  his  winning  at  least  3  games  out  of  5.  .       192 

^^'243* 

Ex.  12.  What  is  the  chance  of  throwing  at  least  2  sixes  in  6  throws  with 
a  die?  12281 

'^'^'  46666  • 

Ex.  13.  A  coin  is  tossed  five  times  in  succession  :  shew  that  it  is  an 
even  chance  that  three  consecutive  throws  will  he  the  same. 

Ex.  14.  Three  men  toss  in  succession  for  a  prize  which  is  to  be  given 
to  the  first  who  gets  *  heads  \    Find  their  respective  chances. 

4    2    1 
7    7    7 
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405.     The  value  of  a  given  chance  of  obtaining  a  given 
sum  of  money  is  called  the  expectation. 

If        ,  is  the  chance  of  obtaining  a  sum  of  money  M  ; 

then  the  expectation  is  if  x t  . 

^  a-\-o 

For  if  E  be  the  expectation  in  one  trial,  E  (a  +  b)  will 
be  the  expectation  in  a  +  6  trials.     But  the  chance  being 

7 ,  the  sum  M  will,  on  the  average,  be  won  a  times  in 

every  a  +  b  trials ;  and  hence  the  expectation  in  a  +  6 
trials  is  Ma,    Hence  E(a  +  b)  =  Ma  ;  therefore 

E  =  Mx     "" 


a  +  b' 

Thus  the  expectation  is  the  sum  which  may  be  won 
multiplied  by  the  chance  of  winning  it. 

Ex.  1.    A  bag  contains  5  white  balls  and  7  black  ones.    Find  the 

expectation  of  a  man  who  is  allowed  to  draw  a  ball  from  the  bag  and 

who  is  to  receive  one  shilling  if  he  draws  a  black  ball,  and  a  crown 

if  he  draws  a  white  one. 

7 
The  chance  of  drawing  a  black  ball  is  j^ ;  and  therefore  the 

expectation  from  drawing  a  black  ball  is  Id.    The  chance  of  drawing 

a  white  ball  is  i  ^  ;  and  therefore  the  expectation  from  drawing  a 

white  baU  is  2«.  Id.    Hence,  as  these  events  are  exclnsive,  the  whole 
expectation  is  28.  8d, 

Ex.  2.  A  purse  contains  2  sovereigns,  3  half-crowns  and  7  shillings. 
What  should  be  paid  for  permission  to  draw  (1)  one  coin  and  (2) 
two  coins?  Ans.  (1)  48.  ^d.    (2)  9«.  Id. 

Ex.  3.  Two  persons  toss  a  shilling  alternately  on  condition  that  the 
first  who  gets  'heads'  wins  the  slulling :  find  their  expectations. 

Ans.  8d,f    4d. 

Ex.  4.  Two  persons  throw  a  die  alternately,  and  the  first  who  throws 
6  is  to  receive  11  shillings :  find  their  expectations. 

Ans,  Qs.f    58, 
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406.  Inverse  Probability.  When  it  is  known  that 
an  event  has  happened  and  that  it  must  have  followed 
from  some  one  of  a  certain  number  of  causes,  the  deter- 
mination of  the  probabilities  of  the  different  possible 
causes  is  said  to  be  a  problem  of  inverse  probability. 

For  example,  it  may  be  known  that  a  black  ball  was  drawn  from 
one  or  other  of  two  bags,  one  of  which  was  known  to  contain  2 
black  and  7  white  balls  and  the  other  5  black  and  4  white  balls;  and 
it  may  be  required  to  determine  the  probability  that  the  ball  was 
cb:awn  from  the  first  bag. 

Now,  if  we  suppose  a  great  number,  2Ny  of  drawings  to  be  made, 

there  will  in  the  long  run  be  N  from  each  bag.    But  in  N  drawings 

2 
from  the  first  bag  there  are,  on  the  avefage,  ^  N  which  give  a  black 

5 

ball ;  and  in  N  drawings  from  the  second  bag  there  are  ^  N  which 

2 

give  a  black  ball.    Hence,  in  the  long  run,  ^  N  out  of  a  total  of 

■^N+  -N  black  balls  are  due  to  drawings  from  the  first  bag ;  thus 
the  probability  that  the  ball  was  drawn  from  the  first  bag  is 
?2^--(?2^+|7^),thatis|. 

We  now  proceed  to  the  general  proposition : — 

Let  P.,  Pj, . . .,  P^  he  the  probabilities  of  the  existence  of  n 
causes^  which  are  mutually  exclusive  and  are  such  thai  a 
certain  event  must  have  followed  from,  one  of  them;  and  let 
Piy  p^i  '»•>  p^be  the  respective  probabilities  that  when  one 
of  the  causes  P^,  P^,  ,,.y  P^  exists  it  will  be  followed  by  the 
event  in  question;  then  on  any  occasion  when  the  event  is 
known  to  have  occurred  the  probability  of  the  rth  cause  is 

PrPr  -J-  {Pj>,  +  Pj>a  +  ...  +  Pj>J. 

Let  a  great  number  JV  of  trials  be  made ;  then  the 
first  cause  will  exist  in  N .  P^  cases,  and  the  event  will 
follow  in  jftT.  Pj .  pj  cases.  So  also  the  second  cause  exists 
and  the  event  follows  in  N.P^.p^  cases  ;  and  so  on. 

Hence  the  event  is  due  to  the  rth  cause  in  N ,P^.p^ 

s.  A.  33 
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cases  out  of  a  total  of  N  (P^p^  +  -P2P2+  •••  ^"  ^nPt)  5  ^^^ 

P  p 

probability  of  the  rth  cause  is  therefore  g^ . 

Having  found  the  probability  of  the  existence  of  each 
of  the  dififerent  causes,  the  probability  that  the  event 
would  occur  on  a  second  trial  can  be  at  once  found. 

For  let  PJ  be  the  probability  of  the  existence  of  the 
rth  cause ;  then  p^  is  the  probability  that  the  event  will 
happen  when  the  rth  cause  exists;  and  therefore  P^  -Pr  is 
the  probability  that  the  event  will  happen  from  the  rth 
cause. 

Hence,  as  the  causes  are  mutually  exclusive,  the 
probability  that  the  event  would  happen  on  a  second 
trial  is 

Ex.  1.  There  are  8  bags  which  are  known  to  contain  2  white  and  3 
black,  4  white  and  1  black,  and  3  white  and  7  black  balls  respectively. 
A  ball  was  drawn  at  random  from  one  of  the  bags  and  found  to  be  a 
black  ball.  Find  the  chance  that  it  was  drawn  from  the  bag  con- 
taining the  most  black  balls. 

1  3  17 

Here  Pi=P^=P^=  -  .     Also l>i=  g  ,  1>8==  g  and 2)3=  j^ . 

1     1_ 

3  '  10  7 

Hence  the  required  probability  is    ■  1    ■— — »  =  — . 

Ex.  2.  From  a  bag  which  is  known  to  contain  4  balls  each  of  which  is 
just  as  likely  to  be  black  as  white,  a  ball  is  drawn  at  random  and 
found  to  be  white.  Find  the  chance  that  the  bag  contained  3  white 
and  1  black  balls. 

The  bag  may  have  contained  (1)  4  white,  (2)  3  white  and  1  black, 
(3)  2  white  and  2  black,  (4)  1  white  and  3  black,  and  (5)  4 black;  and 

the  chances  of  these  are  respectively  ^ ,   .r^ ,   ^s »   Tc  ^^^  Th  • 

lb     Id     lb     lo  lo 

Art.  404.    Also  the  chances  of   drawing  a  white  ball   in   these 

3     11 

different  cases  will  be  1,  j ,   - ,   -  and  0  respectively. 

4  A  4 

Hence  the  required  probability  =  j  i  1  =  - . 

i6"*"4T6'^2i6'^4'16 
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407.  Probability  of  testimony.  The  method  of 
dealing  with  questions  relating  to  the  credibility  of  witnesses 
will  be  seen  from  the  following  examples : 

Ex.  1.  A  ball  has  been  drawn  at  random  from  a  bag  containing  99 
black  balls  and  1  white  ball;  and  a  man  whose  statements  are 
accurate  9  times  out  of  10  asserts  that  the  white  ball  was  drawn. 
Find  the  chance  that  the  white  ball  was  really  drawn. 

The  probability  that  the  white  ball  will  really  be  drawn  in  any  case 
is  ^^,  and  therefore  the  probability  that  the  man  will  truly  assert 

1        9 

that  the  white  ball  is  drawn  is  j^rx  x  =^ . 

99 
The  probability  that  the  white  ball  will  not  be  drawn  is  :r     ,  and 

therefore  the  probability  that  the  man  will  falsely  assert  that  the 

99  1 
white  ball  is  drawn  is  ^^  x  r^  • 

Hence  as  in  Art.  406  the  required  probability  is 

100  ^10  1 


100  ^  10  "*■  100  ^  10 

Ex.  2.  From  a  bag  containing  100  tickets  numbered  1,  2,  ...,  100 
respectively,  a  ticket  has  been  drawn  at  random;  and  a  witness, 
whose  statements  are  accurate  9  times  out  of  10,  asserts  that  a 
particular  ticket  has  been  drawn.  Find  the  chance  that  this  ticket 
was  really  drawn. 

In  1000  N  trials  the  ticket  in  question  will  be  drawn  10  N  times ; 
and  the  witness  will  correctly  assert  that  it  has  been  drawn  9^  times. 
The  ticket  will  not  be  drawn  in  990^  cases,  and  the  witness  will 
make  a  wrong  assertion  in  99  JV  of  these  cases;  but  there  are  99  ways 
of  making  a  wrong  assertion  and  these  may  all  be  supposed  to  be 
equally  likely;    hence  the  witness  will   torongly  assert  that  the 

particular  ticket  has  been  drawn  in  N  cases.    Hence  the  required 

9 
probabilily  is  =^ ,  so  that  the  probability  is  in  this  case  equal  to  the 

probability  of  the  witness  speaking  the  truth. 

Ex.  8.  A  speaks  the  truth  three  times  out  of  four,  and  B  five  times 
out  of  six ;  and  they  agree  in  stating  that  a  white  ball  has  been  drawn 
from  a  bag  which  was  known  to  contain  1  white  and  9  black  balls. 
Find  the  chance  that  the  white  ball  was  really  drawn. 

The  probability  that  the  white  ball  will  be  drawn  in  any  case  is 

33—2 
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Y^ ,  and  therefore  the  probability  that  A  and  B  will  agree  in  truly 

13      6 

asserting  that  a  white  ball  is  drawn  is  rrr  x  ^  x  ?  • 

The  probability  that  a  black  ball  will  really  be  drawn  in  any 
9 
case  is  ^ ;  and  therefore  the  probability  that  A  and  B  will  agree  in 

9      11 

falsely  asserting  that  a  white  ball  is  drawn  is  r^r  x  j  x  ? . 

Hence,  as  in  Art.  406,  the  required  probability  is 

£     3     6 

10  ^  4  "^  6  5 

J^     3     6      9^     1      1     8* 
10  ^4^6'*' 10  ^4^6 

Ex.  4.  A  speaks  truth  three  times  out  of  four,  and  B  five  times  out  of 
six ;  and  they  agree  in  stating  that  a  white  ball  has  been  drawn  from 
a  bag  which  was  known  to  contain  10  balls  all  of  different  colours, 
white  being  one.  What  is  the  chance  that  a  white  ball  was  reaUy 
drawn? 

The  probability  that  the  white  ball  will  really  be  drawn  in  any 
case  is  j^ ,  and  therefore  the  probability  that  A  and  B  will  agree  in 

13     5      1 

truly  asserting  that  the  white  ball  is  drawn  ^^  Tn^i^  a^Ta' 

The  probability  that  the  white  ball  will  not  be  drawn  in  any  case 

9  1 

is  Y^ .     The  probability  that  A  will  make  a  wrong  statement  is  j ; 

hence,  as  there  are  nine  ways  of  making  a  wrong  statement  which 
may  all  be  supposed  to  be  equally  likely,  the  diance  that  A  will 

wrongly  assert  that  a  white  ball  is  drawn  is  -.  x  ^ .    Therefore  the 

4    y 
chance  that  A  and  B  will  agree  in  falsely  asserting  that  a  white  ball 
is  drawn  is 

9         111 


=-;r  X  7— ^  X 


10     4x9     6x9""  2160' 

16  135 


Hence  the  required  probability  is        j         j     =  ^oc  • 

I6"*'2l60 

Ex.  5.  It  is  3  to  1  that  A  speaks  truth,  4  to  1  that  B  does  and  &  to  1 
that  C  does :  find  the  probability  that  an  event  really  took  place 
which  A  and  B  assert  to  have  happened  and  which  G  denies ;  the 
event  being,  independently  of  this  evidence,  as  likely  to  have 
happened  as  not.  Ans,  f . 
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408.  We  shall  conclude  this  chapter  by  considering 
the  following  examples,  referring  the  reader  who  wishes 
for  fuller  information  on  the  subject  of  Probabilities  to 
the  article  in  the  Encyclopaedia  Britannica,  and  to  Tod- 
hunter's  History  of  the  Mathematical  Theory  of  Proba- 
bility. 

Ex.  1.  A  bag  contains  n  balls,  and  all  numbers  of  white  balls  from  0 
to  n  are  equally  likely ;  find  the  chance  that  r  white  balls  in  succes- 
sion will  be  drawn,  the  balls  not  being  replaced. 

The  chance  that  the  bag  contains  s  white  baUs  is :: ;  and  the 

^  n+1 

chance  that  r  balls  in  succession  will  be  drawn  from  a  bag  contain- 
ing n  balls  of  which  s  are  white  is  — 7 — :rr-A rr  • 

^  w(n-l).  .(n-r+l) 

Hence  the  chance  required  is 

1_  in  (n-D... (n-r  +  l)      (n-1)  {n-2)...{n-r) 
n  +  1  \n  (n-1). ..(n-r+l)       n  (n-1). ..(n-r+l) 

+  r{r-l)...l        )  ^ 

■"n  (n-l)..,(n-r+l)J  ' 

Now  {1  .  2...r}+{2  .3...(r+l)}+...  +  {(n-r  +  l)...(n-l)  w}, 

Jn-r  +  l){n-r^2)...n{n+l)  ^  ^^  ^^^  3^^ 
r+ 1 

Hence  the  required  chance  is  — ^  ,  which  is  independent  of  the 

whole  number  of  balls  in  the  bag. 

If  it  be  known  that  r  white  balls  in  succession  have  been  drawn, 
the  probability  of  the  next  drawing  giving  a  white  ball  can  be  at 
once  found  from  the  preceding  result. 

For  in  a  great  number  N,  of  cases,  there  will  be  r  white  balls  in 

N  N 

succession  in r  cases,  and  r+1  white  balls  in  succession  in — ^ 

r+1  r+2 

cases.    Hence  the  required  chance  is  — v  -i =  — - . 

^  r+2     r+1     r  +  2 

Ex.  2.  Two  men  A  and  jB,  who  have  a  and  b  counters  respectively  to 
begin  with,  play  a  match  consisting  of  separate  games,  none  of  which 
can  be  drawn,  and  the  winner  of  a  game  receives  a  counter  from  the 
loser.  Find  their  respective  chances  of  winning  the  match,  which  is 
supposed  to  be  continued  until  one  of  the  players  has  no  more 
counters,  the  odds  being  p  :  q  that  A  wins  any  particular  game. 
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Let  i^'s  ehsnce  of  ultimate  Bacoess  when  he  has  n  oonnters  be  u^. 

Then  ^*8  chance  of  winning  the  next  game  is  -'^— ,  and  his  chance 

p  +  q 

of  ultimate  success  will  then  heu^^^;  also  ^*s  chance  of  losing  the 

next  game  is  -  -     ,  and  his  chance  ot  ultimate  success  will  then  be 
p  +  q 


Wn-r 


Hence  w-.=  -^^w„.,+  -^w«_i; 
P  +  9.  P  +  Q 

,\  pu^^i-ip  +  q)  Wn+?Wn-i=^»  ^^  which  it  follows  that  t*^ 

A  +  Bx 

will  be  the  coefficient  of  x**  in  the  expansion  of ; r 5  , 

p-(p  +  q)x+qa^^ 

provided  A  and  B  be  properly  chosen. 

Now  - — -. r ,  can  be  expressed  in  the  form  —     +  ^ —  ; 

p-\p  +  q)x  +  qx  p-qx     l-x 

and  hence  the  coefficient  of  a;**  is  D  +  -  (  -  |    . 

P\PJ 

Thus  M-.=D+  -(-)  ,  where  C  and  D  have  to  be  determined. 

But  it  is  obvious  that  A's  chance  of  winning  is  zero  if  he  has  no 
counters  and  unity  if  he  has  a+  &,  so  that  t<o=0  andu^^^=l;  hence 

0=D+  — ,  and  1=D+  -  (  -  )        ,  whence  the  values  of  C  and  D 

P  P  \PJ 

are  found,  and  we  have 

Hence  .^'s  chance  of  winning  the  game  is 

I'-(I)1/I'-G)"T 

Similarly  f  s  chance  of  winning  the  game  is 

i'-(f)i  /i'-(rr 

EXAMPLES   XLI. 

1.  A  and  B  throw  alternately  with  two  dice,  and  a  prize 
is  to  be  won  by  the  one  who  first  throws  8.  Find  their 
respective  chances  of  winning  if  A  throws  first. 
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2.  A,  B  and  C  throw  alternately  with  three  dice,  and  a 
prize  is  to  be  won  hj  the  one  who  first  throws  6.  Find  their 
respective  'chances  of  winning  if  they  throw  in  the  order  A, 
B^C. 

3.  Three  white  balls  and  five  black  are  placed  in  a  bag, 
and  three  men  draw  a  ball  in  succession  (the  balls  drawn  not 
being  replaced)  until  a  white  ball  is  drawn:  shew  that  their 
respective  chances  are  as  27  :  18  :  11. 

4.  What  is  the  most  likely  number  of  sixes  in  50  throws 
of  a  die ) 

5.  Shew  that  with  two  dice  the  chance  of  throwing  more 
than  7  is  equal  to  the  chance  of  throwing  less  than  7. 

6.  In  a  bag  there  are  three  tickets  numbered  1,  2,  3. 
A  ticket  is  drawn  at  random  and  put  back;  and  this  is  done 
four  times:  shew  that  it  is  41  to  40  that  the  sum  of  the 
numbers  drawn  is  even. 

7.  From  a  bag  containing  100  tickets  numbered  1,  2, 
3, ...  100,  two  tickets  are  drawn  at  random;  shew  that  it  is  50 
to  49  that  the  sum  of  the  numbers  on  the  tickets  will  be  odd. 

8.  There  are  n  tickets  in  a  bag  numbered  1,  2,  ...,  w.  A 
man  draws  two  tickets  together  at  random,  and  is  to  receive  a 
number  of  shillings  equal  to  the  product  of  the  numbers  he 
draws  :  find  the  value  of  his  expectation. 

0.  An  event  is  known  to  have  happened  n  times  in 
n  years  :  shew  that  the  chance  that  it  did  not  happen  in  a 

particular  year  is  ( 1  —  j  . 

10.  If  p  things  be  distributed  at  random  among  jt>  persons; 
shew  that  the  chance  that  one  at  least  of  the  persons  will  be 

rf'-\p 

■     V.I  X 

void  IS  r^  . 

f 

11.  A  writes  a  letter  to  B  and  does  not  get  an  answer; 
assuming  that  one  letter  in  m  is  lost  in  passing  through  the 
post,  shew   that  the   chance  that  B  received   the  letter  is 

-rr ^ ,   it    being    considered    certain    that    B   would    have 

zm  -  1 

answered  the  letter  if  he  had  received  it. 
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12.  From  a  bag  containing  3  sovereigns  and  3  shillings, 
four  coins  are  drawn  at  random  and  placed  in  a  purse ;  two 
coins  are  then  drawn  out  of  the  purse  and  found  to  be  both 
sovereigns.  Shew  that  the  value  of  the  expectation  of  the 
remaining  coins  in  the  purse  is  11a.  6d, 

13.  From  a  bag  containing  4  sovereigns  and  4  shillings, 
four  coins  are  drawn  at  random  and  placed  in  a  purse ;  two 
coins  are  then  drawn  out  of  the  purse  and  found  to  be  both 
sovereigns.  Shew  that  the  probable  value  of  the  coins  left  in 
the  bag  is  29^  shiUings. 

14.  If  three  points  are  taken  at  I'andom  on  a  circle  the 
chance  of  their  lying  on  the  same  semi-circle  is  f . 

15.  A  rod  is  broken  at  random  into  three  pieces  :  find  the 
chance  that  no  one  of  the  pieces  is  greater  than  the  sum  of  the 
other  two. 

16.  A  rod  is  broken  at  random  into  four  pieces :  find  the 
chance  that  no  one  of  the  pieces  is  greater  than  the  sum  of  the 
other  three. 

17.  Three  of  the  sides  of  a  regular  polygon  of  4n  sides  are 
chosen  at  random;  prove  that  the  chance  that  they  being 
produced  will  form  an  acute-angled  triangle  which  will  contain 

.,  ,  .        (7l-l)(7i-2) 

the  polygon  is  ~ =4-71 ^  • 

^    -^^  (471-1)  (4w-2) 

18.  Out  of  m  persons  who  are  sitting  in  a  circle  three  are 
selected  at  random;  prove  that  the  chance  that  no  two  of 

those  selected  are  sitting  next  one  another  is  -. =-r4 rr( . 

(w— l)(m-2) 

19.  If  m  odd  integers  and  n  even  integers  be  written  down 
at  random,  shew  that  the  chance  that  no  two  odd  numbei's  are 

|w  Irn- 1 
adjacent  to  one  another  is '-  ' =- ,  m  hems  i>  w  +  1. 


20.     If  m  things   are   distributed   amongst  a  men  and  b 
women,   shew   that   the   chance   that   the   number  of  things 

received  by  the  group  of  men  is  odd,  is  k  ■ L \^  —     . 

2  (6  + a)" 
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21.  The  sum  of  two  whole  d  umbers  is  100  ;  find  the  chance 
that  their  product  is  greater  than  1000. 

22.  The  sum  of  two  positive  quantities  is  given;  prove 
that  it  is  an  even  chance  that  their  product  will  not  be  less 
than  three-fourths  of  their  greatest  product;  prove  also  that 
the   chance   of  their  product  being   less  than  one-half  their 

greatest  product  is  1  — j^ . 

23.  Two  men  A  and  B  have  a  and  b  counters  respectively, 
and  they  play  a  match  consisting  of  separate  games,  none  of 
which  can  be  drawn,  and  the  winner  of  a  game  receives  a 
counter  from  the  loser.  The  two  players  have  an  equal  chance 
of  winning  any  single  game,  and  the  match  is  continued  until 
one  of  the  players  has  no  more  counters.  Shew  that  A 's  chance  of 

winning  the  match  is ■= . 

24.  An  urn  contains  a  number  of  balls  which  are  known 
to  be  either  white  or  black,  and  all  numbers  are  equally  likely. 
If  the  result  of  p  +  q  drawings  (the  balls  not  being  replaced)  is 
to  give  p  white  and  q  black  balls,  shew  that  the  chance  that  the 

next  drawinff  will  give  a  black  ball  is  — -. 

^  ^  p+q+2 

25.  Two  sides  play  at  a  game  in  which  the  total  number 
of  points  that  can  be  scored  is  2m  +  1 ;  and  the  chances  of  any 
point  being  scored  by  one  side  or  the  other  are  as  2m  +1-05 
to  2m  +  1  —  y,  where  x  and  y  are  the  points  already  scored  by 
the  respective  sides.  Shew  that  the  chance  that  the  side 
which  scores  the  first  point  will  just  win  the  game  is 

(2m!  2m +1!)' 
(m]fm+  1!  4m+l!' 
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409.    If  there  are  nine  quantities  arranged  in  a  square 
as  under : 


t: 

I 

a. 

Ci 

c. 

c. 

then  all  the  possible  products  of  the  quantities  three  to- 
gether, subject  to  the  condition  that  of  the  three  quantities 
in  each  product  one  and  only  one  is  taken  from  each  of 
the  rows  and  one  and  only  one  from  each  of  the  columns, 
will  be 

^iVs*  «AC2»  ^A<^V  «8^^S>  »8^1^«>  ^^^  ^A<^v 

Let  now  these  products  be  considered  to  be  positive  or 
negative  according  as  there  is  an  even  or  an  odd  number 
of  inversions  of  the  natural  order  in  the  suflSxes ;  then  the 
algebraic  sum  of  all  the  products  will  be 

^i^^s  -  «i V«  +  «8 Vi  -  «2^<?8  +  ct3&,c,  -  apji^ (A) ; 

for  there  are  no  inversions  in  ap^c^y  there  is  one  inversion 
in  ajftg^a  since  3  precedes  2,  there  are  two  inversions  in 
ajyj:^^  since  2  and  3  both  precede  1,  there  is  one  inversion 
in  OjijCg  since  2  precedes  1,  there  are  two  inversions  in 
agfejCj  since  3  precedes  both  1  and  2,  and  there  are  three 
inversions  in  ajbji^  since  3  precedes  both  1  and  2  and  2 
precedes  1. 
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The  expression  (A)  is  called  the  determinant  of  the 
nine  quantities  a^,  a,,  &c.,  which  are  called  its  elements  ; 
and  the  products  ap^c^  cbfiffi^,  &c.,  are  called  the  terms  of 
the  determinant 

410.  Definition.  If  there  are  w'  quantities  arranged 
in  a  square  as  under  : 


a,     a. 


a„ 


4. 


a. 


m,     m„ 


m. 


m. 


the  members  of  the  same  row  being  distinguished  by  the 
same  letter,  and  the  members  of  the  same  column  by  the 
same  suffix ;  and  if  all  the  possible  products  of  the  quan- 
tities n  at  a  time  are  taken  subject  to  the  condition  that 
of  the  n  quantities  in  each  product  one  and  only  one  is 
taken  from  every  row  and  one  and  only  one  from  every 
column,  and  if  the  sign  of  each  product  is  considered  to  be 
positive  or  negative  according  as  there  is  an  even  or  an  odd 
number  of  inversions  of  the  natural  order  in  the  suffixes ; 
then  the  algebraic  sum  of  all  the  products  so  formed  is 
called  the  determinant  of  the  n*  quantities  or  elements. 

To  denote  that  the  r?  quantities  are  to  be  operated 
upon  in  the  manner  above  described,  they  are  enclosed  by 
two  lines,  as  in  the  above  scheme. 

The  diagonal  through  the  left-hand  top  corner  is  called 
the  principal  diagonal;  and  the  product  of  the  n  elements 

«i  >  ft2>  ^8> >  ^n  which  lie  along  it,  is  called  the  principal 

term  of  the  determinant. 

All  the  other  terms  can  be  formed  in  order  from  the 
principal  term  by  taking  the  letters  in  their  alphabetical 
order  and  permuting  the  suffixes  in  every  possible  way: 
on  this  account  a  determinant  is  sometimes  represented 
by  enclosing  its  principal  term  in  brackets;  thus  the 
above   determinant  would  be  written   \apji^.,.m^,   the 
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determinant  is  also  often  represented   by   the   notation 

When  only  one  determinant  is  considered  it  is 
generally  denoted  by  the  symbol  A. 

A  determinant  is  said  to  be  of  the  ?ith  ordei*  when 
there  are  n  elements  in  each  of  its  rows  or  columns,  and 
therefore  also  n  elements  in  each  of  its  terms. 

411.  Since  there  are  as  many  terms  in  a  determinant 
of  the  nth  order  as  there  are  permutations  of  the  n  suffixes, 
it  follows  that  there  are  In  terms  in  a  determinant  of  the 

nth  order.     There  are,  for  example,  six  terms  in  a  deter- 
minant of  the  third  order. 

412.  The  law  by  which  the  sign  of  any  term  of  a 
determinant  is  found  is  equivalent  to  the  following : 

I*ake  the  elements  in  order  from  the  svjccessive  rows 
beginning  at  the  first ;  then  the  sign  of  any  term  is  positive 
or  negative  according  as  there  is  an  even  or  an  odd  number 
of  inversions  in  the  order  of  the  cohimns  from  which  the 
elements  are  taken. 

We  will  now  shew  that  the  words  row  and  column  may 
be  interchanged  in  the  above  law.  To  prove  this,  consider 
any  product,  for  example,  cbfi^c^d^e^^  and  its  equivalent 
c^fb^d/ige^i  where  in  the  first  form  the  letters  follow  the 
alphabetical  order  and  in  the  second  form  the  numbers 
follow  the  natural  order. 

We  have  to  shew  that  the  number  of  inversions 
in  the  suffixes  in  the  first  form  is  the  same  as  the  number 
of  inversions  of  the  alphabetical  order  in  the  second  form. 
This  follows  immediately  from  the  fact  that  if,  in  the  first 
form,  any  suffix  follow  r  suffixes  greater  than  itself;  then, 
in  the  second  form,  the  letter  coresponding  to  that  suffix 
must  precede  r  letters  earlier  than  itself  in  alphabetical 
order.  Thus,  in  the  example,  2  follows  four  suffixes  greater 
than  itself  in  ^g^g^i^/e/s*  ^^^  /  precedes  four  letters  earlier 
than  itself  in  c^f})^fjfi^. 
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Since  the  words  rows  and  columns  are  interchangeable 
in  the  law  which  determines  the  sign  of  any  term,  we  have 
the  following 

Theorem,  A  determinant  is  unaltered  by  clianging  its 
rows  into  columns  and  its  columns  into  rows. 


For  example 


a, 
a„ 


'8 


c„ 


a.     tt«    a. 

K  il  hi 

"i     \     c. 


Ex.  1.    Count  the  number  of  inversions  in  2314,  3142  and  4231. 

Ans,  2,  3,  5. 

Ex.  2.    Count  the  number  of  inversions  in  4132,  35142  and.  531264. 

Ans,  4,  6,  7. 

Ex.  8.    What  are  the  signs  of  the  terms  hfg^  cdh  and  ceg  in  the 
determinant     a    b    c 

d    e    f 

g    h    k 

[The  order  of  the  columns  is  231,  312  and  321.] 

Am.    +,  +,  -. 

Ex.  4.    What  are  the  signs  of  the  terms  bgiq^  celn  and  dfhn  in  the 
determinant     abed 

e    f    g    h 

i    j    k     I 

m   n    p    q 

[The  order  of  the  columns  is  2314,  3142  and  4231.] 

Ans.    + ,  - ,  - 

413.  Theorem  I.  If  in  any  term  of  a  determinant  any 
two  suffixes  be  interchanged,  another  term  of  the  determinant 
will  be  obtained  whose  sign  is  opposite  to  that  of  the  original 
term. 

Let  P .ha.kp  be  any  term  of  a  determinant,  P  being 
the  product  of  all  the  elements  except  ha  and  kp;  then,  by 
interchanging  a  and  fi  we  have  P  .hp.  ka.  Now  since 
P  .h^.kp  is  a  term  of  the  determinant,  P  can  contain  no 
element  from  the  rows  of  h's  and  k's  and  no  element  fronj 
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the  a  or  /3  columns;  and  this  is  a  sufficient  condition  that 
Phpha  should  also  be  a  term  of  the  determinant. 

We  have  now  to  shew  that  the  two  terms  have 
diflferent  signs. 

First  suppose  that  two  consecutive  suffixes  are  inter- 
changed. 

Consider  the  term  AhJc^B  where  A  denotes  the  product 
of  all  the  elements  which  precede  ha  and  B  the  product  of 
all  the  elements  which  follow  h^.  By  interchanging  a  and 
/8  we  have  Ah^hJB,  which  we  have  already  found  is  a  term 
of  the  determinant. 

Now  the  number  of  inversions  in  the  two  terms  must 
be  the  same  so  far  as  the  suffixes  contained  in  J.,  or  in  £, 
are  concerned,  whether  compared  with  one  another  or  with  a 
and  p ;  but  there  must  be  an  inversion  in  one  or  other  of 
a^  and  ^a  but  not  in  both.  Hence  the  number  of 
inversions  in  the  two  terms  diflfer  by  unity,  Svud  therefore 
the  signs  of  the  terms  must  be  different. 

Now  suppose  that  two  non-consecutive  suffixes  are 
interchanged;  and  let  there  be  r  elements  between  the  two 
whose  suffixes,  a  and  /9  suppose,  are  to  be  interchanged. 

Then  a  will  be  brought  into  the  place  of  )8  by  r+ 1  inter- 
changes of  consecutive  suffixes,  and  ^  can  then  be  brought 
into  the  original  place  occupied  by  a  by  r  interchanges 
of  consecutive  suffixes ;  and  therefore  the  interchange  of 
a  and  /8  can  be  made  by  means  of  2r  +  1,  that  is  by  an  odd 
number,  of  interchanges  of  successive  suffixes.  But,  by  the 
first  case,  each  such  interchange  gives  rise  to  a  loss  or  gain 
of  one  inversion ;  and  hence  there  must  on  the  whole  be  a 
loss  or  gain  of  an  odd  number  of  inversions:  the  sign  of  the 
new  term  will  therefore  be  different  from  the  sign  of  the 
original  term. 

414.  Theorem  II.  A  determinant  is  unaltered  in 
absolute  value,  but  is  changed  in  sign,  by  th^  interchange 
of  any  two  colwmns  or  any  two  rows. 

Suppose  that  in  any  determinant  the  rows  in  which 
the  letters  h  and  k  occur  are  interchanged.     Then,  if 


DETERMINANTS. 


527 


A.ha.B .kp.C  be  any  term  of  the  original  determinant, 
the  term  of  the  new  determinant  formed  by  the  elements 
which  occur  in  the  same  places  as  before  will  be  AkJBhffj\ 
and  these  two  terms  must  have  the  same  sign  in  the  two  de- 
terminants. Now  by  Art.  413  we  know  that  A.ka.B,hp,C 
is  a  term  of  the  original  determinant  and  that  its  sign 
is  different  from  that  of  A  .  ha  .  B  ,  kp  .  G.  Hence  any 
term  of  the  new  determinant  is  also  a  term  of  the  original 
determinant  but  the  sign  of  the  term  is  diflferent :  the  two 
determinants  must  therefore  be  equal  in  absolute  magni- 
tude but  different  in  sign. 

The  proposition  being  true  for  rows  is,  from  Art.  412, 
true  also  for  columns. 


For  example 

Oi    aj    ag 

^  •- 

«i    «8    «a 

6l       ^2       ^8 

&i     h    ^9 

Cj          Cj         Cg 

Cj       Cj      Cj 

a.    a« 


bj     63 


415.  Theorem  III.  A  determinant,  in  which  two 
rows  or  two  columns  are  identicai,  is  equal  to  zero. 

When  two  rows  (or  two  columns)  are  identical,  the 
determinant  is  unaltered  either  in  sign  or  magnitude  by 
the  interchange  of  these  two  rows  (or  columns).  But,  by 
Theorem  II,  the  interchange  of  any  two  rows  (or  columns) 
of  a  determinant  changes  its  sign.  Thus  the  determinant 
is  not  altered  in  value  by  changing  its  sign:  its  value 
must  therefore  be  zero. 


Ex.  1.    Find  the  value  of 


1 
1 


a    a* 
c     c^ 


It  is  obvions  that  two  rows  would  become  identical,  and  therefore 
the  determinant  would  vanish,  if  a =5.  Hence  A  must  be  equal  to 
an  expression  which  has  a  -  5  as  a  factor.  Similai'ly  h-c  and  c-a 
must  be  factors  of  A.  But  A  is  by  inspection  seen  to  be  of  the  third 
degree  in  a,  &,  c;  hence  A  =  jL(6-c)  (c~a)  (a-6),  where  L  is 
numerical.  The  principal  term  of  A  is  hc^  and  this  is  the  only 
term  which  gives  5c^,  and  the  coefficient  of  6c*  in  L  (6  -  c)  (c  -a)  (a-  h) 
is  li ;  therefore  X  =  1.    Thus  A  =  (&  -  c)  (c  -  a)  (a  -  6). 
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Ex.  2.    Find  the  value  of 


1    a    a'    a' 
1     c     c^    c' 


1    d    cP    ds 
Am.   -{b-c)(c-a){a-b){a-d)(b-d){c-d). 


Ex.  3.    Find  the  value  of 


a    a* 


a* 


1 
1 


6     68    54 


X,  d    d>    d* 
Am.  -(6-c)(c-a)(a-6)  (a-d)  (&-d)(c-d)(a+&+<;  +  d). 

416.  Theorem  IV.  If  all  the  elements  of  one  row  or 
of  one  column  of  a  determinant  he  multiplied  by  the  same 
quantity,  the  whole  determinant  will  be  multiplied  by  that 
quantity. 

For  every  term  of  the  determinant  contains  one 
element  and  only  one  from  each  column  and  from  each 
row ;  and  it  therefore  follows  that  if  all  the  terms  of  one 
row  or  of  one  column  be  multiplied  by  the  same  quantity, 
every  term  of  the  determinant,  and  therefore  the  sum  of 
all  the  terms,  will  be  multiplied  by  that  quantity. 

Cor.  From  the  above,  together  with  Theorem  III,  it 
follows  that  if  two  rows  or  two  columns  of  a  determinant 
only  differ  by  a  constant  factor,  the  determinant  must 
vanish. 


For  example 

mor^    m&i    mci 

= 

mnp 

Oi    bi    Cj 

^ 

WMZj    nb^    pci 

na^     71^2     72^2 

a^    &2    ^2 

wiflj    n6j    pc^ 

P<h    Ph    P^i 

a,    6a    Cg 

ma^    n6g    pc^ 

AIro 

ma    na 

1 

=  mn 

a    a    1 

=  0. 

mh    nh 

1 

6     6    1 

mc 

ne 

1 

c    e 

1 

417.  Minor  determinantB.  When  any  number  of 
columns  and  the  same  number  of  rows  of  a  determinant 
are  suppressed,  the  determinant  formed  by  the  remaining 
elements  is  called  a  minor  determinant. 
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A  minor  determinant  is  said  to  be  of  the  first  order,  or 
to  be  a  first  minor,  when  one  column  and  one  row  are 
suppressed ;  it  is  said  to  be  of  the  second  order,  or  to  be  a 
second  minor,  when  two  columns  and  two  rows  are  sup- 
pressed ;  and  so  on. 

The  determinant  obtained  by  suppressing  the  line  and 
the  column  through  any  particular  element  is  called  the 
minor  of  that  element,  and  will  be  denoted  by  A^.  where  x 
is  the  element  in  question. 


Thus 

O] 

L      h 

» 

«1      Cl 

and 

h     Ci 

are  first  minors  of 

Oj      69 

«8      CZ 

&8      <^8 

<h    h    ^1 

,  and  are  Ac^,  ^  and  A^^  respectively. 

Oj      &2      Cji 

^    h 

Cs 

1> 


418.    Development  of  determinants.    Consider  the 
determinant  of  the  fourth  order 

A=    a,    a^    a^    a^ 
\    h    h    h 

Cj      Cg       C3       C4 

dj    d!j    dg    d^ 

A  certain  number  of  the  terms  of  A  will  contain  a 
let  the  sum  of  all  these  terms  be  a^ .  A^,  Similarly  let 
the  sum  of  all  the  terms  which  contain  a^,  a^  and  a^,  be 
respectively  a^ .  J.^,  a^ .  A^  and  a^ .  A^,  Then,  since  no  term 
can  contain  more  than  one  of  the  letters  a^,  a.^,  a^,  a^  we 
have 

A  =  aiA^']-  a^A^  +  a^A^  +  a^A^^ (i). 

Now,  since  no  term  of  A  which  contains  a^  can  contain 
any  element  from  the  column  or  the  row  through  a^,  it 
follows  that  every  term  of  A  which  contains  a,  is  the 
product  of  ttj  and  some  term  of  A^^;  conversely  the  product 
of  ttj  and  any  term,  T,  of  A^^  will  be  a  term  of  A,  and  the 
sign  of  the  term  a^ .  T  of  A  will  be  the  same  as  the  sign  of 
the  term  T  of  A<,^,  for  there  is  no  change  in  the  number  of 
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inversions.  Hence  the  sum  of  all  the  terms  of  A  which 
contain  a^  is  a^ .  A^. 

So  also,  every  term  of  A  which  contains  a,  is  the 
product  of  a,  and  some  term  of  A^,,  and  the  product  of  a, 
and  any  term,  T,  of  A^^  will  be  a  term  of  A,  but  there  is 
one  more  inversion  in  the  term  o^ .  T  of  A  than  there  is  in 
the  term  T  of  A^,  since  2  precedes  1.  Hence  the  sum  of 
all  the  terms  in  A  which  contain  a,  is  —  a, .  A^^. 

Similarly  the  sum  of  all  the  terms  of  A  which  contain 
a,  are  a, .  A^, ;  and  the  sum  of  all  the  terms  which  con- 
tain a^  are  —  a^ .  A^^. 

Hence 

A  =  aj .  A^,-a, .  Ao^  +  a, .  A«,-a4 .  A«^ (ii). 

By  means  of  Articles  413  and  414,  we  can  shew  in  a 
similar  manner  that 

A  =:  -  6,  Aft,  +  6.  Aft.  -  6,  Aft.  +  6,  Aft^ 

« a,  ^a,-K  ^6,  +  Ci  Aci-dj  Ad^  =  &c. 

Oor.  By  comparing  (i)  and  (ii)  we  see  that  the  co- 
factors  of  the  elements  a ,  a„  &c.,  are  equal  in  absolute 
magnitude  to  the  minors  oj  the  same  elements, 

419.  We  have  in  the  previous  Article  considered  the 
case  of  a  determinant  of  the  fourth  order ;  the  reasoning  is 
however  perfectly  general,  so  that  if  A  be  a  determinant 
of  the  Tith  order  having  a,,  aj,...,  a„  for  the  elements  of  its 
first  row  or  column  ;  then  will 

A  =  dj .  A^ - ttj  A«,  +...  +  (- 1)*'*  a^  Aa^. 
So  also 

A  =  (- ir  {K  .  K "k.Lrc.  +...  +  (- 1)-^  k^ ^^l 
Where  i,,  A;,,...,  k^  are  the  elements  of  the  rth  row. 

For  example 


h 


a, 


=  «1 

h 

K 

-a, 

&i 

^ 

+  "8 

h 

ft. 

Ci 

Cs 

Cl 

Cs 

Cl 

c« 

=  <h  ( Vs  ~  Vj)  -  ^»  ih^s  -  ^^i)  +  ««  V>iCi  -  Vi)* 
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Prove  the  following : — 


1 
2 
1 


1 
1 
2 


2 
1 
1 


=  4. 


-12  2 
2-12 
2        2-1 


=  27. 


8. 


6. 


12  3 
3  12 
2    3    1 

a  0  c 
a  b  0 
0    b    c 


=  18. 


=  2abe. 


6  5  5 
5  6  5 
5    5    6 

a  a  a 
abb 
a    b    c 


=  16. 


=  a(6-c)(a-6). 


7. 


a+6  c  c 
a  6  +  c  a 
b        b      c+a 

=9. 


=  4a5c. 


6  +  c       c  b 

c       c+a      a 
b         a       a  +  b 


=4adc. 


3 

2 

2 

2 

2 

3 

2 

2 

2 

2 

3 

2 

2 

2 

2 

3 

lO. 


1111 

12  3  4 
1  3  6  10 
1    4    10    20 


=  1. 


IX.    Write  down  the  co-faotors  of  a,  f  and  c  in  the  expansion  of 


the  determinant  A  = 


a  h  g 
h  b  f 
9    f    c 


Shew  that,  if  Ay  B,  &o.  are  the  oo-factors  of  a,  &,  <&c.  in  the 
above  determinant,  and  A\  B\  &o.  the  co-faotors  of  ^,  B,  <&c.  in 
the  determinant 


A  H  G 
H  B  F 
G    F     C 


*!,       ^'      ^' 
;  then  —  =  -r- 

a       b 


=  A. 


420.  Theorem  V.  If  the  elements  of  one  column  of 
a  determinant  be  multiplied  in  order  by  the  co-factors  of 
the  corresponding  elements  of  any  other  column ;  then  the 
sum  of  the  products  vnll  be  zero. 

Let  the  elements  of  the  rth  column  be  multiplied  b^ 
the  co-factors  of  the  corresponding  elements  in  the 
column ;  then  the  sum  of  the  products  will  be 


a^.il,  +  6^. £,+... 


34—2 
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Now  consider  the  determinant  which  diflfers  from  the 
original  determinant  only  in  having  the  sth  column 
identical  with  the  rth ;  then  A^  B,,  &c.  will  be  the  same 
in  the  new  determinant  as  in  the  original  one. 

The  value  of  the  new  determinant  will  therefore,  by 
Art.  419,  be  equal  to 

±  {a.. ^,  +  6.. £,+...} 

since  a^  =  a„  h^  =  6„  &c. 

But,  from  Art.  415,  we  know  that  the  new  determinant 
is  zero. 

Hence    a^ .  J.,  +  6^ .  J5,  +. . .  =  0. 

Thus  in  the  determinant  A=[ai&sCgdJ,  we  have 
A  =  a^A^  +  a^2  +  ^^z  +  '^4^4  5 

also  0  =  \A  1  +  63^2  +  &3^  8  +  &4^4, 

0=ai^3+6jBg+CiC73+<iiI>3,  &c. 


421.     Theorem  VI.     If  each  element  of  any  row  {or 

column)  of  a  determinant  he  the  sum  of  two  quantitieSy  the 
determinant  can  he  expressed  05  the  sum  of  two  deter- 
minants of  the  same  order. 

It  will  be  sufficient  to  take  as  an  example  the  deter- 
minant 

«!  +  Oj     6j     c^ 

a^  +  a^    ^2    ^8 

»8  +  a-s    ^8     c« 

By  Art.  418,  we  have,  if^j,  A^,  A^  be  the  co-factors  of 
the  elements  of  the  first  column, 

A  =  (a,  +  a,)^,  +  (a,  +  a,)^,  +  (a3  +  a3)43 


+ 


a. 


a, 


8 


'8 


^9 
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Similarly  it  can  be  proved  that 
«!  +  a^    61  —  jSj    Cj 

«s  +  «3     *8-ft     <^3 


a. 


ft 


«1 

61     Ci 

+ 

«1     2>i     Ci 

%    6]    C) 

«2    *a    ^a 

Os      ^8      <^8 

«8      ^3      <^3 

^ 

«!      ft      Ci 
«S      ft      <^2 

• 

«8      ft 

Cs 

a,    ft    c, 

<*8      ft      <^8 

422.  Theorem  VII,  A  determinant  is  not  altered  in 
value  by  adding  to  all  the  elements  of  any  column  (or  row) 
the  same  multiples  of  the  corresponding  elements  of  any 
number  of  other  columns  (or  rows). 

Take  as  an  example  a  determinant  of  the  third  order  : 
we  have  to  shew  that 


a„ 


a, 


3 


ttj  +  m6j  +  wCj  bi  Ci 
ttg  +  mb^  +  wCj  6j  Cj 
a^  +  m6«  +  wc,    6,    c. 


By  Theorem  VI,  the  last  determinant  is  equal  to 


a. 


a. 


K 
6. 


+ 


m6i    bi    Ci 
m6o    6.    c. 


+ 


'8 


'8 


But  each  of  the  last  two  determinants  is  zero  [Art.  416, 
Cor.]  ;  this  proves  the  theorem. 


Ex.  1.    Shew  that 


=  0. 


1  a  b  +  c 
1  b  c  +  a 
1    c    a  +  b 

Add  the  second  column  to  the  third ;  then 


=  {a+b  +  c) 


A=    1    a    a  +  b  +  c 
1     6    a+b+c 
1     c    a+b+c 
since  two  columns  are  now  identical. 


1 
1 
1 


a 
b 
c 


1 
1 
1 


=  0, 


Ex.  2.    Shew  that 


a      b 
-a     b 

-a    -b 


c 
c 
c 


d 
d 
d 


-a    -b    -c    d 


=  Qabcd. 
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Add  the  first  row  to  each  of  the  others ;  then 


A=  abed 
0  26  2c  2d 
0  0  2c  2d 
0     0      0     2(! 

Ex.  3.     Shew  that 


=  a 


26  2c  2d 
0  2c  2d 
0      0     2d 


=  2a6 


2c     2d 
0     2d 


=  Sahcd. 


=  0. 


a  +  26    a  +  46    a+66 

a  +  36    a  +  56    a  +  76 

a  +  46    a  +  66    a  +  86  , 

Take  the  secood  row  from  the  third,  and  then  the  first  from 
the  second. 


Ex.  4.    Shew  that 


6+c  a-c  a-b 
b-c  c+a  b -a 
c-6    c-a    a+6 


=  8a6c. 


Ex.  6.     Fi] 

Qd 

the  value  of 

1 

15     14 

4 

• 

IS 

5     6      7 

9 

8 

10    11 

5 

13     3      2 

16 

A  = 

1 

15       14 

4 

=  48 

1 

15 

14 

4 

12       6         7 

9 

12 

6 

7 

9 

— 

4       4         4 

-4 

-1 

1 

1 

-1 

12     - 12     - 12 

12 

1 

-1 

-1 

1 

=  48 

1 

12 

-1 

0 

16    14 
6      7 
1      1 
0      0 

4 
9 

-1 
0 

=  0. 

Ex.  6.    Find  the  values  of 

0      -1     -1 

1 

and 

8    $ 

I    2 

2 

• 

4       5        1 

1 

2    t 

I    2 

2 

3       9       4 

1 

2    1 

I    8 

2 

-4     4       4 

1 

2    i 

2    2 

3 

A^ 

ns. 

0,9, 

423.     The  following  is  an  important  example. 

To  shew  that 


^i    bi    Ci     I     m    n 

= 

ttj    6i    Ci 

• 

<h.    A    7i 

a^    b2    c^    p     5     T 

a^    62    Cg 

««    A    7. 

%     63     Cj      s        t       u 

Og         63         C3 

• 

«8      A      78 

0      0     0    ai    /3i    7i 

0      0     0    03    /Sa    7, 

0      0      0    a,    i33    73 
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It  IB  in  the  first  place  clear  that  a  term  of  the  determinant  of  the 
sixth  order  will  be  obtained  by  taking  any  term  of  [aJb^^  with  any 
term  of  [ai/SgTs]*  Thus  A  =  [OiftjCg] .  [aj^jY-]  together  witn  terms  involv- 
ing Z,  m,  n,  <&c. ;  and  we  have  to  shew  that  all  terms  involving  any 
of  the  letters  Z,  m,  n,  <&o.  will  vanish. 

Now,  in  every  term  of  the  minor  of  {,  three  elements  must  be 
chosen  from  the  last  three  rows,  and  two  only  of  these  can  be  chosen 
from  the  last  two  columns ;  hence  one  of  the  three  elements  must  be 
zero,  and  therefore  every  term  of  At  is  zero.  Hence  the  minor  of  {, 
and  so  also  the  minor  of  each  of  the  elements  m,  n,  Ac  is  zero ;  this 
proves  that  there  are  no  terms  involving  any  of  the  letters  l,  m,  n,  <&c. 

It  can  be  proved  in  a  similar  manner  that  any  determinant  of  the 
2nth  order  is  the  product  of  two  determinants  of  the  nth  order, 
provided  every  element  of  one  of  the  nth  minors  of  the  original 
determinant  is  zero. 


424.  Multiplication  of  determinants.  We  shall 
consider  the  case  of  two  determinants  of  the  third  order : 
the  method  is  however  perfectly  general. 

To  express  as  a  determinant  of  the  third  order,  the 
prodv/ct  of  the  two  determinants. 


A,= 


a^ 
a. 


K 


and  A2  = 


^1 

©3 


A 
A 

A 


7i 

72 
78 


We  know  from  Art.  423  that 


A,A,= 


a, 

<h 
0 

0 

0 


0  0 
0  0 
0     0 


-1 
0 
0 


a. 


0 

-1 

0 

A 


0 
0 

-1 

7j 
7s 


(A). 


Multiply  the  first  three  rows  by  aj,  /3i,  7^  and  add  the 
products  to  the  fourth  row ;  then  multiply  the  first  three 
rows  by  a^y  ^^  %  respectively  and  add  the  products  to  the 
fifth  row;  and  then  multiply  the  first  three  rows  by  a^  j8g,  7, 
respectively  and  add  the  products  to  the  sixth  row.  We 
shall  then  have  the  equivalent  determinant 
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«1 

a^            • 

«a 

Ojai +  02^31+0371, 

ajOj +  0^2  +  037,, 

ai08  +  fl2^3  +  0j,75, 

-1, 

0, 

0 

0, 

-1, 

0 

0  . 

0  , 

-1 

0, 

0, 

0 

0, 

0, 

0 

0  . 

0  . 

0 

ftitti  +  62^1  +  6371 ,     Ciai  +  c,/3i  +  C87i, 
6103  +  62)82  +  6,7,,     C1O2+C2/32+.C372, 

which  is  by  Art.  423  equivalent  to  the  product  of 

—  1      0        0      ,  that  is  1,  and 
1-10 
.0        0-1 

OiOi  +  a^^  +  0,71 ,  61O1  +  6^1  +  6371 ,  CiOi  +  c^  +  c,7i 
ai05i  + 03/53+0372,  6103  +  62/33  +  6373,  ^103  + 63/33  +  0373 
0103  +  02^8+0373,     6103+63/83  +  6373,    C1O8+C2/33  +  C873 

Hence  the  required  product  is  the  determinant  last 
written. 


Ex.  1.    Multiply 


X  y  z 
z  X  y 
y    z    X 

The  required  product  is 


by 


O 

6 
c 


c 
a 
6 


X  Y 
Z  X 
Y    Z 

Y=ay  +  l)z  +  cx,  and  Z:=az  +  bx-hey. 


6 
c 
a 

Z 

Y 

X 


where  X=ax  +  by-^cz, 


Since 


= a:8 + y8 + jgS  _  Sxyz,  and  the  other  determinants 


X  y  z 
z  X  y 
y    z    X 

are  of  the  same  form,  we  see  that  the  product  of  any  two  expressions 
of  the  form  a^-\-^-\-s?-^xyz  can  he  expressed  in  the  same  form. 
[See  Art.  166,  Ex.  4.] 


Ex.2.    Shew  that 


26c -08, 
Form  the  product  of 


2ac  -  6«, 

o3, 

o,  -6, 
c,  -o, 
6,     -c, 


c 
6 
a 


6« 

o* 

2o6-c 

and 


=  (o»+68+c»-8a6c)2. 


-o, 
-c, 
-6, 


6 
a 
c 


c 
6 
o 


Ex.  3.    Shew  that 


-4i  ^1  Ci 
A^  B2  v/3 
Ao    Bo     Co 


^8      ^8 


*,  where  -4,,  B„  &c. 


i»  -^i* 


are  the  co-factors  of  Oi,  61,  &c.  in  the  expansion  of  the  determinant 
[O162C3]. 
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For 


A. 


B. 


2Xa        Jja         C/q 


^a 


a« 


&i     &a    ^j 


[aiVs]       0  0 

0         [oiftacj       0 
0  0        KVJ 


since 


and 


^i&i + ^2^8  +  ^8*8 = Ac. = 0  [Art.  420]. 


Hence        [AiB^C^  .  [ai&,CjJ = [oi Vs]'« 

425.     The  notation 


^1        CL%        ^8        ^4 

6i     6,     63     64 


is  employed  to  denote  the  system  of  four  determinants 
obtained  by  omitting  any  one  of  the  columns. 

426.  We  conclude  with  the  following  important  appli- 
cations of  determinants. 

427.  Simultaneous  Equations  of  the  First  degree. 

The  solution  of  any  number  of  simultaneous  equations  of 
the  first  degree  can  be  at  once  obtained  by  means  of  the 
foregoing  properties  of  determinants. 

First  take  the  case  of  the  three  equations 

Multiply  the  equations  in  order  by  A^,  A^  A^,  where 
A^  -4j,  A^  are  the  co-factors  of  o^,  a,,  a^  respectively  in  the 

determinant    a^    \    c^ 

a,    \    c, 

«8        ^8        ^8 

Then  we  have  by  addition 
{a^A^  +  a^A^  +  a^A^)  x  +  {h^A ,  +  6,4,  +  b^A^)  y 

+  (Cj^i  +  c^A^  +  C3-43)  z  =  k^A^  +  k^A^  +  Ma ; 
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that  is  [a^  \  c^  x  =  [k^  \  Cg], 

for  from  Art.  420  the  coeflBcients  of  y  and  z  are  zero. 

Similarly  we  obtain 

K  K  C3]  y  =  [a^  k^  C3I, 
and  [a^  \  c^]  z  =  [a,  \  k^. 

Now  consider  n  equations  of  the  form 

^  A  +  ^1^2  +  ^  A  +  ^1^4  + =  ^i- 

As  before,  multiply  the  equations  in  order  by  -4,,  -4^, 
A^y  &c.  the  co-factors  respectively  of  Cj,  a^,  a^,  &c.  in  the 
determinant  [a^  h^  C3...];  then  we  have  by  addition 

(oj-^i  +  a,ilg  4-  aji^  +...)  a?  =  Ar^^i  +  k^A^  +  ^3^3+..., 

the  coeflBcients  of  y,  ^,  &c.  being  all  zero  by  Art.  420-. 


Hence 


So  also 


Ex.  1.    Solve  the  equations 

2x  +  4y+z  =7, 
The  values  of  a?,  y,  2  are  respectively 


6     2    3 

16     3 

12    6 

7     4    1 

2     7     1 

2    4    7 

14    2     9 

» 

3    14    9 

and 

3    2  14 

12    3 

12    3 

12    3 

2    4    1 

2    4    1 

2    4    1 

3    2    9 

3    2    9 

3    2    9 

and  it  will  be   found  that   each   determinant   is    -20,   so    that 
x=y=z=il, 

Ex.  2.    Solve  the  equations 

X  +y  +z  +w  +k  =0, 
ax  +by  +CZ  +dw  +A;*=0, 
a'^x  +  b^y  +  cH  +  cPw  +  A;*= 0, 
a^x  + 1^*/  +  ch  +  d?w  +  A:^ = 0. 
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We  have 


x  = 


1 

b 

63 


1 

c 

C2 


1 

d 


k 
k^ 


cP    P 
cP    k^ 


1 
a 


a? 
a' 


1 

b 
6« 


1 
c 

C2 


1 

d 
d2 


»      63      C3      d» 


A;(c~d)(d-6)(6-c)(fc-6)(A!-c)(A;-(g) 
"    (c-d)(d^b)(b-c)(a-b){a-c){a-d)    * 

.  fe(fc-6)(fe-c)(fe-d) 

{a-b)(a-c)(a-d)  * 

and  the  values  ofy^z  and  u;  can  be  written  down  from  that  of  x, 

428.     Elimination.     To  find  the  condition  that  the 
three  eqiiations 

^1^  +  6i2/ +  Cj  =  0, 
a^x-hb^y  +  c^  =  0, 
a^x-\'h^  +  c^  =  0, 
may  be  simultaneously  true. 

Multiply  the   equations  in  order  by  C^,   Cj,  Og,  the 

co-factors  of  Cj,  c,,   Cg  respectively  in  the  determinant 
A=  -  -- 


a^    6j     Cj 

ttj     6a     Cj 

%        K        ^8 


Then  by  addition  we  have 


+  c,(7,  + 0,(7^  +  ^3(73  =  0, 
that  is,  from  Art.  420, 


a, 
a, 
a. 


\ 


'8 


=  0, 


which  is  the  required  condition. 

The  three  homogeneous  equations  a^x  +  bAf-\-c^z=a^-\-b^  +  c^ 
=a^+b^y-\-c^=0  are  obviously  satisfied  by  the  values  x=y=z=0. 
If  however  x,  y,  z  are  not  all  zero,  it  follows  from  the  above  that  the 
condition  [aib^^=0  must  hold  good. 
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It  can  be  shewn  in  a  similar  manner  that  the  condition 
that  n  equations  of  the  form  a^oo  +  t^y  +  . . .  -f  Ar^  =  0,  with 
(n-  1)  unknown  quantities,  may  be  simultaneously  true  is 

429.  Sylyester^B  method  of  Elimination.  This  is 
a  method  by  which  x  can  be  eliminated  from  any  two 
rational  and  integral  equations  in  x.  The  method  will  be 
understood  from  the  following  examples. 

Ex.  1.    Eliminate  x  from  the  equations 

aa^  +  bx  +  c=0  a,ndpx^  +  qx  +  r=0. 

From  the  given  equations  we  have 

aafi  +  bx^  +  cx       =^0, 

dx^+bx  +  c  =0, 

px^  +  qx^+rx       =0, 

and  pa?  +  qx  +  r=0. 

Now  we  may  consider  the  different  powers  of  a;  as  so  many  different 
unknown  quantities ;  and  the  result  of  eliminating  m?,  x^  and  x  from 
the  four  last  equations  is  by  Airt.  428 

=  0. 


a 

h 

e 

0 

0 

a 

b 

c 

P 

Q 

r 

0 

0 

P 

q 

r 

[This  result  is  equivalent  to  that  obtained  in  Art.  153,  Ex.  3.] 

Ex.    2.     Eliminate  x   from    the   equations   a3^  +  bs:?+cx+d=0   and 
ps^+qx+r=0. 

From  the  given  equations  we  have 

ax*  +  ba^  +  cx^  +  dx      =0, 

aa^+ba^  +  cx+d  =0, 
px^  +  qa^  +  m?  =0, 

p^-^-qn^  +  rx  =0, 
pm^'^-qx  +  r  =0.    . 

Eliminating  a^^  x^,  a;',  x  from  the  five  last  equations  as  if  the 
different  powers  of  x  were  so  many  differen,t  unknown  quantities,  we 
have  the  condition 

d    0    =0. 


a 
0 

P 
0 

0 


b 
a 

P 
0 


c 
b 
r 

P 


c 
0 
r 


0 
d 
0 
0 
r 
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Shew  that 


Shew  that 


Shew  that 


Shew  that 


6.    Shew  that 


6.    Shew  that 


7.    Shew  that 


Shew  that 


9.    Shew  that 


lO.    Shew  that 


62  + c2 
ab 
ca 

1  a 
1  b 
1     c 


ab 

c^  +  a^ 

cb 

a^-bc 
b^-ca 
c^-ab 


ac 
be 

=  0. 


=  ia^b'c^ 


b  +  c        c-{-a 

b'  +  c'      c'  +  a' 

b"  +  c"    c"  +  a" 


a  +  b 

a'  +  b' 

a"  +  b" 


=  2 


a 


a 


a 


jt 


b 
b' 
b" 


-</ 


a  +  6  +  2c 
c 
c 

a« 

a^  +  ab 

ba 

(b  +  cy 


a 
b  +  c  +  2a 


b 
b 


a 


c  +  a  +  2b 


=  2(a  +  6  +  c)». 


be 

63  + 6c 

c2 

c*        (c  +  a)* 
63  a2 

-6c      6c  +  6a 
ca  +  a^      -  ca 
ab  +  a^    ab+b"' 

(a +  6)2 
ca 


be 

(6  +  c)2 
62 
c2 

0  a 

a  0 

6  c 

c  6 


ca 

(6  +  c)2 

ab 


6 
c 
0 
a 


a-* 

(c  +  a)2 

c2 

c 
6 
a 
0 


ac  +  c2 
oc 

C2 

62 

a2 

(a +  6)2 

6c  +  c2 

ca  +  c2 

-ab 

be 
ab 

(c  +  a)2 

a2 

62 

(a +  6)2 

0    1      ] 

1 

1 

1 


=  4a262c2. 


0 


=  2  (6c  +  ca  +  dbf. 


=  (bc  +  ea  +  ab)K 


=  2o6c(a  +  6  +  c)'. 


=  2a6c(a  +  6  +  c)3. 


1      1 

C2      62 

0    a* 


62 


a-* 


0 


=  -(a+6  +  c)(-a  +  6+c)(-6+c  +  a)(-c  +  a  +  6). 


IX.    Prove  that 


0    a' 


a^ 

62 


62 

,3 


0     7 

-^2       0 


iS'^ 


.2 


a2 
0 


0  aa. 

aa  0 

6/3  C7 

C7  bp 


6/3  C7 

C7  6/3 

0  aa 

aa  0 
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12.    Shew  that 


1 
1 
1 
1 


18.    Shew  that 
1  +  a       1 
1       1  +  6 
1  1 

1  1 

14.     Shew  that 


1 

1  +  a 

1 

1 

1 
1 

1  +  c 
1 


a 

b 

c 

h 

a 

d 

c 

d 

a 

d 

c 

h 

1 
1 

1  +  6 
1 

1 
1 
1 

1  +  d 

d 
c 
6 
a 


1 
1 
1 

1  +  c 


=  o6c. 


a6cd(l  +  -  +  -  +  -  +  -) 
\       a     0     c     dj 


=  (a+6  +  c  +  d)(a+6-c-d)(a  +  c-6-d)(a+d-6-c). 


15.    Shew  that 


16.     Shew  that 


1+a; 
1 
1 
1 

a 

-6 
-c 
-d 


2 

2  +  a; 
2 
2 


6 
a 
d 

-c 


c 

-d 
a 
6 


3 
3 

3  +  a: 
3 

d 
c 

-b 
a 


4 
4 
4 

i  +  x 


=  x^(x  +  10). 


=  (a2  +  68+c«+dT- 


17.     Shew  that 


18.    Shew  that 


19.    Shew  that 


1 
1 
1 
1 

a 
a 
a 
a 

a 
a 
b 
a 


a 
b 
c 
d 

a 
6 
a 
a 

b 
b 
b 
a 


a^  a^  +  bcd 
62  63  +  cda 
c*  c'  +  dab 
d^  +  abc 


a 
a 
b 
a 

b 
a 
a 
a 


=  0. 


a 
a 
a 
b 

b 
a 
6 
6 


—  a{b-  a)^. 


=  -(a-6)*. 


ao.    Shew  that 


ax -by-  cz 
ay  +  bx 
cx  +  az 


ay-^-bx 

by  -cz- ax 

bz  +  cy 


ex  +  az 

bz  +  cy 

cz  -  ax  -  by 


=  (aa+62  +  c«)(a;'+y*  +  2«)(aa:  +  6y  +  c«). 
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21,    Shew  that 

a2    a«-(6-c)a     be 
&a    62_(c-a)2    ca 

aa.     Shew  that 

(6~c)2     ra-6)«  (a-c)2 

(6-a)2     (c-a)«  (6-c)2 

(c-a)2     (c-.ft)2  (a -by 


=  (b- c)  (c  -  a)  (a  -  b)  (a+  7>  +  c)  (a^  +  fts  +  c*). 


=  -2(a2  +  62  +  c8-6c-ca-a6)s. 


as.     Shew  that,  if  any  determinant  vanishes,  the  minors  of  any  one 
row  will  be  proportional  to  the  minors  of  any  other  row. 


a4.    Shew  that 


a2  +  l 
ba 
ca 
da 


ah 

&«  +  l 

cb 

db 


ac 

be 

e^  +  1 

de 


ad 
bd 
ed 


=a2  +  6^  +  c«  +  (P  +  l. 


aa.    Shew  that 

Oil  1 

1     a^+a^     ab  +  afi  ae  +  ay 

1    abi-ap     6«  +  i8*  be+py 

1    oc  +  ay    be  +  py  c^  +  7^ 

ao.    Shew  that  the  determinants 


=  {by  -ep  +  ca-ay  +  ap-  ba)^. 


0 

0    0 

a    b 

e 

0    0    2 

a    b    0 

0    y    0 

a    0    e 

a;    0    0 

0     b    e 

X    y    z 

0    0    0 

are  all  zero. 

21.    Shew  that 

a?-yz    y'^-zx 

z'^-xy    : 

=      X 

y    z 

Z'  -xy    x^-  yz 

y'^-zx 

y 

Z      X 

y*  -zx    «*  —  xy 

x^-yz 

z 

X    y 

as.    Shew  that 

X       c      -6 

a^  +  \^     a6  +  Xc    ac-\b 

=  X3(X«-fa3 

-c     \       a 

ab-\e     62  +  X2     be-\-\a 

b      -a      X 

ae  +  \b    be-\a     c^  +  X^ 

as.    Shew  that 

X    y    z    w 

= 

x  +  w 

y  +  z 

• 

x-w 

y-z 

abed 

a  +  d 

b  +  c 

a-d 

6-c 

d    e    b    a 

w    z    \ 

y  X 
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EXAMPLES 

I. 

1. 

4ar. 

a. 

-2a? -6^-42;. 

3. 

5          5^6 

4. 

aK 

6.      -xy-\y^. 

6. 

2m^  +  2mn  +  2nK 

7. 

3a2  +  2ft8  +  c2  +  a6-4ac  + 

8. 

a%  + 106». 

9. 

-2a +  56 -4c. 

lO. 

13^     8 

11. 

a;2-a;-9. 

12.  -5a*  +  3a*6-3a63  +  5&^.  13.    2a;«  -  Ta^  +  Ty^. 

14.  -6c  +  4ca  +  4a6.  15.     -3a2  +  262_3c3  +  6c  +  ca  +  a6. 

16.  a;-!/.  17.      -5y-32.  18.      -2x  +  2y. 

10.  b+c^.  20.    2^.  ai.     4a.  22.     -3a;  +  3^. 

23.  -4n  +  4fii.  24.    20.  26.      -20. 

EXAMPLES  II. 

82 
1.    2a;*-6aa;  +  2a».    .  2.    a?«--^a;  +  l. 

V 

3.    ar»-l.  4.    x^  +  y^, 

6.  j:*-1.  6.     y'-a:*. 

7.  ar*-a;2  +  4a:-4.  8.     1  +  aV  +  a^a;*. 

9.    a:8  +  ar»  + 1.  lO.    6a;*  -  5x^y  f  Ux^y'^  -  5xy^  +  By-*. 

s.  A.  35 


r 
I 
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11.  2d:«  - 10*5 +5x4-22ar^-6a:='  + 6a; +1. 

la.  ^-  IQar'y  +  lOx*^^  _  21ar»y8  -  6a;V  +  ^^y^  +  y*- 

18.  6a«  +  lla»6  -  16a*63  +  20a868  -  29a«6<  +  15a&5  -  3ft«. 

14.  2a«a:«-3a«x«y2  +  8a*arV-  lla'a^'Z  +  Sa^xV+^Ooa^yiO-  lOyi*. 

15.  2a  -  3a«  +  a»  +  6a*  -  5a»  -  18a«  +  44a'  -  42a». 

16.  a'+&»  +  c'-3a6c.  17.    a^^  +  yS  ^  ;j8  _  3 -^^^^ 
18.  8a»  +  276»-cS  +  18aftc.                   18.    a:*-!. 

ao.     a:8-266|/8.  81.     x8-2a:V*  +  y8. 

aa.     aia-3a:8  +  3a:*-l.  88.     a;8  +  2a;«  +  3a;*  +  2a:2  +  i. 

34.    a8  +  8a«62  +  48a464+128aa6«  + 25668.  * 

85.     (i)    a*  +  462  +  9c2  +  4a6-6ac-126c, 

(ii)  a*-2a«&  +  3a«62-2a&8  +  6*, 

(iii)  fr^c*  +  d^a^  +  a%^  +  2a»6c  +  2ah^c  +  2a6c«. 

(iv)  l-4:a;  +  10a;«-12a;«  +  9a;*. 

(v)  a;«  +  2a5B  +  3a5*+4a5»  +  3a;*  +  2x  +  l. 

88.     (i)    a8  +  6»  +  c»  +  3(a«6  +  a62  +  aac  +  ac3  +  62c  +  6c«)  +  6a6c. 
(ii)    8a»  -  276»  -  8c»  -  36a«6  +  54a62  -  24a2c  +  24ac2  -  5462c 

(iii)    l  +  3a;  +  6a;2  +  7x8  +  6a:4  +  3-B64.g56^ 

87.     8x21.  80.     a;*-2a»x-2aa;3-a*.  41.     0. 


-366c»  +  72a6c. 


EXAMPLES  in. 

1.  a;-3y.  8.    a;2  +  4ya.  3,    ^-I2xy  +  l%y\ 

4.  -3a; -22/.  5.  1  +  a;  +  a;' +  a;^  -  4a;*. 

e.  a:*  +  a;*y  +  a;V  +  ^^-4y*'  ^-  1  +  2a;  4- Sx^  +  43;*  +  5a;*. 

8 .  m*  +  2m'rt  +  3w2»2  +  ^mn^  +  6n*. 

8.  l  +  2a;+3a;»  +  4a;«  +  6a;*  +  6a;«. 

10.  l  +  a?»  +  a;*  +  a;«.  11.  l-2a;  +  3a;«. 

18.  2-3a;  +  2a;'.  18.  ^x^-^xy-\-y\ 
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14.  x^-xy-2x+y^+y  +  l.  15.  afl+y^. 

16.  x^-2xy-2yK  17.  a +  26 -3c. 

18.  a +26  + 3c.  10.  8a«  +  4a6  +  6«. 

ao.  afl+y^+z^-1,  ai.  a2-2a6  +  ac+6»-6c  +  c«. 


a2  +  463+c2-2a6+ac  +  26c.      as.    a  +  26  +  3c. 
a4.    9a2+  462  +  9c«  -  66c  +  9ca  +  6a6. 
as.    ca?«  +  dx-c.  ae.     2ax-(36-4c)y. 

a?.    a3-3a6  +  62. 

aa.    x^-xy+y^,  {x+y)^-z{x+y)  +  z^. 
a0.    a3+icy  +  2/2,  (:p  +  y)a  +  2;e(a?+y)  +  45'. 


EXAMPLES  IV. 

1.  (a  -  26)  (a + 26)  (a« + 462). 

a.  (2a;  -  3a6)  {2x  +  8a6)  (4a:» + 9a263). 

8.  (4  +  3a-26)(4-3a  +  26). 

4.  (f^  +  2z--x){^-2z  +  x), 

5.  5a>x{2aX'\-Sy)(2aao-By). 

6.  4a2a;2  (Saj* + y*)  (So?  -  y«). 

7.  8(a-6)(a  +  6)(a2  +  62). 

8.  16(a-6)(a  +  6)(a3+62). 
0.  24aj(a;-l)(a?  +  l)2. 

10.  16a!  (2  -  3x2). 

11.  46«  (2a  -  62)  (4a2  +  2a62  +6*). 
la.  (a2  -  46c)  {a*  -  2a^hc  +  462c2). 

18.  (a-4)(a+2).  14.    (4-aj)  (8+a;). 

15.  (l-21a;)(l  +  3a;).  16.     -4  (a -1)2. 

17.  a6(a-6)(a-36). 

18.  a26(a+6)(a  +  46). 
10.  (6  +  c-a)(6  +  c-5a). 

35—2 
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ao.  (Sa  +  Sb^c-d)K 

21.  (a: -2)  (a +2)  (a? -6)  (a? +  5). 

aa.  {5x-y){5x+y)(2x-y){2x+y), 

as.  {x^-4y^zY={x  +  2yz)^(x-2yzy, 

a4.  a*  (a  +  h){a-  b)  (3a  +  b)  (3a  -  6). 

as.  {x-h)  (a;  +  6-2a). 

ae.  {x-a)(x  +  2y  +  a), 

a7.  (aH-6  +  c-d)(a  +  6-c  +  d)(a-6  +  c  +  d)(-a+6  +  c  +  d). 
(a!+2/  +  a  +  6)(a;+y-a-&)(a;-y  +  a-6)(-x+y+a-&). 


EXAMPLES  V. 

1.  {x-hl)ix-l){x-{-a).  2.     (a  +  b){c^d), 

8.  (a-6)(c  +  d)(c-d).  4.     (ax  +  by)  (cx  +  dy), 

5.  (aar  +  6)(ca;2  +  d).  6.    2  (a-d)  (a  +  &  +  c+d). 

7.  (a  +  6)(a-6)(aa  +  a6  +  62).  s.     (a-fe)^  (a2+o6  +  62). 

O.  (a  +  l)(a-l)(6  +  l)(6-l).         lO.     (x  +  ar)  (or-^)  (y  +  ;j)  (y-;g). 

11.  (x^z-l){y^z-l).  la.     {a;+y)(ar  +  i!)(a:2_^^  +  22j^ 

18.  (a:-y)(aj+y  +  4  14.     (a;  +  3)  (a; - 3)  (a:»  +  2). 

15.  (x^  +  5x  +  l)(x^-5x  +  l),  le.    {x^  +  4xy+y^){a^-4xy+y*) 

17.  (a?  +  a;  +  l)(a?»-a5+l)(a?4~x2+l)* 

18.  (a!+a  +  6)(a:-a-6)(aj  +  a-&)(a!;-a  +  6). 

19.  (a:2-22/V)2.  ao.     (a;-26  +  a6)  (a:-2a-a6). 
ai.  (x  +  b){x^  +  a). 

aa.  (l-a;2){l  +  2,  +  a;(l-2^)}  {l+y-a;(l-y)}. 

88.  (x  +  y-Sz)(x-y-\^z),  84.    (2y-a;+a)  (y-2a;-a). 

86.  (a-36  +  c)(a  +  6-3c).  86.     (2a- 116  +  1)  (a +  26 -3). 

87.  (l-aa;)(l  +  ax  +  6a;a).  88.     (l-oa:)  (l-oaj-cx'). 

88.  -  (6-c)(c-a)(a-6).  80.     (6  +  c)  (c  +  a)  (a  +  6). 
81.  {a-b)(a-c)(b  +  c). 

88.  (oi?-xy  +  y"){x(a  +  l)-\-y{b  +  l)\. 
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{xy  +  ab)  (ay*  +  b^x),  84 .     (2x  -z){x-  y)\ 

85 .  (ac*  -  yz)  (y^  -  zx)  (z^  -  xy)» 

86.  (x  +  a  +  b){x-\-a^b)  (x-a  +  b)  (x-a-b). 

87.  (a?  +  4)(»+2)(a?-l)(a?-3).         88.     (x  +  4t){x  +  2)  (x^-k-5x  +  9). 
89.    x{x-\-5){sx?  +  5x  +  l0),  40.     (a?  +  2) (a;  +  6)  (a;«-f  8jB-f  10). 


EXAMPLES  VI. 

1.  S{y-z)  (z-x){x-y). 

a;  5  (y  -  «)  («  -  x)  {x  -  y)  (a?* +y*  +  z^-y2-zx-  xy), 

8.  (6  +  c)  (6-  c)  (c+a)  {c  -  a)  (a  +  &)  (a  -  b), 

4.  (6-c)(c-a)(a-6)(a  +  6  +  c). 

5.  {b'^c)(c-a)(a-b){a*  +  b»^{^(^  +  b^c  +  bc^-^'C^a■\-ca^■\■a^  +  db^ 

-  ^bc). 

6.  -  (6  -  c)  (c  -  o)  (a  -  6). 

7.  -  (6-c)(c-a)(a-&)[6V  +  cV  +  a26a+a&(j(a  +  6  +  c)]. 

8.  -  (6-c)(c-a)(a-6)(a«+62+c2+6c  +  ca  +  a6). 

9.  -  (6-c)(c-a)(a-6)(a3+68+<;*  +  6*c  +  6c«+c2a+caa+a26+a6« 

+  a6c), 

10.  2iabc. 

11.  80a6c(a*  +  6«  +  c*). 

12.  4a&c.  18.    2a&c. 

14.  4a&c.  15.     -4(6-c)(c-a)(a-6). 

16.  3(y+«)(z  +  a?)(a;+y). 

17.  5{y-\-z)  {z-\-x){x+y){x^-{-y^+z^-\-yz+zx-\-xy), 

18.  -(6-c)(c-a)(a-6). 

19.  -2{b-c){c-a)(a-  b){a  +  b+c). 

ao.  -  (&  -  c)  (c  -  a)  (a  -  6)  (Sa^  +  36«  +  3c«  +  56c  +  5ea  +  6a6) . 

ai.  (6 + e)  (c  +  a)  (a  +  6). 

aa.  -(6-c)(c-o)(a-6)(a  +  6  +  c)2. 

88.  (aj  +  y  +  «)(yi!  +  ;8aj  +  xy). 

84.  (6  +  c)  (c  +  a)(a  +  6)(a  +  6  +  <;). 
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96.  12xyz{x+y+z), 

26.  -S(b-c)(c-a){a-h). 

27.  21  (b-c){c -a)  {a-b}(d-a){d-b)(d--c). 
92.  27a362(a+6)«. 

84.  (a2  + 68)8  (c3 +<?)». 

86.  {b-c){c-a){a-b){a-d)(b-'d){c-d), 

87.  -  (6  -  c)  (c  -  a)  (a  -  6)  (a  -  d)  (6  -  d)  (c  -  d)  (bed+cda-^dah+aibc). 


EXAMPLES  Vn. 


1. 

a-b. 

8. 

ar8-ya. 

6. 

x-2y  +  Sz. 

7. 

a +  26. 

9. 

a? -a. 

11. 

ay^-x  +  3. 

2. 

2a! -1. 

4. 

2a?  -  2/- 

6. 

4a2-3a6  +  62. 

8. 

2x^-Bx  +  l, 

lO. 

a^+x-Q. 

12. 

a;2-3a;  +  7. 

EXAMPLES  Vm. 

1 .  12a;* + 2aa;8  -  4a2a?2  -  27a8a;  ~  18a*. 

2.  (4a-6)(a-6)(3a«  +  68). 

8.  {iii^-2x+7)[Qa^  +  x^-Ux  +  21), 

4.  (aj2  +  6a;  +  7)(7a:*-40ic3  +  75a;8-40aT  +  7). 

5.  X (x+1)  (x+2) (x-2) (a;  +  3). 

6.  a;(a;-l)(aj  +  2)(aj+6)(aj8-2x+4). 

7.  2a  (2a  -  6)  (2a  -  36)  (2a  +  36). 

8.  6x(a;  +  l)(aj-B)(aj-4). 

9.  (3a;  +  2)(ar8+27)(8x«-27). 

10.  3(aj-3y)8(iB2-4y2). 

11.  (x-2y){x-Sy)(x-4y), 

14.  (ac'-a'(;)»  =  (6a'-6'a)8(6'c-6cO. 


6. 


7. 
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EXAMPLES  IX. 

a-h  aPy^-l 

a  +  46'  *•    45»y8  +  l' 

x^  +  xy  +  y^  x^-xy  +  y^ 

a^-xy+y"*'  '      ~x^+yi     ' 

2x-l  (a; -1)8 

x^+1'  x^-Sx  +  1' 


2a;  +  3y  9a?»  -  3a;  -  2 

••     Ba^-y^'  ^®*     6a;8  +  3a;«-l- 

a  +  6 
(a-6  +  c)(-a  +  6  +  c)' 


^^-    /:;t:a_i:;;w  -;rrirr^x-  "•    2/«+2a;+a;y. 


13-     -i(y-2)(2-a;)(a;-y).  14.  |-|. 

2/24-za;  +  a?i/  ,^  ^2  +  52 

x+y  +  z  rt'-b^ 

-_  1  ay  +  2/* 

l-9a;2-  "•  :^4ya- 

10     2a5  +  4a  48 

a;-2a'  **•  {x+2)  {x+^){x  +  Q){x  +  S)' 

(aj  +  a)(a;  +  3a)(aj  +  6a)(a;  +  7a)*  a?  (ar^  -  a=»)  (x^  -  40") " 

23.    0.  24.  0. 

26.  1.  26.  -1. 

27.  d,  28.  0. 
29.     1.  80.  2. 

81.    a  +  b-hc,  82.  a^  +  fe^  +  c'  +  ftc  +  ca  +  aft. 

.     (a  +  6  +  c)2.  84.  a  +  b  +  c. 

a+b  +  c 
{-a  +  b  +  c){a-b  +  c){a  +  b-c)' 


85.     7 5 r-; = r-? = .  •  86.     0. 


552  ANSWERS  TO  THE   EXAMPLES. 

a,    16  f^+^y  88    i^^^-^V 


•••    P)   rrrz:::rn~i-r7rT^,,    («) 


-a; 


{l  +  ax)(l  +  ba){l-\-cx)'     ^'    (l  +  aa;)(l  +  6ar)(l  +  ca:)' 
(iii) 


jr« 


{l  +  ax){l  +  bx){l  +  cx)' 

(x—p)  (as  — 3) 
(ar+a)(x  +  6)(a;  +  c) 


42.     4.  48. 

47.     2(a5  +  y  +  «). 


2ahc  (a  +  &  +  c) 


(-a  +  6  +  c)(a-6  +  c)(a  +  6-c) 


EXAMPLES  X. 

1.    2a -6,  a -26.  2.  1,  ^-^^--^^. 
'                                                   *  c  +  a-26 

8.  0,  r-^.  4.  a-26,  6-2a. 

o-a 

6.  ±1.  6.  dbl. 

7.  1,-3.  8.  1. 

9.  0,  ±5^2.      .  10.  6,  -8J. 

__      50  ,^         a«c  +  68a  +  c*6-3a6c 

ll*     ^^»  12. 


29 '  a«+&2  +  c2-6c-co-a6  * 

18.    0,  -  {a  +  b  +  c±^(a^  +  h^-^c*-bc-ca-ab)}. 
14.     [6c  +  c^/  +  a6rfc^{6V  +  c«a2  +  aSfe2_a5c(a  +  6  +  c)nH-(rt  +  ft+c). 


1».    6,-|. 

16.           ±;^6. 

17.     ^^ab,    ^J~ab. 

18.     0,  -|. 

"•  VG-^*")- 

20.     {a  +  6  +  c±/^(a2  +  5«  +  c«-6c-ca-a6)}. 

f>2  +  c2 
6  +  c 


ft^  +  c^ 
21.     rt,  -    ;-         .  22.      -2(a  +  6  +  c). 
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^^      a*  +  62  cd{a  +  b)-abic-\-d). 

28. .  34.  - — ^- ' .-^ , 

a+b  ao-cd 

25.     — — r -.  26.  0,  a  +  6,  — -r  . 

c+d~a-b  a+b 

27  3(fc-c)(c-a)(a-&)  L/     iq±  /-3^ 

^^-     (6_c)2T(^^)2l>-T)2-       *»•  "»26^     ^^    -^     ^^• 

20     0,  ±Jmab.  SO.    8,  -5. 

81.     2,  3.  82.  1. 

88.     0,  aS-&3.  84.  a,  6. 

85.    ^,  %,  86.  0,  4(a  +  &). 

87.     -a,  -6.  88.  i(a-&). 

^                      89.     J^Jab,  40.  0,    ±2^^. 


I 


41.      ±  I  VS^^^^SP.  42.      i   y/^ 


48.     0.  44.     dbadbft. 

46.     -5  {a  +  6  +  c±2^(o2  +  62  +  c8-6c-ca-a6)}. 

a6(a  +  6)  3a6  (a  +  b)  W  +  AM^flW 

a«  +  a5  +  6«*      a^  +  aft  +  ft^*      ^^^  2a5c 

48.  db  g^-  s/  {2a262c2  (a»  +  6*  +  c^)  -  6V  -  <M-  -  0*6*} 

=  ±  ^-T-  /y/ {(6c  +  ca  +  a6)  ( -  be  +  ca  +  a6)  (ftc  -  ca  +  ab)  {be  +  ca-  ah)} . 

4 

49.  Values  between  8  and  -  ^  . 

52.    Values  between  3  and  - . 

o 
58.    X  lies  between  -  2  and  8,  and  y  between  -  9  and  1. 
54.    X  between  -  2  and  10,  and  y  between  - 1  and  5.  ~ 
a 
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50.     (i)  a8aj3+(68-3a6c)a?+c»=0. 
(ii)  a«ca;2+a?6(62_3ac)  +  ac2=0. 
(iii)  a^-bx  +  ac=0, 

OO.     (i    -2-.  (ii)f4-2-. 


EXAMPLES  XI. 

2.    a,    aw,   aw*;    -2a,    -2aw,    -2aw'. 

4.     1,  i(l±,yri6).  a.    0,   1,    3,    -8. 

6.     1,    -2,   ^(-l±Vri9).  7.     _i,    .6,   i(-7±3V5). 


i  '         '   2 


••  2'    "  2"'   2(-^=*=^V^- 

».  3,    -1,   l±2Vi9l 

10.  i(-ldbVr3),  i(a±^/^?^). 

11.  0,   -5,  i(-6±V^^15). 

12.  a,   -9a,   —ia±a^-  15. 

18.  7a,    -8a,  |(-l±^ArT67). 

14.  -4,  -6,  i(-15±Vi29). 

15.  3,   -|i.  16.     ±V(a  +  6). 

17.  ±a±6.  18.    2,  i,   J(-3±^/^). 

19.  3,    5,   l(-l±Vr8). 


3'    3 


20.     -1,    2[l  +  V5=tx/{  +  2V5-10}],    2[l-\/5±V(-2V5-10)]. 
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32.  2,    2,   |.  28.      -1,   2,    3,    -4.     " 

24.  ±1,   2(-7±3V5).  25.    a,l>,c. 

26.  "9,  -♦iV^7. 

27.  9,   -6,   |(3±,yr216). 

28.  a,  6,   5  (a +  6). 

29.  a,    6;   ^(a  +  b)±^{a-h)  ^^. 

80.  a,   6,   |(a  +  6),  ^  (a  +  &)±  ^  (a-6)V^. 

81.  a,   6,   2  (a +  6). 

82.  a,   6,  |{a  +  6±^(a-&)Nr^}. 

88.  a,   &,   2{a  +  &db(a-6)Ay^}. 

84.  a,  6.  85.    a,  6,  and  roots  of  (a  -x)(x-b)  =  16  (a  -  ft)*. 

87.  a-26,  6-2a,   -5{o+6±(a-6);7-15}. 


88.    Roots  of  a5(a-fl5)=f  V6±a/5  + sj  . 


89.     T  »    —  -  V  «&• 

be     ca     ab 
40.     —  ,     e  >    —  • 

a*    b       c 
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41.  0,   a+6,    ^^,   ^^-^. 

42.  ^{.6±^/(62  +  4)},   |{-a=fcV(«H4)}. 

43.  i{a±V(«'-46«)}. 

44.  a,   5,  c. 


46 


'      Vl  a  +  h+c  +  d       j'^\/\        e-^-d-a-b       f 


EXAMPLES  XII. 

1.    x=l,  y  =  l.  2.    a:=y,  =^. 

2 
3.    a;=3,  y  =  6.  4.     a:=-,y  =  3. 

5.    x=bt  y=a,  6.    ar=a6,  y= -a-6. 

7.    a5=a  +  6,  y=a-6.  8.    a;=y=a. 

9.    x  =  a,y  =  h.  lO.    aj=a(a-6),  y=6  (a-6). 

IX.  a;=-3,  y  =  3,  2  =  1.  12.    »=2'y=3'^=6- 

18.  a;=^  =  r=:l. 

14.  x=h-\-c-a^y=c+a-ht  z  =  a-\-'b-c. 

15.  a:=6+<j,  y=c  +  a,  2=a  +  6. 

16.  ar=-  -(2a  +  6  +  c),  y=- -  (a  +  26  +  c),  ;?=  -  -  (a  +  6  +  2c). 

17.  x  =  y=z=    — r —  . 

18.  «=  2  (2A  +  6  +  C),  y=  2  (a  +  26  +  c),  ;s=  _  (a  +  &  +  2c). 


{a-b)(a-c)*  ^      (6_c)(6-a)*         (c-a)(c-6)' 
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20.  x=a,  y  =  b,  z=c. 

21.  x=  -a  +  h-\-Cy  y  =  a-h-\-Ct  z  =  a  +  b-c. 

22.  x=a(b-c),y  =  b{c-a)t  z=c{a-b). 

23.  aj=l,  y  =  0,  z  =  0. 

24.  x~abCfy  =  bc  +  ca  +  abjZ  —  a-\-b  +  c, 

a  (a  -  0)  (a  -  c) 

26.  x=ia,  y  =  bt  z^c, 

27.  a!!=6+c,  y=c  +  a, -2  =  a  +  6. 

28.  a;=  .    \ .  . ^r,  &c. 

(a  -b)  {a-c) 

29.  a;=^(m+w),y=r  -  {n  +  l),z=  ^  (i  +  wi). 

30.  x^y^z^J^+m^+n^-mn-vl-lm, 

ai.    lx=my=nz=l. 

(o  +  a)(o  +  6)(o  +  c)     , 
(a--^)(a-7) 

38.    x=  -  (&  +  c  +  d-2a),  &c. 

34.    a;=a&c<2,  y=  —  (&ed  +  eda  +  (2a&  +  a&c)» 

w= -(a  +  6  +  c  +  d). 


EXAMPLES  XHL 

I.    12,  11.  2.    1,  1     jg,  j^ 

8.     =.3,=tl;   :^4^-^,iJ-y|. 

^       „  16    ,^        13    ,^ 

4.     ±2,  ±3;  ±  Y*^^'  ^T'^  • 

6.    12,7;   -7,  -12. 
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6.    a,  6 ;  2a  -  6,  26  -  a. 

_       2ab      2ab  a    r-= b     i 

a  5 

•.     sfc-,  ±6;  ±a,  ifcg. 


6«-a» 


3a     • 

11.  ±7,   =f5;   ±6,  =f7.  12.  9,  4;  4,  9. 

18.  64,  8;  8,  64.  14.  --6±^30,  6=fV30. 

15.  i(l±/=Tl),  \  (ItV^OUL);  2,  -1;   -1,  2. 

16.  1,1;  2=fcV7,  2:fV7.  17.  2,4;  -  |,  -^^ , 
18.  2,  1;  1,  2.  10.  2a,  26;  -a,  -6. 
ao.  ^  ,  2.                                           ai.  &,  a. 

aa.  6,6;   -?(l=fc^/6),  -?(1=fV6). 


I       , , 

a4.     ±- Vl  +  a2,  ±Vl  +  a'.  36.    8,  4;  2,  4. 

ae.    4,  2;  2,  4;  3±J^13,  3=f V^Hs. 

"•    2'6'6'2'*''"-  "•    8,-6;  -i.|. 

a?    6» 
81.    5,  a;   —,--. 
o     a 

83.     6,  a;  6,  ~;  |-,  a;  4/^,  4/^. 
a     0 
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EXAMPLES  XIV. 


he     ca     ah        he        ca        ah 
'     a*    J'   T'   ~a'    "T'   "T' 

a.    ^=IC  =  i  = 


a«     62     c«         V(a^  +  &*  +  c*)* 
8.    x{h+c)=y{c  +  a)=z{a  +  h)=±^i^{h  +  c){c-\-a)(a  +  h)\. 

2ahe  2dhe  2aJbc 


-6c  +  ca  +  a6*   be-ca  +  ah*    hc  +  ca-ab' 
26c  2ac  2ah 


4.     0,   0,   0; 

••    0,  0,  0;   ,  , _,    . 

b+c-a     c+a-h*   a+h-c 

6.     x=y=z=±2. 

7.  ^      ^ y_ ^      _  ^  1 

6  +  c-a     c  +  a-6     a+6-c         /,/(2a  +  26  +  2c)  * 

6c  ca  a6 

8.  -o=fc  — ,    -6±-— ,    -cdz— . 

a  '  6  c 

^  ^      -       y      ~       ^       =±^ 


•     a2{62+^)      6a(c2  +  a3)~c2(a2  +  62)"     2a6c* 


lO. 


^ y  « 


a(-a  +  6+c)     6(tt-6  +  c)     c(a  +  6-c) 

1 


=  db 


Vi(-a  +  6  +  c)(a-6  +  c)(a+6-c)}' 

IX.    x=y  =  z  =  0 ; 

u-rc  —  a      c  + 


.^ y  z 


6+c-a     c+a-6     a+6-c 

1 


12. 


(6  +  c  -  a)  (c  +  a  -  6)  (a  +  6  -  c)  * 
x^ y      _       z       _  2(a2  +  62+c2) 


6  +  c-a    c  +  a-6     a  +  6-c     {6  +  c-a)2  +  {c  +  a-6)2+(a  +  6-c)«' 

x  =  y=z  =  0. 


V         a  +  1 
'V  a-'  +  a 


560  ANSWERS  TO  THE  EXAMPLES. 


3      5     2 


15.     x^a:^.^  p-^bc         '*''• 


16.  1,   2,   3;   j^,    ^,    g. 

17.  1,  2,   3.  18.     3,   5,   7. 
19.  0,   4,   5.                                                     20.     3,   3,   4. 

21.  0,   0,   0;  g,    2'   2* 

aa.  -a,   6,   c;  a,    -6,   c;  a,   6,   -c;     2(l=*=V-7),  2(1=*=n/-7); 


i  (!=»=>/- 7). 


2 
24.    x  = 


V  {2a«  +  26«  +  2c«  -  6a«6ac3}  ' 
a   /b     c\     „ 

05 y 

*® •     (6  +  c)« ^ -i- aH^T+fc)  "  (c  +  a)«-(a+6)(6  +  c) 

2  1 

=  ± 


""(a  +  6)«-(6  +  c)(c  +  a)         2^(3a6c  -  a»  -  &»  -  c») ' 
27.    a,   6,  c;  g(26  +  2c-a),   -(2c  +  2a-6),   ^{2a  +  2b-c), 

x=±  j-r-  (be -ea  +  ab) {bc  +  ca- ab),  &c. 
•    -.  0.  0;  0.   ..  0;  0.  0,  o;  |^^5^. 


28 


^^_         3aa6        3,     &CC        3 
aO.    0,   0,  0;    -gO,  ^,   ^;  ^,   -^6,  ^j  -,   ^,   -^c; 

5(-a+6+c),   r(o-6+c)  (gO  +  6-CJ. 
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EXAMPLES  XY. 


1. 

8. 

5. 

7. 

9. 
11. 
18. 
15. 
18. 

ao. 


24. 
26. 
28. 
81. 
82. 
88. 
84. 
86. 


20,  30. 

20  years  ago. 

5, 15,  30. 

1800. 

80  miles. 

4  days. 

48  miles. 

64,  81, 108. 

±6. 

18  miles. 

A  £10,  B  £6,  C  £1000. 

9,  7  ;  8  V2,  V2. 

676. 

3  hours. 


2.  A  £10,  B  £16,  C  £25. 

4.  28. 

6.  6  days. 

8.  58. 

lO.  120  lbs. 

12.  36,  9,  12,  15. 

14.  16  miles. 

17.    A  £460,  B  £225,  C  £237.  10».,  D  £87.  10«. 

19.  38,  83. 
21.    At  1  o'clock,  16  miles  from  Cambridge. 

28.  26. 

26.  60  miles. 

28.  3  miles  an  hour. 

80.  263. 


2  gals,  from  the  first,  and  12  gals,  from  the  second. 

16  minutes  past  10. 

9  o'clock,  30  miles  from  Cambridge. 

16.  95,     46  and  22^  miles  an  hour. 

£3.  87.    30  and  45  miles  an  hour. 

460  miles.  89.    30  miles. 


EXAMPLES  XVI. 


8.    a  +  6+c  +  a6c.— 0. 


4.    (6  +  c-a)  (c  +  a-6)  (a+6-c)=8. 
7.    a'  +  6«  +  c«-3a5c=d*. 


8.    a»+2c»-3a6»=0.  15.     P-^m^+n^-lmn-4t=0, 

16.     aP+&m«  +  cn'+Zwin=4a5(j.    17.    a^  +  l^+e'*-abc-4t=0, 

18.  a8+&»+c8-6a6c=0,  y^g^+z^x^+a:^'{'a^^z^=0, 

19.  S68c«=5a262ca. 

20.  a^  +  h^+c^-bc{b+c)-ca{e  +  a)-db{a  +  b)  =  0. 

S.  A.  36 
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EXAMPLES  XVn. 

ate* 


1.    aH^.  a.    1. 


8. 


bi 


4.     1.         6.     x-y,        6.    OT^+l  +  a;"^.         7.     x  +  y  +  z-Sx^y^z^, 

8.    a;»-jr~».  9.     d^  +  d^x^  +  d^x^  +  d^x^  +  x^. 

10.     ar  +  y.  18.     4a:«+3ar  +  2-3x-i. 

18.    xi  +  2xi-\-l  +  2x~i  +  x~^. 

14.     a»a:~»+o»a;~*  +  a~»a:'  +  a~»ar'. 

16.    xhf~or  -  x^y~^  +  x^y~^  - 1  +  x~^y^  -  x''^y^  +  x~h/  »  . 

ao.     (i)  ai-a^h^  +  ahi-ab*  +  ah^-h^, 

(ii)  a^x^  -  a»a:^y*  +  a^a;'^  -  a'a;»y  ^  +  d^x^y^  -  y  » . 

(iii)  a^  +  Wx»  +  c*a:3 -ftcic-caac'-flfta;'. 

(iv)  [x^  +  y'^  +  z^- y^z^  - z^x^  - x^y^\  [(x-\-y-\-zf  +  Sacsyi^T 

EXAMPLES  XVm. 


2-V'^.                    a.    5-^15. 

8.     JV2.      , 

52.                            5.     0. 

8.     14^. 

2V3  +  3V2-x/30 
12 

8. 

V30  + 2^/3 -3^2 
12 

^(V21  +  V10-x/14-x/15). 

>j(V6  +  V10-v/21-V35). 

4»/4  +  28/2  +  4 
3 

la. 

34^3  +  1. 

4/2-1.          1*.  4^^^;^*. 

15.     7-2^13. 

5-^/3.                    17.     l.+  v/5-f 

V7. 

18.     V{8-6\/3} 

2-^3.               ao.    1. 

ai.    ^^V''. 
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22.     V2  +  n/6-|x/3.  28.     ^\, 

24.     1+V2  +  V3.  25.     V3  +  N/2+Ay6. 


26.     2+V2-V6-V6- 


EXAMPLES  XIX. 


1.  2aj«-V-  2.  a?*-3a%«. 

8.  a -26 -8c.  4.  6oa-36«-2c«. 
5.  a:»+a^+fl;+l.  6.  2a^-2xy^-y*, 

7.  7  +  8a;2  +  5ar»r  8.  aJ«-a;  +  2-aj-i+«-3. 

9.  ^-2-J^.-  lO.     x^-2x^-x^. 

11.     x^-2x^  +  x^,  12.     a"W-a:T-aT. 

18.    a;-8.  14.    a^-ajy  +  y*.  16.     l-3aj«  +  2ir*. 

16.  2{bc-\-ca  +  ah),  17.    a;2-a;(y  +  z)-y«. 

18.    a»  +  6».  21.     ^  =  20,  B  =  68,  C=-44. 

28.    af=  ghi  bg  =  hf,  and  ch  =fg, 

EXAMPLES  XX. 
5.    x=S,  6.    a  :  6  :  0=2  :  3  :  4. 

EXAMPLES  XXI. 

2.  2,  4,  6,  8;   - 2,  -4,-6,-8.        4.    2,  4,  8. 
14.    6,  ±12,  24,  d^o.  17.    3,  9,  15. 

EXAMPLES  XXIL 

1.  31.  2.     (r-l)(r-l) 1000.... 

4.  lib.,  21b.,  1024 lbs.       7.  46.       8.  6. 

18.  502  or  361.       16.  288,  289  or  290.       16.  2775. 

17.  136.     18.  a  =  8,  6=0,  c  =  6.     10.  7.     20.  1089. 
28.  142857, 285714.  24.  166,  199. 

36—2 
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EXAMPLES  XXni. 

1.     :^I{\^K  2.    186.  8.    3";  |12/(|4)». 

5.    260.  7.    ln(n-l).  •.    in(fi-l)- Jiii(m-1)  +  1. 

9.    g{n(n-l)(»-2)-m(i»-l)(i»-2)}. 
11.     ^n{n-l){n-2)(n-B).  12.    dm?. 


|TO+n-2  1 

18.       '      .,  ,       ^  .  14.     5n(n-4)(n-6). 


[m-l  In-l*  '     6 


ntn 


^m 


28.    2(mn  +  m+n-l). 

24.    2Sa  +  2Sa6  -  2  (n  - 1),  where  n  is  the  number  of  given  diameters. 

EXAMPLES  XXIV. 

2.    32a»-80a<a;+80a»a?9-40a3aJ»  +  10aaj*-{rB. 
8.     1- 6x2  + 16x4 -20a:«  +  15a:8_6a.io  +  ajia. 

4.    16a*-96a»+216a«-216a7  +  81a8. 
A.    16x8-96a^+216x*-216aj«  +  81. 
8.    xW-10x8y8  +  40a{8j(«-80«*y»  +  80x3yi«-32y". 

120 


7.  406a^3.  8.     jx|=|4  3A«44x". 

142 

8.  924x«>.  lO.     -     L_a4Jy39. 

121  121 

16.  (3aj)"- 30  (3«)^V+420  (3x)iV...  -  945aj2  (2y)i8+45a!  (2yP-  (2y)« 

18.  924r«.  17.    6436x7,  6436x8. 

22.  ( -  l)«|2n  1  jw  [n.  28.    7  or  14. 

24.  7. 
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EXAMPLES  XXVI. 

1.  Convergent.  2.    Convergent.  8.    Convergent. 

4.  Convergent.  5.    Convergent.  6.    Divergent. 

7.  Divergent.  8.    Convergent  if  fls>l;  Divergent  if  a; :t>l. 

9.  Divergent.  lO.    Convergent  if  x  >  1 ;  Divergent  if  or  4*  1. 

1 1.  Convergent  if  j;  :^  1 ;  Divergent  if  ao  1 . 

la.  Convergent  ifx:^l;  Divergent  if  x>  1.      18.    Divergent. 

X4.  Divergent.  16.    Convergent  if  m  <  1 ;  Divergent  if  m  ^  1* 

16.  Convergent  if  m<l;  Divergent  if  m^l.  17.    Divergent. 

18.  Divergent.  19.    Divergent.  ao.    Divergent. 

ai.    Divergent.        aa.    Convergent  if  a;<l,  Divergent  if  d;>l.    If 
x=l,  then  Convergent  if  k>l  and  Divergent  itk:^!. 

88.    Convergent  if  x <  1 ;  Divergent  ii  x-^l, 
84.    Convergent  if  x  :{>  1 ;  Divergent  if  x  >  1. 

EXAMPLES  XXVII. 
1.'  (i)  (r+l)a.^   (ii)J(r+l)(r+2)x^   (iu)  (^•H)(^+J^•^.(^+n- 1)^, 


2.3.8.13     (5r-7)^,      ^.^^  g(g4-i»(g  +  2p)    (g  +  r-1  .p)  ^, 

.  V    .^  „»2.7.12...(5r-3)/3xV 
(X)   (2a)    » i^^ (^jg^ j  . 

5.3.1.1.3.5...(2r-7)^^^^      ^^3 

t 

2.5.12...(7r-9)       » 
^"^^ 4.8.12...4r      "^^  • 

a.    (i)  The  ninth  term,   (ii)  the  eighth  term. 

8.    The  39th  term.  4.    The  first  and  second  terms. 

5.    After  the  12th  term.  8.     (i)      '    '    "'^  ^~--  ai-»x^, 

o .  o .  \f...or  * 
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(ii)  2a-^x^,     (iii)  4ra-^x^.     (iv)    - V~i~A a-^x**  when  n  is 

1.3.6...(n-2)       .  .    ,  .      ,, 

even,  ^    .    ^ — 7 z\  a~*x*  when  n  is  odd. 

2.4.6...(n-l) 

(v)   (2r»+2r  +  l)a-»'-ia;»".  (vi)   (-!)»•  16  (r  - 1)  a^-V. 

EXAMPLES  XXVIIL 

1.     (i)   2.  (ii)    ^|.  (iii)  4</4.  (iv)   V27-2. 

(V)   1.  (vi)   ^5/4.  (vu)    ^J.  (vui)  i. 

W    /^i-  W   -9-3^^11-  H   24-  ^^>   246- 

|re-2 

11.     :/— — -  .  as.     1.  25,     141.  81.     35/8. 

r-1  n-r-l  ' 


.    246,792.  88.    462.  84.     35. 

85.    Coefficient  of  x»  is  S»2-^^^a-^-^,  of  x*^i  is  -  3*^1 2-»«'-  "a-*"-* 
and  of  s^+^  is  0. 

88.    ^(n+l)(n+2)(n  +  3)(n+4)(n+6). 
88.     2'»-H- |3n+r~l/ |r  |3n--l. 


EXAMPLES  XXIX. 


18  3  -.4  3 

2. 


8 


"     6(a;  +  6)      5(a;+l)*  ar-2     a?-2* 

3 6 1      ., 

•     4(a;  +  3)      8(x  +  5)     8(aj+l)* 

1  2  2  1  1 

*•    i     (a;  +  l)**  *•     (x-2)a     a;-2"'"aj  +  l' 

n  1  7  13  1        ,     4x-8 

^'    12(a;  +  l)      3(x-2)"^4(«-3)'  6(x+2)  "*"  5(a;«+i)' 

1  1  1  .  1  1 


••    l-10x^3(l  +  3a;)      3(l  +  3a;)«*  2(a;a  +  l)  "^  2(a;-l)«* 

3  21  21  7 


•     2(l-3a;)»"^  8(l-3a5)a  "^  32(l-3a;)  "^  32(l  +  a:)  * 
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1         _1 1_  2  j4_  x  +  2 

^^'     xa  +  l"'"ar-2"ar  +  3'  "' (a;-2)-«"^  6(a;-2)  "^  5  (a?+l)  * 

^2  11  lla;-4 

13.      ■=-; =T.  +  ^1^ 


•  6(a?-l)«'^25(ar-l)     25(x«  +  4)' 

3 1__  1        _      g  +  2 

•  6(a;-2)     2  (a; - 1)^  "  2 (x - 1)      10(x«  +  l)* 

111  17  1  3 

15.     77-.-.. r^+.^.     .^v4-.-rAx,+ 


ar»     16i     a;  +  1^16(a;  +  2)^(a;  +  2)«^4(a;  +  2)»" 

1  1  11  1  J^        3 

*••     4(a;  +  2)8 ■*"  6  («  +  2)«  "*"  144  (a;  +  2)  "•"  9  (a? -  1)  "  8^^  ""  igj. • 

4  /    l\'H-i    1 
17.     (-l)M2-*-3-«-i}.  18.     -^-^)      -9(3^  +  7). 

ao.     g(3*»-l)-g{(-l)*-l}.  ai.    ^{9  +  6*+«-2.3«-M-2»-W}. 

.    (n3  +  7n  +  8)  2«-» ;  5  (n^  +  9»'  +  14n)  2*-*. 


EXAMPLES  XXXII. 

1.    1-262.  a.    1-48169.  8.    £1146-74. 

5.    £742.    198.    6d.  7.    £785.    lOs. 

8.    £1979.     58.     6d.  9.    £1735  nearly.  lO.    £122-58. 

EXAMPLES  XXXm. 
1.    }.  U3n  +  1)  (3n  +  4)  (3w  +  7)  (3n+ 10)  -1.4.7. 10}. 

a 


•    8(3.7     (4n  +  3)(4n+7)5'     *     168* 


1  4 

8.    :n5w(^  +  l)(3n''+23n  +  46).  4.    -n(n+l)  (n+2)-3n. 

6.  in(n  +  l)3(»  +  2).  6.     ^n(n  +  l)(n  +  2)(3n  +  5). 

7.  ^(2n-l)(2n  +  lJ(2n  +  3)(6n  +  7)  +  |. 

n. 6n  +  ll .  <j    _  11 

180      12  (2;t  + 1)  (2n  +  3)  (2«  +  5) '     *     180* 


I 
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^ 3n-f5  ^    _5^ 

36     6(n+l)(n+2)(n+3)'     *~36' 

*''•    i     2(n  +  l)(n+2)'  ^•-4' 

11      1  4n+3  ^1 

8     8(2n+l)(2n  +  3)'  '*"~8' 

29  6n«  +  27w+29  29 

36     6(n+l)(«+2)(n+3)'     *~36* 

2n  1  1 

IS.    '^*=i:fi'^»  =  2-  "•    3g(«  +  l)(n  +  2)(4n+3)-g. 

15.  j^n(n+l)(«  +  2)(8»«+lln+l). 

16.  na9+n(n-  l)a&+g  (n  -  l)n(2w- 1)  6«. 

17.  na»+|n(n-l)a36  +  2(n-l)TO(2n-l)a62+ln«(n-l)«65. 

18.  ^n(4n«-l).  19.    ^n(lGn^-12n-l). 

28.    gTO(TO+l)(n+2).  84.    gn(n+l)(4n-l). 

85.    na6-^n(n-l){a+&)  +  gn(n-l)(2n-l). 

2»H-i  1 

87.    (i)  ^-1.  (ii)  1-7 — \y^. 

'  n  +  2  ^  '         (n+l)2* 

.....    ^       2     /2\'»  ...    5  5  /5\* 

/  \   S  3  /"^V  .^  o  6  /6\« 

^""^   2     (n+l)(n  +  2)V4;   '  ^"^^  ^"(n  +  l)(n  +  2)  1,7^  " 

EXAMPLES  XXXIV. 

_     4.7.10...(3fi+4)  ..'      2.5.8...(3n+2)      ^ 

*•     ^^^      2.6.8...(3n  +  2)  "  ^"^     4.7.10...(3n  +  l)       ' 

5.7...(2n+3)  (H  11  {1     13.15...(2n+ll)| 

^""^     ^     8.10...(2n  +  6)»  ^-     (iv;  ll|A     i4.i6...(2n  +  ]2)J'  ^^• 


8.     (i)     2  +  3(n-l)(n-2);  2n  +  n(n-l)  (n-2). 

2n(n  +  l)-- 


(ii)    7»-(n-l)(n-2);  Zn(n  +  1)- ^n(n-l)  (n-2). 
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(iii)  2»»+i-n-2;  2^+i-l-hn  +  2)(n  +  3). 
(iv)  2»+i-w(n+l)-n;  2~+2-4- iw(»  +  l)(n+2)- ^n(n+l). 

(V)    ^„(n  +  l)(n  +  2)(n+3);   jL  n(n  +  l)  (n  +  2)  (n+3)  (n+4). 

(vi)    (n-2)(n-l)n(n+l)  +  (n-l)n-»  +  2; 
g(«-2)(n-l)n(n  +  l)(TO+2)  +  -(n-l)n(n+l)-2n(n  +  l)  +  2n. 

...        2 -4a?  ,...         l-2a; 


l-4a:  +  ara'  ^  '     l-5«  +  4a;»* 

,...,  l-6a;  ,.  ,  16+a;-19a;» 


w 


l-12a?  +  32a;a*  ^    '     15 -  14a; - 36a:» - 42a:8 ' 

1  +  a? 


(l-a;)»- 

4.     (i)    2*+i-2;  2~+2-2n-4. 

1  1      3«+i      11 

(ii)     i{3»+ll{-4)n-l};   ^  +  ?^  -ii(_4)n 

(iii)   l{3'»-(-l)*};  g{3»+i-3}  when  n is  even,  and  |{3»+i-l} 
when  n  is  odd. 


2-3a;-a;2 


9. 


•     (l-.a;)a(l-2a:)*  ""     (1  - «)« (1  -  2ir)  * 

IQ      (a;  +  a)(x  +  6)...(a;  +  0 
abc.l 

"•    Tf^^y  ".    2(^  +  J^^«(^+^)  +  4"2- 


t.     l-(l-i)log(l-a;). 


24.     l-(l-  =  lloga-a?).         26.     ^  +  f_^jjf^  .        80.     a?<l. 


82.     (i)  Divergent,    (ii)  Divergent,    (iii)  Convergent,    (iv)  Convergent, 
(v)  Coiiver|[ent  &  -y  >  a  +  /3,  Divergent  if  7  <  a  +  )8. 
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EXAMPLES  XXXVI. 
»      n  +  1 
n  +  2 

EXAMPLES  XXXVII. 

111)     5  +  -        «        T        TA         

'1+2  +  1  +  10  + 
..^lllllllllj^ 


».     (i)   V|.  (ii)   5(4  +  V87).  (iu)  1(28-V30). 


16.     -(n«+3n).  26.    e"*. 


EXAMPLES  XXXVni. 
6.    783.  lO.    3,  7,  9,  11,  13,  19.  18.    504n  -  6. 

EXAMPLES  XL. 

1.  (i)  a5=2,  y=3.  (ii)  a;=l,  y=10  ;  a;=14,  y=2. 
(iii)  x=4,y=S;x=19,y  =  l. 

(iv)   696,  3  ;  626,  18 ;  664,  33  ; ;  67,  138. 

2.  22,  30. 

8.     (i)  a?=4  +  13ifi,  y=l  +  7ffi.  (ii)  aj=9  +  llm,  y=7  +  9m. 

(iii)  a;=16m-7,  y  =  17wi-10.      (iv)   a;=64  +  69m,  y  =  44  +  49m. 

4.  (i)   3,  1,2;  6,2,1;  2,4,1.. 

(ii)   1,  21,  1;  6,  14,  1;  9,  7,  1 ;  3,  13,  2;  7,  6,  2;  6,  6,  3  ;  3,  4,  4; 

1,  12,  3  ;  1,  3,  6. 
(iii)   2,  8,  3.  (iv)   8,  38,  60 ;  19,  44,  36  ;  30,  50,  20 ;  41,  56,  6. 

5.  (i)   1326,  2;  441,  3;  101,  8;  77,  10;  33,  21;  26,  27;  5,  112;  1,  333. 
(ii)   5,  3.  (iii)   8,  5.  (iv)    6,  1 ;  13,  14. 
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■7.     195,  121 ;  52,  264. 

^      ^'  ••   20.  lo.    3. 

11.    £3.  Us,  6d.,        £4.  58,  6d. 

la.    2s  Id     2s,  lOd.,  2s,  lU.,  Ss,  Id.,  3*.  2d„  Ss,  3d.,  Ss.  4d.,  3..  5d., 
3«.  6d.,  3«.  8d.,  Ss.  9d.  and  4«. 

13.     11,  12,  16,  24,  36.        14.     15,  55  ;  25,  65  ;  35,  75.         15.    21. 

EXAMPLES  XhL 

1.    ~.    y.  a      11664     11124     10609 

67     67  * 


4.  8. 


33397'  33397'  33397' 
3«^ + 5n + 2  pence. 


4  16.  -.  ai.  - 
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CLASSICS. 

ELEMENTARY    CLASSICS. 

iSmo,  Eighteenpence  eadi. 

This  Series  falls  into  two  Classes — 

(i)  First  Reading  Books  for  Beginna's,  provided  not 
only  with  Introductions  and  Notes,  bnt  with 
Vocabularies,  and  in  some  cases  with  Exercises 
based  upon  the  Text 

(2)  Stepping-stones  to  the  study  of  particular  authors, 
intended  for  more  advanced  students  who  are  beginning 
to  read  such  authors  as  Terence,  Plato,  the  Attic  Dramatists, 
and  the  harder  parts  of  Cicero,  Horace,  Virgil,  and 
Thucydides, 

These  are  provided  with  Introductions  and  Notes,  but 
410  Vocabulary.  The  Publishers  have  been  led  to  pro- 
vide the  more  strictly  Elementary  Books  with  Vocahnlaries 
by  the  representations  of  many  teachers,  who  hold  that  be- 
ginners do  not  understand  the  use  of  a  Dictionary,  and  of 
others  who,  in  the  case  of  middle-class  schools  where  the 
cost  of  books  is  a  serious  conside]:^tion,  advocate  the 
Vocabulary  system  on  grounds  of  economy*  It  is  hoped 
that  the  two  "parts  of  tiie  Series,  fitting  into  one  another, 
may  together  fulfil  all  the  requirements  of  Elementary  and 
I'l'q>aratory  Schools,  and  the  Lower  Forms  of  Public 
"Schools. 


4  MACMILLAN*S  teDUCAtlONAL  CATALOGUE 

The  following  Elementary  Books,  with  Introductions, 
Notes,  and  Vocabularies,  and  in  some  cases  with 
Exercises,  are  either  ready  or  in  preparation: — 

Aeschylus.— PROMETHEUS  VINCTUS.    Edited  by  Rev.  H. 

M.  Stephenson,  M.A. 
Arrian. — selections.      Edited  for  the  use  of  Schools,  with 

Introduction,  Notes,  Vocabulary,  and  Exercises,  by  John  Bond, 

M.A.,  and  A.  S.  WALPOLE,  M.A. 
Aulus  Gellius,  Stories  from.     Edited,  with  Notes  and 

Vocabulary,  by  Rev.  G.  H.  Nall,  M.A.,  Assistant  Master  in 

Westminster  School.  •  [In  the  Press, 

Caesar.— THE  Helvetian  War.  Being  Selections  from 
Book  I.  of  the  <'  De  Bello  Gallioo."  Adapted  for  the  use  of 
Beginners.  With  Notes,  Exercises,  and  Vocabulary,  by  W. 
Welch,  M.A.,  and  C.  G.  Duffield,  M.A. 

THE  INVASION  OF  BRITAIN.  Being  Selections  from  Books 
IV.  and  V.  of  the  "  De  Bello  Gallica"  Adapted  for  the  use  of 
Beginners.  With  Notes,  Vocabulary,  and  Exercises,  by  W. 
Welch,  M.  A.,  and  C.  G.  Duffield,  M^A. 

THE  GALLIC  WAR.  BOOK  I.  Edited  by  A.  S.  Walpole, 
M.A. 

THE  GALLIC  WAR.  BOOKS  IL  and  IIL  Edited  bjr  the 
Rev.  W.  G.  Rutherford,  M.A.,  LL.D.,  Head-Master  of  West- 
minster School. 

THE  GALLIC  WAR.  BOOK  IV.  Edited  by  Clement  Bbtans, 
M.  A.,  Assistant-Master  at  Dulwich  College. 

THE  GALLIC  WAR.  SCENES  FROM  BOOKS  V.  and  VL 
Edited  by  C.  Colbecic,  M.A.,  Assistant- Master  at  Harrow; 
formerly  Fellow  of  Trinity  College,  Cambridge. 

THE  GALLIC  WAR.  BOOKS  V.  and  VI.  (separately).  By 
the  same  Editor.     Book  V.  ready.    Book  VL  in  preparation, 

THE  GALLIC  WAR.  BOOK  VII.  Edited  by  John  Bond, 
M.A.,  and  A.  S.  WaLPOLB,  M.A. 

Cicero. — de  SENECTUTE.    Edited  by  E.  S.  ShuckbUroh, 
M.A.,  late  Fellow  of  Emmanuel  College,  Cambridge.  . 
DE  AMICITIA.     By  the  same  Editor, 

STORIES  OF  ROMAN  HISTORY.  Adapted  for  the  Use  of 
Beginners.  With  Notes,  Vocabulary,  and  Exercises,  by  the  Rev. 
G.  £.  Jeans,  M.A.,  Fellow  of  Hertford  College^  Oxford,  and 
A.  V.  JONES,  M.A. ;  Assistant-Masters  at  Haileylmry  College. 

Eutropius.— Adapted  for  flie  Use  of  Beginners.  With  Notes, 
Vocabulary,  and  Exercises,  by  William  Welch,  M-A.,  and  C. 
G.  Duffield,  M.A.,  Assistant-Masters  at  Surrey  County  School, 
Cranleigh. 

Homer. — ILIAD.  BOOK  I.  Edited  by  Rev.  John  Bond,  M,A., 
and  A.  S.  Walpolb,  M.A, 
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Homer.—iLiAD.  bookxviil  the  ARMSOFACHILLES. 

Edited  by  S.  R.  James,  M.  A.,  Assistant-Master  at  Eton  CoUege. 
ODYSSEY.    BOOK  I.    Edited  1^  Rev.  Jqhn  Bond,  M.A.    and 
A.  S.  Walpole,  M.A. 

Horace. — odes,  books  L—IV.  Edited  by  T.E.  page,  M.  a., 
late  Fellow  of  St.  John's  College,  Cambridge ;  Assistant-Master 
at  the  Charterhouse.    Each  is.  6^. 

Latin  Accidence  and  Exercises  Arranged  for  Be- 

GINNERS.    By  William  Welch,  M.A*,  and  C.  G.  Dufpield, 
M.A.,  Assistant  Masters  at  Surrey  County  School,  Cranleigh. 

Livy. — BOOK  I.  Edited  by  H.  M.  Stephenson,  M.A.,  late 
Head  Master  of  St.  Fetor's  School,  York. 
THE  HANNIBALIAN  WAR.  Being  part  of  th6  XXI.  and 
XXII.  BOOKS  OF.  Liy  Y,  adapted  for  the  use  of  beginners, 
by  G.  C.  Magaulay,  M.A.,  late  Fellow  of  Trinity  College, 
Cambridge. 
THE  SIEGE  OF  SYRACUSE.  Being  part  of  the  XXIV.  and 
XXV.  BOOKS  OF  LIVY,  adapted  for  the  use  of  beginners. 
With  Notes,  Vocabulary,  and  Exeroises,  by  George  Richards, 
M.A.J  and  A.  S.  Walpole,  M.A. 

.  LEGENDS  OF  EARLY  ROME.  Adapted  for  the  use  of  begin- 
ners. With  Notes^  Exercises,  and  Vocabulary,  by  Herbert 
Wilkinson,  M.A.     .  [In preparation. 

Lucian. — EXTRACTS  FROM  LUC  IAN.  Edited,  with  Notes. 
Exercises,  and  Vocabulary,  by  Rev.  JoHif  Bond,  M.A.,  and 
A.  S.  Walpole,  M.A., 

NepOS.— SELECTION^  ILLUSTRATIVE  OF  GREEK  AND 
ROMAN  HISTORY.  Edited  for  the  use  of  beginners  with 
Notes,  Vocabulary  and  Exerdsesy  by  Q,  S#  Farnell,  M.A. 

Ovid. — SELECTIONS.  Edited  by  E.  S.  Shok^kburgh,  M.A. 
late  Fellow  and  Assistant-Tutor  of  Emnaamiel  College,  Cambridge. 
EASY  SELECTIONS  FROM  OVID  IN  ELEGIAC  VERSE. 
Arranged  for  the  use  of  Beginners  with  Notes,  Vocabulary,  and 
Exercises,  by  Herbert  Wilkinson,  M.A. 
'  STORIES  FROM  THE  METAMORPHOSES.  Edited  for  the 
Use  of  Schools.  With  Notes,  Exercises,  and  Vocabulary.  By 
J.  Bond,  M. Ai,  and  A.- S.  Walpole,  M.A; 

Phsedrus.— SELECT  fables.  Adapted  for  the  Use  of  Be- 
ginners. With-  Notes,.  Exercises,  and  Vocabularies,  by  A.  S. 
Walpole,  M.A. 

Thucydides ^THE  RISE  OF  THE  ATHENIAN  EMPIRE. 

BOOK  L  cc.  LXXXIX. —  CXVH.  and  CXXVIII.  -^ 
CXXXVIII.  Edited  with  Notes,  Vocabulary  and  Exercises,  by  F. 
H.  CoLSQN,  M.A.,  Senior  Classical  Master  at  Bradford  Grammar 
School ;  Fellow  of  St  John's  CoUege,  Cambridge. 

Virgil.— iENEID.     BOOK  I.     Edited  by  A.  S.  Walpole^  M.A. 
i?iNEID..     BOO^  IV.      ^ditpd.  by  Rey.  H.  M.   Stephenson, 
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Vliyil.— iENEID,      BOOK  V.      Edited  by  Rer.  A.   Calyert, 
M.A.,  late  Felftw  of  St.  John*!  College,  Cambridge. 
iENEID.    BOOK  VI.    EdUed  by  T.  E.  Page,  M.A. 
iENEID.    BOOK  IX.    Edited  by  Rev.  H.   M.   Stephenson, 

M.A. 
GEORGICS.    BOOK  L    Edited  by  C.  Brvans,  M.A. 

X/n  prgpamtiofi, 
SELECTIONS.    Edited  by  E.  S.  Suvcxbusgh,  M.  A. 

Xenophon.— ANABASIS.      BOOK    L      Editqd     by    A.     S. 

Walpole,  M.A. 
ANABASIS.    BOOK  L  Chaps.  I.— Vni.  for  the  use  of  Beginners, 

with  Titles  to  the  Sections,  Notes,  Vocabukrv,  and  ExercisQS|  by 

K  A.  Wells,  M.  A.,  Assistant  Master  in  Durnam  School. 
ANABASIS.     BOOK  II.    Edited  by  A.  S.  Walpole,  M.A, 

[In  the  press. 
ANABASIS.     BOOK  IV.    THE  RETREAT  OF  THE  TEN 

THOUSAND.     Edited  for  the  use  of  Beginners,  with  Notes, 

Vocabulary,  and  Exercises,  by  Rev.  E.  D.  St6n£,  M.A.,  formerly 

Assistant' Master  at  Eton. 

\In  preparation, 
SELECTIONS    FROM    THE    CYROPi^DIA.      Edited,  with 

Notes,  Vocabulary,  and  Exercises,  by  A.  H.  CooKE,  M.A.»  Fellow 

and  Lecturer  of  King's  College,  Cambridge. 

The  following  more  advanced  Books,  with  Introductions 
and  Notes,  but  no  Vocabulary^  are  either  ready,  or  in 
preparation: — 

Cicero.— SELECT  letters*  Edited  by  Rev.  G.  E.  Jeans, 
M.A.,  Fellow  of  Hertford  College,  Oxford,  and  Assistazit-Master 
at  Haileybury  College^     » 

Euripides. — HECUBA.  Edited  by  Rev.  John  Bond,  M.A. 
and  A.  S.  Walpole,  M.A. 

Herodotus.— SELECTIONS  from  BOOKS  VU.  awd  VIII., 
THE  EXPEDITION  OF  XERXES.  Edited  by  A.  H.  Cooke, 
M.  A.,  Fellow  and  Lecturer  of  King*8  College,  Cambridge. 

Horace.  —  selections   from   the   satires   and 

EPISTLES.    Edited  by  Rev.  W..  J.  V.  Baker,  M.  A.,  FeUow  of 
St.  John's  College,  Cambridge. 
SELECT  EPODES  AND  ARS  P0J:TICA.    Edited  by  H.  A. 
Dalton,  M.  a.,  formeriy  Senior  Student  of  Christchurch ;  Assistant- 
Master  in  Winchester  College. 

Plato.— EUTHYPHRO  AND  MENEXENUS.  Edfted  by  C.  E. 
Graves,  M.  A.,  Classical  Lecturer  and  late  Fellow  of  St.  John's 
College,  Cambridge. 

Terence.— SCENES  FROM  THE  ANDRIA.  Edited  by  F.  W, 
Cornish,  M.  A.,  Assistant-Master  f^t  Eton  C>Il^e, 
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The  Greek  Elegiac  Poets. —  from  callinus  to 

'  ^  CAlLIMACHtJS.  Selected  and  Edited  by  Rev.  Herbert 
Kyn ASTON,  D.D.;  Principal  of  Cheltenham  College,  and  formerly 
Fellow  of  St  John's  College,  Cambridge. 

Thucydides. — book  iv.  chs.  l— xll   the  capture 

OF  SPHACTERIA.     Editec'  by  C.  E.  Graves,  M. A. 
Virgil.— GEORGICS.    BOOKH.    Edited  by  Rev.  J.  H.  Skrine, 
M.  A.,  late  Fellow  of  Merton  College,  Oxford ;  Warden  of  Trinity 
CollegCi  Glenalmond. 

%*  Other  Volumes  to  follow. 


CLASSICAL    SERIES 
FOR    COLLEGES    AND    SCHOOLS. 

Fcap.  8va 

Being  select  portions  of  Greek  and  Latin  authors,  edited 

with  Introductions  and  Notes,  for  the  use  of  Middle  and 

Upper  forms    of   Schools,  or   of   candidates  for    Public 

Examinations  at  the  Universities  and  elsewhere. 

Attic  Orators.— Selections  from  ANTIPHON,  ANDOKIDES, 
LYSIAS,  ISOKRATES,  AND  ISAEOS.  Edited  by  R.  C. 
Jebb,  M.  A.,  LL.D.,  LittD.,  Professor  of  Greek  in  the  University 
of  Glasgow.  {New  Edition  in  the  press. 

^SChines. —  in  CTESIPHONTEM.  Edited  by  Rev.  T. 
GWATKIN,  M.A.,  late  Fellow  of  St.  John's  College,  Cambridge, 

\In  the  press, 

^SChyluS, — PERSiE.     Edited  by  A.    O.   Prickard,    M.A. 

Fellow  and  Tutor  of  New  College,  Oxford.     With  Map.     3J.  6^. 

SEVEN   AGAINST  THEBES.      Edited  by  A.    W.    Verrall, 

M.A.     School  Edition  prepared  by  Rev.  M.  A.  Bayfield,  M.A. 

[/«  the  press. 

AndocideS. — DE  MYSTERHS.  Edited  by  W.  J.  Hickie,  M.A. , 
formerly  Assistant-Master  in  Denstone  College'.     2s.  6(1. 

Caesar.— THE  GALLIC  WAR.  Edited,  after  Kraner,  by  Rev. 
John  Bond,  M.A.,  and  A.  S.  Walpole,  M.A.    With  Maps.'  6s. 

Catuljius, — SELECT  POEMS.  Edited  by  F.  P.  Simpson,  B.A., 
late  Scholar  of  Balliol  College,  Oxfoid.  New  and  Revised 
Edition.  SJ.  The  Text  of  this  Edition  is  carefully  adapted  to 
School  use. 

jCicerO.-^THE  CATILINE  orations.  From  the  German 
of  K^ARL  Halm.  Edited,  with  Additions,  by  A.  S,  WilkIns, 
M.  a.,  LL.D.,  Professor  of  Latin  at  the  Owens  College,  Manchester, 
Examiner  of  Classics  to  the  University  of  London.  New  Edifion. 
3J.  6^, 
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Cicero.— PRO  LEGE  MANILIA.  Edited,  after  Halm,  by  Pro- 
fessor A.  S.  WiLKiNS,  M.A.9  LL.D.    2s,  6d, 

THE  SECOND  PHILIPPIC  ORATION.  From  the  German 
of    Karl    Halm.     Edited,   with    Corrections  and   Additions,  j 

by  John  E.  B.  Mayor,  Professor  of  Latin  in  the  University  of 
Cambridge,  and  Fellow  of  St  John's  College.'  New  Edition, 
revised.     5^. 

PRO  ROSCIO  AMERINO.  Edited,  after  Halm,  by  E.  H.  Don- 
kin,  M.A.,  late  Scholar  of  Lincoln  College,  Oxford;  Assistant- 
Master  at  Sherborne  School.    4r.  6d, 

PRO  P.  SESTIO.  Edited  by  Rev.  H.  A.  Holdkn,  M.A.,  LL.D., 
late  Fellow  of  Trinity  College,  Cambridge;  and  late  Classical 
Examiner  to  the  University  of  London.     $s. 

Demosthenes.— DE  CORONA.    Edited  by  B.  Drake,  M.A., 

late  Fellow  of  King's  College^   Cambridge.      New  and  revised 

Edition.    4s.  6d, 
ADVERSUS  LEPTINEM.     Edited  by  Rev.  J.  R.  King,  M.A. 

Fellow  and  Tutor  of  Oriel  Collie,  Oxford.    4J.  6d. 
THE  FIRST  PHILIPPIC.    Edited,  after  C.  Rkhdantz,  by  Rev. 

T.  Gwatkin,  M.  a.,  late  Fellow  of  St.  John's  College,  Cambridge. 

2j.  6d. 
IN  MIDIAM.    Edited   by   Prof.  A.   S.  Wilkins,    LL.D.,  and 

Herman  Hager,  Ph.D.,  of  the  Owens  College,  Manchester. 

[In  preparation, 

Euripides.— HIPPOLYTUS.  Edited  by  J.  P.  Mahaffy,  M.  A., 
Fellow  and  Professor  of  Ancient  History  in  Trinity  College,  Dub- 
lin, and  J.  B.  Bury,  Fellow  of  Trinity  College,  Dublin.  5^.  6d. 

MEDEA.  Edited  by  A.  W.  Verrall,  M.A.,  Fellow  and 
Lecturer  of  Trinity  College,  Cambridge.    3J.  6d. 

IPHIGENIA  IN  TAURIS.  Edited  by  E.  B.  England,  M.A., 
Lecturer  at  the  Owens  College,  Manchester.    4;.  6d, 

Herodotus.— BOOKS  v.  and  VL  Edited  by  J.  Strachan, 
M.A.,  Professor  of  Greek  in  the  Owens  College,   Manchester. 

[In  preparatioft, 
BOOKS  VII.  AND  VIIL     Edited  by  Miss  A.  Ramsay. 

\In  the  press, 

Hesiod.— THE  WORKS  AND  DAYS.  Edited  by  W.  T. 
Lkndrum,  Assistant  Master  in  Dulwich  College.  \In preparation. 

Homer.— ILIAD,  books  L,  IX.,  XL,  XVL— XXIV.  THE 
STORY  OF  ACHILLES.  Edited  by  the  late  J.  H.  Pratt, 
M.A.,  and  Walter  Leaf,  M.A.,  Fellows  of  Trinity  CoU^e, 
Cambridge.     6x. 

ODYSSEY.      BOOK  IX.    Edited  by  Prof.  John  E.  B.  Mayor. 

2J.  (id, 
ODYSSEY.      BOOKS  XXL— XXIV.      THE  TRIUMPH   OF 

ODYSSEUS.     Edited  by  S.  G.  HAMILTON,  B.A.,   Fellow  of 

Hertford  College,  Oxford.     3^.  (id. 
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Horace.— THE  odes.  Edited  by  T.  E.  Page,  M.A.,  formerly 
Fellow  of  St  John's  College,  Cambridge ;  Assistant-Master  at 
the  Charterhouse.  6s.  (BOOKS  I.,  II.,  IIL,  and  IV.  separately, 
2s,  each.) 

THE  SATIRES.  Edited  by  Arthur  Palmer,  M.A.,  Fellow  of 
Trinity  College,  Dublin ;  Professor  of  Latia  in  the  University  of 
Dublin.    6s. 

THE  EPISTLES  and  ARS  POETICA.  Editad  by  A  S. 
WiLKiNS,  M.A.,  LL.D.,  Professor  of  Latin  in  Owens  College, 
Manchester;  Examiner  in  Classics  to  the  University  of 
London,    dr. 

Isaeos.— THE  ORATIONS.  Edited  by  William  Ridgeway, 
M.A.,  Fellow  of  Caius  Collie,  Cambridge;  and  Professor  of 
Greek  in  the  University  of  Cork.  \In  pre^roHon. 

Juvenal,     thirteen    satires.      Edited,   for  the    Use  of 
Schools,  by  E.  G.  Hardy,  M.  A.,  late  Fellow  of  Jesus  College, 
Oxford.     5^. 
The  Text  of  this  Edition  is  carefully  adapted  to  School  use. 
SELECT  SATIRES.     Edited  by  Professor  John  E.  B.  Mayor. 
X.  AND  XL    y.6d.    XIL— XVL    /^.  6d. 

Livy. — BC^OKS  II.  AND  HI.  Edited  by  Rev.  H.  M.  Stephenson, 
M.A.     5j. 

BOOKS  XXI.  AND  XXII.  Edited  by  the  Rev.  W.  W.  Capb, 
M.A.    Maps.    Ss. 

BOOKS  XXIII.  AND  XXIV.  Edited  by  G.  C.  Macaulay,  M.A. 
With  Maps.    5j. 

THE  LAST  TWO  KINGS  OF  MACEDON.  EXTRACTS 
FROM  THE  FOURTH  AND  FIFTH  DECADES  OF 
LIVY.  Selected  and  Edited,  with  Introduction  and  Notes,  by 
F.  H.  Rawlins,  M.  A.,  Fellow  of  King's  College,  Cambridge;  and 
Assistant-Master  at  Eton.     With  Maps.     3x.  6df. 

THE  SUBJUGATION  OF  ITALY.  SELECTIONS  FROM 
THE  FIRST  DECADE.  Edited  by  G.  E.  Marindin,  M.A., 
formerly  Assistant  Master  at  Eton.  [In  preparation. 

Lucretius.  BOOKS  I.— III.  Edited  by  J.  H.  Warburton 
Lee,  M.A.,  late  Scholar  of  Corpus  Christi^  Cfollege,  Oxford,  and 
Assistant-Master  at  Rossall.    4^.  6d. 

Lysias. — SELECT  ORATIONS.  Edited  by  E.S.  Shuckburgh, 
M.A.,  late  Assistant-Master  at  Eton  College,  formerly  Fellow  and 
Assistant-Tutor  of  Emmanuel  College,  Cambridge.  New  Edition, 
revised,     dr. 

Martial.  —  SELECT  EPIGRAMS.  Edited  by  Rev.  H.  M. 
Stephenson,  M.A.  New  Edition,  Revised  and  Enlarged.  6s.  6d. 

Ovid. — FASTL    Edited  by  G.  H.  Hallam,  M.A.,  Fellow  of  St 
John's  College,   Cambridge,  and  Assistant-Master  at    Harrow. 
^Vith  I^aDs.     ?j. 
HEROIDUM  EPISTULiE  XIIL  Edited  by  E.  S.  Shuckburgh. 
M.A.    \s.  6d, 
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Qyi.<J.— mi;tamorphoi5]ES.   books  i.— hi.   Edu^  te  Q. 

Simmons,  M.A.  {In  pr^aration, 

METAMORPHOSES.  BOOKS  XIII.  and  XIV.  Edited  by 
C.  Simmons,  M.A.    4J.  6</. 

Plato. — MENO.  Edited  by  E.  S.  Thompson,  M.A.,  Fellow  o^ 
Christ's  College,  Cambridge.  [In  preparation. 

APOLOGY  AND  CRITO.  Edited  by  F.  J.  H.  Jenkinson, 
M.A.,  Fellow  of  Trinity  College,  Cambridge.         \In  preparation, 

LACHES.  Edited,  with  Introduction  and  Notes,  by  M.  T.  Tatham, 
M.A.,  Balliol  College,  Oxford,  formerly  Assistant  Master  at 
Westminster  School.  \Jn  the  press, 

THE  REPUBLIC.  BOOKS  L— V.  Edited  by  T.  H.  Warilek. 
M.A.,  President  of  Magdalen  College,  Oxford.  \fn  the  press, 

PlautU3.— MILES  GLORIOSUS."  Edited  by  R.  Y.  Tyrrell. 
M.  A.,  Felloiy  of  Trinity  CoHege,  and  R^us:  Professor  cf  Gredc  in 
the  Umrersity  of  Dublin.     Second  EdhioQ  Revised.     5;. 

AMPHITRUO.  Edited  by  Arthur  Palmer,  M.A.,  Fellow  of 
Trinity  Collie  and  Regius  Professor  of  Latin  in  the  University 
of  Dublin.  [In  preparation, 

CAPTIVI.  Edited  by  A.  RHYS  Smith,  late  Junior  Student  of 
Christ  Church,  Oxford.  [In  preparation, 

Pliny. — LETTERS.  BOOK  III.  Edited  by  Professor  John  E.  B. 
Mayor.     With  Life  of  Pliny  by  G.  H.  Rendall,  M.A.     $s, 
LETTERS.     BOOKS  I.  and  IL      Edited  by  J.   Cowan,  B.A., 
Assistant' Master  m  the  Grammar  School,  Manchester. 

[In  preparation, 

Plutarch. — life    of    THEMISTOKLES.      Edited  by  Rev. 

H.  A.  tioLDEN,  M.A.,  LL.D. '  5x. 
Polybius.— THE  HISTORY  OF  THE  ACIL^AN  LEAGUE 

AS  CONTAINED  IN  THE    REMAINS    OF   POLYpIUS. 

Edited  by  W.  W,  Capes,  M.A.    Ss,  6d. 
PropertiviS. — select  poems.     Edited  by    Professor   J.    P. 

POSTGATE,  M,A.,  Fellow  of  Trinity  College,  Cambridge.    Second 

Edition,  revised.     6s, 
SiaUust. — CATILINA  AND  JUGURTHA.    Edited-by  C.  Meri- 

VALE,  D.Dj,  Dean  of  Ely.     New  Edition,  carefully  revised  and 

enlarged,  \s.  6d.     Or  separately,  2s,  6<i,  eg.ch. 
BELLUM  CATULINAE.     Edited  by  A.  M.  Cook,  M.  A.,  fssift- 

ant  Master  at  St.  Paul's  School.     4f.  6^. 
JUGURTHA.     By  the  same  Editor.  lln  preparation. 

Sophocles. — ANTIGONE.  Edited  by  Rev.  John  ^ond,  M. A., 
ftnd  A.  S.  Walpole,  M.A.  [Inpreparft^f.n, 

Tacitus. — AGRICOLA  AND  GERMANIA.     Jj:.djite4  iy'A.'j- 
Church,  M.A.,  and  W.  J.  Brxddribb,   M.^.,  Transjaf(y5i  of 
Tacitus.     New  Edition,  3^.  €d.     Or  separately,  ^.  ^ach-  * 
THE  ANNALS.     BOOK  VI.     By  the  same  Editor^,     is.  fid, 
THE    HISTORIES.     BOOKS   I.   ANp  XL     Edited  by   A.   P. 
GopLBY,  M,A.    5 J, 
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Tacitus.— TH?  HISTORIES.     BOOKS  III.— V.     Brtheonu: 

Editor.  [/« prtparalioH. 

THE  ANNALS.    BOOKS  L  and  11.    Edited  b»  /^  S.  Run. 

M.L.,  LiM.D.  ilu prtfafoHen. 

Terence. — HAUTON   TIMOHUMENOS.      Edited  Iw  E.    S. 

Shockbobch,  M.A.    3J.    With  TrwislatioD,  v.  &/. 
PHORMIO.     Edited   by  Re*.   John  Bond,   M.A.,   and   A.   S 

Walpolb,  M.A.     4/.  &/. 
Thucydidcs.     BOOK  IV.     Edited  by  C.  E.  Graver   M.A., 

Classical    Lecturer,   aod    kte    Fellovr   of    St   Jahn's   Collie, 

Cambridge.     %t. 
BOOKS  III.  AND  V.     Bjr  the  same  E 

separately.  [In  frcparaiio.  i 

BOOKS  L  AND  It.     Edited  1^  C.  BK^Af 
BOOKS  VL  AND  VIL   THE  SICILIAN 

br  the  Re».  Percivai.  Frost,  M.A.,  ti 

College,  Cambridge.     New  Edition,  k 

M«p.    II. 
TibuUuS.— SELECT    POEMS.        Edited   by    Professor   J.  P. 

POSTGATK,  M.A.  [In  priparatieH. 

Virgil.— iENEID.      BOOKS  IL  AND  in.    THE  NARRATIVE 

OF  .SNEAS.   Edited  by  E.  W.  Howson,  M.A.,  Fellowoi  King's 

College,  Cambridge,  and  Assist  ant-Haster  at  Harrow,     y. 
Xenopnon. — hellenica,   books  I.  and  IL     Edited  by 

H.  Hailstone,   B.A.,  late  Scholar  of  Peterhonse,   Cambridge. 

With  Map.    Af-  ^^ 
CYROP-EDIA.     BOOKS   VIL   and  VIIL   Edited  by  Alprei. 

Goodwin,   U.A.,  Ptolessat  of  Greek  in   Univecsiiy  College, 

London.     <,s. 
MEMORABILIA  SOCRATIS.     Edited  by  A.  R.  Cluer,  B.A., 

Balliol  College,  Oiford.     6s. 
THEANABASIS.     BOOKS  I.— IV.   Editedby  Professors  W.  W. 

Goodwin  and  J.  W,  White.     Adajited  to  Goodwin's   Greet; 

Grammar.      With  a  Map.     5r. 
HIERO.     EditedbyRey.  H.  A.  HoLDBN,  M.A.,  LL.D.    y.tJ. 
OECONOMICUS.     B);  the    same    Editor.     With   Inlroduction, 

Explanatory  Notes,  Critical  Appendix,  and  Leiicon.    6t. 
%"  OtAa-  Volumes  will  follme. 
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(i)  Texts,  Edited  with  Introductions  and  Nptes, 
for  the  ose  of  Advanced  Students.  (2)  Commeataries 
and  Translations. 

^SChylus.— THE  EUMENIDES.  The  Greek  Text,  with 
Introdnction,  English  Notes,  and  Verse  Translation.  By  Bernaki> 
Drake,  M.A.,  late  Fellow  of  King's  College,  Cambridge 
8vo.    w. 
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iEschyluS.— AGAMEMNON.      Edited,  with  Introduction  and 
Notes,  by  A.  W.  Verrall,  M.A.     8vo.  [In  preparation. 

AGAMEMNON,  CHOEPHORGE,  AND  EUMENIDES. 
Edited,  with  Introduction  and  Notes,  by  A.  O.  PRICKARD,  M.A.9 
Fellow  and  Tutor  of  New  CoU^e^  Oxford.    8to. 

{In  preparaHon, 

AGAMEMNO.  Emendavit  David  S.  Margoliouth,  ColL  Nov. 
Oxon.  Soc     Demy  8vo.     2s.  6d. 

THE  "  SEVEN  AGAINST  THEBES."  Edited,  with  Introduc- 
tion, Commentary,  and  Translation,  by  A«  W.  Verrall,  M.A., 
Fellow  of  Trinity  College,  Cambridge.     8vo.     ^s.  6d, 

SUPPLICES.  Edited,  with  Introduction  and  Notes,  by  T.  G. 
Tucker,  M.A.,  Professor  of  Classics  in  the  University  of 
Melbourne.     8va  [In  preparation, 

Antoninus,  Marcus  Aurelius. — book  iv.  of  the 

MEDITATIONS.  The  Text  Revised,  with  Translation  and 
Notes,  by  Hastings  Crossley,  M.A.,  Professor  of  Greek  in 
Queen's  College,  Belfast.     8vo.     6s. 

AqstOtle.— THE  METAPHYSICS.     BOOK  I.    Translated  by 

a  Cambridge  Graduate.     8vo.     $s,  [BO0A II,  in  preparation, 

•    THE  POLITICS.     Edited,  after  Susemihl,  by  R.  D.  HiCKS, 

M.  A. ,  Fellow  of  Trinity  Cdlege,  Cambridge.    8vo. 

[In  the  press, 
THE  POLITICS.     Translated  by  Rev.  J.  E.  C.  Welldon,  M.A., 

Fellow    of  King's   College,    Cambridge,    and  Head-Master  fA 

Harrow  School.     Crown  8vo.     icj.  6^. 
THE   RHETORIC.      Translated,  with  an  Analysis  and  Critical 

Notes,  by  the  same.     Crown  8vb.     'js,  €d, 
THE  ETHICS.     Translated,  with  an  Analysis  and  Critical  Notes, 

by  the  same.     Crown  8vo.  [In  preparation. 

AN    INTRODUCTION    TO     ARISTOTLE'S     RHETORIC 

With  Analysis,  Notes,  and  Appendices.     By  E.  M.  Cope,  Fellow 

and  Tutor  of  Trinity  College,  Cambrid^.  •  8vo.     14^. 
THE  SOPHISTICI  ELENCHI.     JWith  Translation  and  Notes 

by  E.  PosTE,  M.A.,  Fellow  of  Oriel  College,  Oxford.  8vo.  8r.  6d. 

Aristophanes. — THE  birds.  Translated  into  English  Verse, 
with  Introduction,  Notes,  and  Appendices;  by  B.  H.  Kennedy. 
D.D.,  Regius  Professor  of  Greek  in  the  University  of  Cambridge. 
Crown  8vo.  €s.  Help  Notes  to  the  same,  for  the  use  of 
Students,  is.  6d. 

Attic  Orators.— FROM  ANTIPHON  to  ISAEOS.  By 
R.  C.  Jebb,  M.A.,  LL.D.,  Professor  of  Greek  in  the  University 
of  Glasgow.    2  vols.    8vo.     25^. 

Babrius. — Edited,  with  Introductory  Dissertations,  Critical  Notes, 
Commentary  and  Lexicon.  By  Rev.  W.  GuNiON  Rutherford, 
M.  A.,  LL.D.,  Head-Master  of  Westminster  School.   8vo.    12s,  6d, 

Clcero.-r-THE  ACADEMICA.  The  Text  revised  and  explained 
by  J.  S.  Reid,  M.L.,  Litt.D.,  Fellow  of  Caius  Cc^ege,  Cam- 
bridge.    8vo.     i^j. 


I 


CLASStCAt  LIBRARV.  ti 

Cicero.— THE  ACADEMICS.  Translated  by  J.  S.  Reid,  M.L. 
8vo.  5>.  6d, 
SELECT  LETTERS.  After  the  Edition  of  Albert  Watson, 
M.A.  Translated  by  G.  £.  Jeans,  M.A.,  Fellow  of  Hertford 
College,  Oxford,  and  late  Assistant-Master  at  HaUeybary.  Second 
Edition.     Revised.     Crown  3vo.     lOr.  6d, 

Ctesias.— THE  fragments  of  CTESIAS.  Edited,  with 
Introduction  and  Notes,  by  J.  E.GiLMORE,M.  A.  8vo.  (Classical 
Library.)  [In  the  press, 

(See  also  Classical  Series,) 
Euripides.— MEDEA.  Edited,  with  Introduction  and  Notes,  by 
A.  W.  Verrall,  M.A.,  Fellow  and  Lecturer  of  Trinity  Collie, 
Cambridge.  8vo.  *js,  6d, 
IPHIGENIA  IN  AULIS.  Edited,  with  Introduction  and  Notes, 
by  E.  B.  England,  M.A.,  Lecturer  in  the  Owens  College, 
Manchester.     8vo.  [In  preparation, 

INTRODUCTION  TO  THE  STUDY  OF  EURIPIDES.  By 
Professor  J.  P.  Mahaffy.  Fcap.  8vo.  is,  6d,  {Classical  WriietJ 
Series,) 

(See  also  Classical  Series,) 

Herodotus*— BOOKS  i.— iil   the  ancient  empires 

OF  THE  EAST.    Edited,,  with  Notes,  Introductions,  and  Ap- 
pendicesy   by  A.  H.  Saycb,  Deputy-Professor  of  Con^parative 
Philology,  Oxford;  Honorary  LL.D.,  Dublin.    Demy  8vo.    i6s, 
BOOKS  IV.—IX.      Edited  by  Reginald   W.  Macan,  M.A., 
Lecturer  in  Ancient  History  at  Brasenose  College,  Oxford.     8vo, 

[In  preparation. 

Homer. — ^THE  ILIAD.  Fxlited,  with  Introduction  and  Notes, 
by  Walter  Leaf,  M.A.,  late  Fellow  of  Trinity  College,  Cam- 
bridgie.  8vo.  Vol.1.  Books  I. — ^XII.  14J.  IVol,  11,  in  tAe  press, 

THE  ILIAD.  Translated .  into  English  Prose.  By  Andrew 
Lang,  M.A.,  Walter  Leaf,  M.A.,  and  Ernest  Myers,  M.A. 
Crown  8vo.     12s,  6d, 

THE  ODYSSEY.  Done  into  English  by  S.  H.  Butcher,  M.A„ 
Professor  of  Greek  in  the  University  of  Edinbtirgh,  and  Andrew 
Lang,  M.A.,  late  Fellow  of  Merton  College,  Oxford.  Seventh 
and  Cheaper  Edition,  revised  and  corrected,  .  Crown  8vo.    4J.  6d, 

INTRODUCTION  TO  THE  STUDY  OF  HOMER.  By  the 
Right  Hon.  W.  E.  Gladstone,  M.P.  i8mo.  u.  {Literature 
Primers,) 

HOMERIC.  DICTIONARY.  For  Use  in  Schools  and 
Colleges.  Translated  from  the  German  of  Dr.  G.  Autenrietth, 
with  Additions  and  Corrections,  by  R.  P.  Keep,  Ph.D.  -With 
bumerotts  Illustrations.    Crown  8vo.    6s, 

(See  also  Classical  Series,) 

Horace.— THE  works  of  horace  rendered  into 

ENGLISH  PROSE.      With  Introductions,  Running  Analysis, 
NoteS)  &c.    By  J.  LoiI8DALE»  M.A.,  and  S.  Lee,  M.A.    (Globe 
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Horace.— STUDIES,  literary  ANP  HIS'TORICAiU  IS 
THE  ODES  OF  HORACE.  By  A.  W.  Vkrrali^  FeUow  of 
Trinity  Coll^^  Cambryge.    Demy  ^vo.    81.  6(i. 

(See  also  Classical  Series.) 

JuvenaL— THIRTEEN  satires  of  JUVENAL,  ^ith  a 
Commentary.  By  John  E.  B.  Mayor,  M.  A.,  Professor  of  Latin 
in  the  University  of  Cambridge.    Ctown  8vo. 

*«*  Vol.  I.  Fourth  Edition,  Revised  and  Enlarged.  lOr.  6d, 
VoL  II.     Second  Edition.     lor.  6d. 

%*  The  new  matter  consists  of  an  Introdnction  (pp.  i — 53),  Addi- 
tional Notes  (pp.  333 — ^466}  and  Index  (pp.  467 — 526).  It  is  afib 
issued  separately,  as  a  Supplement  to  the  previous  edition,  at  $s, 

THIRTEEN  SATIRES.  Translated  into  English  after  the  Text 
of  J.  E.  B.  Mayor  by  Alexander  Lbepeii,  M.A.,  Warden 
of  Trinity  Collie,  in  the  University  of  Mdboume.    Crown  8yo. 

(See  also  Classical  Scries,) 

Livy. — books  L— IV.  Translated  by  Rev.  H.  M.  STEPHEJrsoir, 
M.  A.,  late  Head-Master  of  St.  Peter's  School,  York. 

[In  preparation* 

BOOKS  XXL— »XXV.  Translated  by  Alfred  John  Church, 
M.A.,  of  Lincoln  College,  Oxford,  Professor  of  Latin,  University 
CoUegCi  London,  and  WILLIAM  jACKSON  Brodribb,  M.A.ylate 
Fellow  of  St.  John's  College,  Cambridge     Cr.  8vo.  yj.  6^/. 

INTRODUCTION  TO  THE  STUBY  OF  LIVY.  By  Rev. 
W.  W.  Capes,  Reader  in  Ancient  History  at  Oxford.  Fcap.  8vo. 
IX.  td.    {Classical  Writers  Series,) 

(See  also  Classical  Series,) 

MartiaL— BOOKS  I.  and  II.  OF  the  epigrams.  Edited, 
with  Introduction  and  Notes^  by  Pressor  J.  £•  B.  Mayor,  M.  A. 
8vo.  [In  the'press, 

(See  also  Classical  Series,) 

PaUsanlaS.— DESCRIPTION  OF  Greece.  Translated  by 
J4  G.  Frazer,  M.A.,  Fellow  of  Trinity  College,  Cambridge. 

[In  preparation, 

PhryiilChuS.— THE  NEW  PHRYNICHUS  5  being  a  Revised 
Text  of  the  Ecloga  of  the  Grammarian  Phrynichus.  With  Inltro- 
duction  and  Commentary  by  Rev.  W. '  GUNION  Rt/THERf  ORD, 
M.A.I  LUD.,  Head-Master  of  Westminster  School.    8vo.  .  18/. 

Pindar.— THE  extant  ODES  of  PINDAR.  Translated 
into  English,  with  an  Introduction  and  short  Notes,  by  Ernest 
Myers,  M.  A.,  late  Fellow  of  Wadham  College,  Oxford.  Second 
Edition.     Crown  8vo.     Ss, 

THE  OLYMPIAN  AND  PYTHIAN  ODES.  .fdited,.:?rt*!fn 
Introductory  Essay, 'Notes,  and  Indexes,  by^siL  Gii^dbrslebve* 
Professor  of  Greek  in  the  Johns  Hopkins  tJniversity,  £aItimorek 
Crown  8vo.    7*.  6d, 


CtAS^lfcAt  LlfekARY.  tj 

PldtO. — PHiEDO.  !B(lfted,  with  lAti^uction,  Wotes,  aiid  Appen- 
dices, by  R.  D.  AnCHEk-HiND,  M.A.,  Fello#  of  Trinity  fcdllege. 
Cambridge.    8vo.    Ss,  6d. 

TIMAEUS.— ^Edited,  with  Introdaction,  Notes,  and  a  Tranddtion, 
by  the  same  Editor.    8vo*     j6s. 

PHiEDO.  Edited,  with  Introduction  and  Notes,  by  W.  D.  GeDDES, 
LL.D.,  Principal  of  the  University  of  Aberdeen.  Second  Edition. 
Demy  Sto.    Sjt.  6d. 

FHILEBUS.  Edited,  with  Introduction  and  Notes,  by  Henry 
Jackson,  M.A.,  Fellow  of  Trinity  College,  Cambridge.    8vo. 

[In  prepataUcn. 

THE  REPUBLIC— Edited,  with  Introduction  and  Notes,  by 
H.  C.  GooDHART,  M.A.y  Fellow  of  Trinity  College,  Cam- 
bridge.   8vo.  .    [In  preparation. 

THE  REPUBLIC  OF  PLATO.  Translated  into  EngBsh,  with  an 
Analysis  and  Notes,  by  J.  Ll.  Davies,  M.A.,  and  D.  J.  Vauohan, 
M.A.     iSmo.    4r.  6^. 

EUTHYPHRO,  APOLOGY,  CRITO,  AND  PH^EDO.  Trans- 
lated by  F.  J.  Church.     i8mo.    4^.  6^1 

PHiEDRUS,  LYSIS,  AND  PROTAGORAS.  Translated  by 
Rev.  J.  Wright,  M.A.  \:New  edition  in  the  press. 

(See  also  Classical  Series.) 

PlautUS.— THE  MOSTELLARIA  OF  PLAUTUS.  With  Notes, 
Prolegomena,  and  Excursus.  By  William  Ramsay,  M.A., 
formerly  Professor  of  Humanity  in  the  University  of  Glasgow. 
Edited  by  Professor  George  G.  Ramsay,  M.A.,  of  the  University 
of  Glasgow.    8vo.     14J. 

(See  also  Classical  Series.) 

Pliny.— -LETTERS  TO  TRAJAN.  Edited,  with  Introductory 
Essays  and  Notes,  by  E.  G.  Hardy,  M.A.,  late  Fellow  of  Jesus 
Collie,  Oxford.     8vo.  [In  the  press. 

PolybiuS.— THE  HISTORIES.  Translated,  with  Introduction 
and  Notes,  by  E.  S.  Shuckburgh,  M.A.     2  vols.     Crown  8vo. 

[In  the  press. 

SalluSt — CATILINE    and    JUGURTHA.  Translated,  with 

Introductory  Essays,  by  A.  W.  Pollard,  B.  A.  Crown  8vo.    dr. 

THE  CATILINE  (separately).    Crown  8vo.  3^. 

(See  also  Classical  Series.) 

Sophocles.— CEDIPUS  THE  KING.  Translated  from  the 
Greek  of  Sophocles  into  English  Verse  by  E.  D.  A.  MoRSfiSAD, 
M.A.,  late  Fellow  of  New  College,  Oxford;  Assistant  Master  at 
Winchester  College.    Fcap.  8vo.    3^.  6d. 

Studia  Scenica. — Part.L,  Section  L  Introductory  Study  on 
the  Text  of  the  Greek  Dramas.  The  Text  of  SOPHOCLES* 
TRACHINIAE,  1-300.  By  David  S.  Margoliouth,  Fellow 
of  New  College,  Oxford,     I^eniy  8V9.     2x.  6</, 

TaqitUS. — ^THE  ANNALSI,  Edited*  with  Intrq^ctpons  and 
Notes,  by  G.  O.  Holbrooke,  M.A,,  Professor  of  li^atin  in  Trinity 
College,  Hartford,  U.S.A.     With  Maps.    8vo.     16*. 
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Tacitus.— THE  ANNALS.  Translated  by  A.  J.  Church,  M.  A., 
and  W.  J.  Brodribb,  M.A.  With  Notes  and  Maps.  New 
Edition.    Crown  8vo.     Js.  6d, 

THE  HISTORIES.  Edited,  with  Introdtictioti  ai&d  Notes,  by 
Rev.  W.  A.  Spooner,  M.A.,  Fellow  of  N«>w  College,  and 
H.  t/i.  Spooner,  M.A.,  formerly  Fellow  of  Magdalen  College, 
Oxford.    8vo.  [In  preparation, 

THE  HISTORY.  Translated  by  A.  J.  Church,  M.A.,  and 
W.  J.  Brodribb,  M.A.  With  Notes  and  a  Map.  Crown  8vo. 
6s. 

THE  AGRICOLA  AND  GERMANY,  WITH  THE  DIALOGUE 
ON  ORATORY.  Translated  by  A.  J.  CHURCH,  M.A.,  and 
W.  J.  Brodribb,  M.A.  With  Notes  and  Maps.  New  and 
Revised  Edition.     Crown  Svo.    41.  6d, 

INTRODUCTION  TO  THE  STUDY  OF  TACITUS.  By 
A.  J.  Church,  M.A.  and  W.  J.  Brodribb,  M.A.  Fcap.  8va 
IX.  6d,     {Classical  Writers  Series,) 

Theocritus,  Bion,  and  Moschus.  Rendered  into  English 
Prose,  with  Introdnctory  Essay,  by  A.  Lang,  M.A.   Crown  8vo.  dr. 

VirgiL — THE  WORKS  OF  VIRGIL  RENDERED  INTO 
ENGLISH  PROSE,  with  Notes,  Introductions,  Running  Analysis, 
and  an  Index,  by  James  Lonsdale,  M.A.,  and  Samuel  Lbb, 
M.A.    New  Edition.    Globe  8vo.    jj.  6d, 

THE  iENEID.  Translated  by  J.  W.  Mackail,  M.A.,  Fellow  of 
Balliol  College,  Oxford.    Crown  8vo.     *js,  6d. 

Xenophon.— COMPLETE  works.  Translated,  with  Introduc- 
tion and  Essays,  by  H.  G  Oakyns,  M.  A.,  Assistant-Master  in 
Clifton  College.    Four  Volumes.     Crown  8yo.  {In  the  press. 


GRAMMAR,  COMPOSITION,  &  PHILOLOGY. 

Belcher.— SHORT  EXERCISES  IN  LATIN  PROSE  COM- 
POSITION  AND    EXAMINATION    PAPERS  IN  LATIN 
GRAMMAR,   to  which  is  prefixe<^  a  Chapter  on  Analysis  of 
Sentences.    By  the  Rev.  H.  BkLCHER,  M.A.,  Rector  of  the  High 
School,  Dunedin,  N.Z.     New  Edition.     i8mo.     Is,  6d, 
KEY  TO  THE  ABOVE  (for  Teachers  only),    zs,  6d, 
SHORT  EXERCISES  IN  LATIN  PROSE  COMPOSITION. 
Part  II.,  On  the  Syntax  of  Sentences,  with  an  Appendix,  includ- 
ing EXERCISES  IN  LATIN  IDIOMS,  &c.     i8mo.    2s. 
KEY  TO  THE  ABOVE  (for  Teachers  only).    3J. 
Blackie. — GREEK  AND  ENGLISH  DIALOGUES  FOR  USE 
IN  SCHOOLS  AND  COLLEGES.  By  John  Stuart  BlAckik, 
Emeritus  Professor  of  Greek  in  the  X/niversity  of  Edinburgh, 
New  Edition.    Fcap.  8vo.    2/.  6d. 
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Bryans.— LATIN    PROSE    exercises    based    upon 

CAESAR'S  GALLIC  WAR.  With  a  Classification  of  C»sar's 
Chief  Phrases  and  Grammatical  Notes  on  Caesar's  Usages.  By 
Clement  Bryans,  M.A.,  Assistant-Master  in  Dulwich  College. 
Second  Edition,  Revised  and  Enlarged.     Extra  fcap.  Svo.     2s.  6d. 

KEY  TO  THE  ABOVE  (for  Teachers  only).     3J.  6d. 

GREEK  PRO^F  EXERCISES  b^cd  upon  Thucydides.     By  the 
same  Author.     Extra  fcap.  Svo.  [Inpre/arvUwu. 

Colson. — A  FIRST  GREEK  READER.  Stories  and  Legends 
from  Greek  Writers.  '  By  F.  H.  Colson,  M.A.,  Fellow  of  St. 
John's  College,  Cambridge,  and  Senior  Classical  Master  at  Bradford 
Grammar  School.    Globe  Svo.  ^  [In  the  pn^, 

Eicke FIRST  LESSONS  IN  LATIN.    By  K.  M.  EiCKE,  B.  A., 

Assistant-Master  in  Oundle  School.     Globe  Svo.     2s, 

England. — exercises  on  latin  syntax  and  idiom. 

ARRANGED  WITH  REFERENCE  TO  ROBY'S  SCHOOL 
LATIN  GRAMMAR.  By  E.  B.  England,  M.A.,  Assistant 
Lecturer  at  the  Owens  College,  Manchester.  Crown  Svo.  zs,  6^. 
Key  for  Teachers  only,  zs,  6^. 

Goodwin. — Works  by  W.  -W.  Goodwin,  LL.D.,  Professor  of 
Greek  in  Harvard  University,  U.S.A. 

SYNTAX  OF  THE  MOODS  AND  TENSES  OF  THE  GREEK 
VERB.     New  Edition,  revised.     Crown  Svo.     6j.  dd. 

A  GREEK  GRAMMAR.     New  Edition,  revised.     Crown  Svo.    6j. 
**It  is  the  best  Greek   Grammar  of  its   sise   in   the    English   language."— 

ATHBN.AUM. 

A  GREEK  GRAMMAR  FOR  SCHOOLS.     Crown  Svo.  3^.  6t/. 

Greenwood.— THE  elements  of  greek  grammar, 

including  Accidence,  Irregular  Verbs,  and  Principles  of  Deriva- 
tion and  Composition ;  adapted  to  the  Syst«n  of  Crude  Forms. 
By  J.  G.  Greenwood,  Principal  of  Owens  College,  Manchester. 
New  Edition.    Crown  Svo.     5^.  (id, 

Hadley   and   Allen.— a     GREEK    grammar    for 

schools  and  colleges.  By  J[ames  Hadley,  late 
Professor  in  Yale  College.  Revised  and  in  part  Rewritten  by 
Frederic  de  Forest  Allen,  Professor  in  Harvard  Collie. 
Crown  Svo.    6^ . 

Hardy.— A  latin  reader.  By  H.  J.  Hardy,  M.A.,  Assistant 
Master  in  Winchester  College.    Globe  Svo. 

[In^eparidion. 

Hodgson. — MYTHOLOGY  FOR  LATIN  VERSIFICATION. 

A  brief  Sketch  of  the  Fables  of  the  Ancients,  prepared  to  ne 
rendered  into  Latin  Verse  for  Schools.  By  F.  Hodgson,  B.D., 
late  Provost  of  Eton.  New  Edition,  revibed  by  F.  C.  Hodgson, 
M.A.     iSmo.    y. 
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Jackson. — first  steps  to  greek  prose  composi- 
tion. By  Blomfield  Jackson,  M.A.,  Assistant-Master  in 
King's  College  School,  London.  New  Edition,  revised  and 
enlarged.     i8mo.     is.  6d, 

KEY  TO  FIRST  STEPS  (for  Teachers  only).     i8mo.     y,  6d. 
SECOND  STEPS  TO  GREEK  PROSE  COMPOSITION,  with 

Miscellaneous  Idioms,  Aids  to  Accentuation,   and  Examination 

Papers  in  Greek  Scholarship.     i8mo.     2s.  6d. 
KEY  TO  SECOND  STEPS  (for  Teachers  only).     i8mo.     jj.  6d. 

Kynaston.— EXERCISES  IN  the  COMPOSITION  OF 
GREEK  IAMBIC  VERSE  by  Translations  from  English  Dra- 
matists. By  Rev.  H.  Kynaston,  D.D.,  Principal  of  Cheltenham 
College.  With  Introduction,  Vocabulary,  &c.  New  Edition, 
revised  and  enlarged.     Extra  fcap.  8vo.     5^. 

KEY  TO  THE  SAME  (for  Teachers  only).   Extra  fcap.  8vo.  ^.6d. 

LuptOn. — Works  by  J.  H.  LUPTON,  M.A.,  Sar-Master  of  St.  Paul's 

School,  and  formerly  Fellow  of  St.  John^s  CoUego,  Cambridge. 

AN    INTRODUCTION    TO    LATIN    ELEGIAC    VERSE 
COMPOSITION.     Globe  8vo.     2s.  ed, 
LATIN   RENDERING  OF  THE  EXERCISES  IN  PART  II. 
•      (XXV. -C).     Globe  8vo.     z^,  6d, 

AN  INTRODUCTION  TO  THE  COMPOSITION  OF  LATIN 
LYRICS.    Globe  8vo.  [In preparaiioH. 

Mackie.— PARALLEL  PASSAGES  FOR  TRANSLATION 
INTO  GREEK  AND  ENGLISH.  CarefuUy  graduated  for  the 
use  of  Colleges  and  School^.  With  Indexes.  By  Rev.  Ellis  C. 
Mackie,  Classical  Master  at  Heversham  Grammar  School.  Globe 
8vo.    4J.  6</. 

Macmillan.— FIRST  latin  grammar.    By  m.  c,  mac- 

millan,  M.A.,  late  Scholar  of  Christ's  College,  Cambridge; 
sometime  Assistant-Master  in  St.  Paul's  School.  New  Edition, 
enlarged.    Fcap.  8vo.    is.  6d, 

Macmillan's  Greek  Course. — Edited  by  Rev.  w.  Gunion 

Rutherford,  M.A.,  LL.D.,  Head  Master  of  Westminster 
School.  [/« preparation. 

I.— FIRST  GREEK  GRAMMAR.    By  the  Editor.  i8mo.  is.6d. 

[In  preparation, 

IL— FIRST  GREEK  EXERCISE  BOOK.  By  H.  G.  Underhill. 
III.— SECOND  GREEK  EXERCISE  BOOK. 
IV.— MANUAL  OF  GREEK  ACCIDENCE. 

v.— MANUAL  OF  GREEK  SYNTAX. 
VL— ELEMENTARY  GREEK  COMPOSITION. 

Macmillan's  Latin  Course,    first  year.    By  a.  m. 

Cook,  M.  A.,  Assistant-Master  at  St.  Paul's  School  New  Edition, 
revised  and  enlarged.     Globe  8vo.    31.  6d. 

*»*  The  Second  Part  is  m  preparation. 
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Macixiillan's  Shorter  Latin  Course.     By  A.  M.  Cook. 

M.A.,  Assistant-Master  at  St. Paul's  School.  Being  an  abridgment 
of  '•  Macmillan's  Latin  Course,"  First  Year.  Globe  8vo.  is.  (xi. 
Marshall. — a  TABLE  OF  IRREGULAR  GREEK  VERBS, 
classified  according  to  the  arrangement  of  Curtius*s  Greek  Grammar. 
By  J.  M.  Marshall,  M.A.,  Head  Master  of  the  Grammar 
School,  Durham.    New  Edition.    8vo.     ix. 

Mayor  (John  E.  B.)— first  greek  reader.    Edited 

after  Karl  Halm,  with  Corrections  and  large  Additions  by  Pro- 
fessor John  E.  B.  Mayor,  M.A.,  Fellow  of  St.  John's  College, 
Cambridge.    New  Edition,  revised.     Fcap.  8vo.    4?.  6d. 

Mayor  (Joseph  B.)— greek  for  beginners.    By  the 

Rev.  J,  B.  Mayor,  M.A.,  Professor  of  Classical  Literature  in 
King's  College,  London.  Part  L,  with  Vocabulary,  ix.  6d, 
Parts  II.  and  III.,  with  Vocabulary  and  Index,  y.  6d,  Complete 
in  one  Vol.  fcap.  8vo.    4J.  6</. 

^ixon. — PARALLEL  EXTRACTS,  Arranged  for  Translation  into 
English  and  Latin,  with  Notes  on  Idioms.  By  J.  E.  Nixon, 
M.A.,  Fellow  and  Classical  Lecturer,  King's  College,  Cambridge. 
Part  I. — Historical  and  Epistolary.  New  Edition,  revised  and 
enlarged.  Crown  8vo.  3^ .  6d, 
PROSE  EXTRACTS,  Arranged  fbr  Translation  into  English  and 
Latin,  with  General  and  Special  Prefaces  on  Style  and  Idiom. 
I.  Oratorical.  U.  Historical.  III.  Philosophical  and  Miscella- 
oeou&    By  the  same  Authqr.     Crown  8vo.     3^.  6d. 

•^j*  Translations  of  Select  Passages  supplied  by  Author  only, 

Peile.— A  PRIMER  OF  PHILOLOGY.  By  J.  Peile,  M.A., 
Litt.  D.,  Master  of  Christ's  College,  Cambridge.     i8mo.     is, 

Postgate.— PASSAGES  FOR  TRANSLATION  INTO  LATIN 
PROSE.  With  Introduction  and  Notes,  by  J.  P.  Postgate, 
M.A.     Crown  8vo.  \In  the  press, 

Postgate   and    Vince.— a   dictionary  of  latin 

ETYMOLOGY.  By  J.  P.  Postgate,  M.A.,  and  C.  A.  Vince, 
M.A,  \In  preparation^ 

Pott«  (A.  W.)^— Works  by    Ai.exajnder    W.   Potts..    M.A., 
LL.D.,  late  Fellow  of  St.  John's  College,   Cambridge;    Head 
Master  of  the  Fettes  College,  Edinburgh. 
HINTS  TOWARDS  LATIN  PROSE  COMPOSITION.     New 

Edition^     Extra  fcap.  8vo.     3j. 
PASSAGES    FOR  TRANSLATION  INTO   LATIN  PROSE. 
Edited  with  Notes  and  References  to  the  above.    New  Edition. 
.    Extra  fcap.  8vo.    zs,M» 

LATIN  VERSIONS   OF  PASSAGES  FOR  TRANSI4ATION 

INTO  LATIN  PRiOSE  (fo|:  Teachers  only).     2j.  6^ 

Pr^Stpn. — EXERCISES  IN  LATIN  VERSE  COMPOSITION. 

By  Rev.  G.  Preston,  M.A.,  Head  Master  of  the  King^s  School, 

Chester.     (With  Key.)    Globe  8vo.  [In preparation. 

c  2 


•  « 


ao        MACMILLAN'S  EDUCATIONAL  CATALOGUE. 

Reid.— A  GRAMMAR  OF  TACITUS.  By  J.  S.  Reid,  M.L., 
Fellow  of  Caiu$  College,  Cambridge.  [In  proration, 

A   GRAMMAR    OF  VERGIL.    By  the  same  Author. 

[In  prepctrcUwn, 
Similar  Grammars  to  other  Classical  Authors  will  probably  follow. 

Roby.— A  GRAMMAR  OF  THE  LATIN  LANGUAGE,  from 

Plautus  to  Suetomus.    By  H.  J.  Roby,  M.A.,  late  Fellow  of  St. 

John's   College,    Cambridge.       In  Two  Parts.      Part  I.  Fifth 

Edition,  containing: — Book  I.    Sounds.      Book  II.    Inflexions. 

Book  III.    Word-formation.     Appendices.     Crown  8vo.     9X. 

Part  II.  Syntax,  Prepositions,  &c.    Crown  8vo.     lof.  td. 

**  Marked  by  the  clear  and  practised  insight  of  a  master  in  his  art.    A  book  that 
would  do  honour  to  any  country  "— ATHBNiBUM. 

SCHOOL  LATIN  GRAMMAR.  By  the  same  Author.  Crown 
8vo.    5j. 

Rush.— SYNTHETIC  LATIN  DELECTUS.  A  First  Latin 
Construing  Book  arranged  on  the  Principles  of  Grammatical 
Analysis.  With  Notes  and  Vocabulary.  By  E.  Rush,  B. A 
"With  Preface  by  the  Rev.  W.  F.  Moulton,  M.A.,  D.D.  New 
and  Enlarged  Edition.    £xtra  fcap.  8vo.     2s.  6(1. 

Rust— FIRST  STEPS  TO  LATIN  PROSE  COMPOSITION. 
By  the  Rev.  G.  Rust,  M.A.,  of  Pembroke  College,  Oxford, 
Master  of  the  Lower  School,  King's  College,  London.  New 
Edition.     i8mo.     is.  dd. 

KEY  TO  THE  ABOVE.  By  W.  M.  Yates,  Assistant-Master  in 
the  High  School,  Sale.     i8mo.     y.  6cl. 

Rutherford. — Works  by  the  Rev.  W.  GuNioN  Rutherford, 
M.  A.,  LL.D.,  Head-Master  of  Westminster  School. 

REX  LEX.  A  Short  Digest  of  the  principal  Relations  between 
Latin,  Greek,  and  Anglo-Saxon  Sounds.     8vo.       \In  J>reparation. 

THE  NEW  PHRYNICHUS ;  beii^  a  Revised  Text  <rf  the 
Ecloga  of  the  Grammarian  Phrynichus.  With  Introduction  and 
Commentary.  8va  iSf.  (See  aIso  Macmillan's  Greek 
Course. ) 

Simpson.— LATIN  PROSE  AFTER  THE  BEST  AUTHORS. 
By  F.  P.  Simpson,  B.A.,  late  Scholar  of  Balliol  College,  Oxfonl. 
Part  I.     CiESARIAN  PROSE.     Extra  fcap.  8vo.     2s,  6d. 
KEY  TO  THE  ABOVE,  for  Teachers  only.     Extra  fcap.    8vo.  5/. 

Thring. — Works  by  the  Rev.  E.  Thring,  M.A.,  late  Head-Master 

of  Uppingham  School. 
A  LATIN  GRADUAL.       A  First  Latin  Construing  Book  for 

Beginners.      New  Edition,    enlarged,   with    Coloured   Sentence 

Maps.     Fcap.  8vo.     2s.  6d. 
A  MANUAL  OF  MOOD  CONSTRUCTIONS.  Fcap.Svo.  is.U. 
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Welch  and  Duffield.— latin  accidence  and  exer- 
cises ARRANGED  FOR  BEGINNERS.  By  William 
Welch,  M.  A.,  and  C.  G.  Duffifxd,  M.  A.,  Assistant  Masters  at 
Cranleigh  School.  i8mo.  is.  6d, 
This  book  is  intended  as  an  introduction  to  Macmillan's  Elementary 
ClassicSy  and  is  the  development  of  a  plan  which  has  been  in  use 
for  some  time  and  has  been  worked  satisfactorily. 

White.— FIRST  LESSONS  IN  GREEK.  Adapted  to  GOOD^ 
WIN'S  GREEK  GRAMMAR,  and  designed  as  an  introduction 
to  the  ANABASIS  OF  XENOPHON.  By  John  Williams 
White,  Ph.D.,  Assistant-Professor  of  Greek  in  Harvard  Univer- 
sity.    Crown  8vo.    4^.  dd, 

Wilkins  and  Strachan.— PASSAGES  FOR  TRANSLA- 
TION FROM  GREEK  AND  LATIN.  Selected  and  Arranged 
by  A.  S.  Wilkins,  M.A.,  Professor  of  Latin,  and  J.  Strachan, 
M.A.,  Professor  of  Greek,  in  the  Owens  College,  Manchester. 

\Jn  the  press, 
Wright. — ^Works  by  J.  Wright,  M.A.,  late  Head  Master  of 
Sutton  Coldfield  School. 

A  HELP  TO  LATIN  GRAMMAR ;  or.  The  Form  and  Use  of 
Words  in  Latin,  with  Progressive  Exercises.    Crown  8vo.    4f.  dd, 

THE  SEVEN  KINGS  OF  ROME.  An  Easy  Narrative,  abridged 
from  the  First  Book  of  Livy  by  the  omission  of  Difficult  Passages ; 
being  a  First  Latin  Reading  Book,  with  Grammatical  Notes  and 
Vocabulary.     New  and  revised  Edition.     Fcap.  8vo.    3^ .  6^. 

FIRST  LATIN  STEPS;  OR,  AN  INTRODUCTION  BY  A 
SERIES  OF  EXAMPLES  TO  THE  STUDY  OF  THE  LATIN 
LANGUAGE.    CrowiiSvo.    Jr. 

ATTIC  PRIMER.  Arranged  for  the  Use  of  Beginners.  £xb*a 
fcap.  8vo.    2j.  td, 

A  COMPLETE  LATIN  COURSE,  comprising  Rales  with 
Examples,  Exercises,  both  Latin  and  English,  on  each  Rule,  and 
Vocabularies.    Crown  8vo.    25,  6d, 


ANTIQUITIES,  ANCIENT  HISTORY,  AND 

PHILOSOPHY. 

Arnold. — ^Works  by  W.  T.  Arnold,  M.  A. 
A  HANDBOOK  OF  LATIN  EPIGRAPHY.       [tn  preparation. 
THE  ROMAN  SYSTEM  OF  PROVINCIAL  ADMINISTRA* 
TION  TO  THE  ACCESSION  OF  CONSTANTINE  THE 
GREAT.    Crown  8vo.    6j. 

Arnold  (T.)— THE  SECOND  PUNIC  WAR.  Being  Chapters  on 
THE  HISTORY  OF  ROME.  By  the  late  Thomas  Arnold, 
D.D.,  formerly  Head  Master  of  Rugby  School,  and  Regius  Professor 
of  Modem  History  in  the  University  of  Oxford.  Edited,  with  Notes, 
l^  W.  T.  Arnold,  M.  A,    With  8  Maps.    Crown  8vo.    %s,  6d, 
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Beesly.— STORIES  from  the  history  of  rome. 

By  Mrs.  Beksly.     Fcap.  8vo.     2s.  dd. 

Burn.— ROMAN  LITERATURE  JN  RELATION  TO  ROM  AN 

ART.     By  Rev.  Robert  Burn,  M.A.,  Fellow  of  Trinity  College, 

Cambridge.    With  numerous  Illustrations,    Extra  Crown  8vo.    14J. 

Classical  Writers. — Edited  by  John  Richard Gr^en,  M.A., 

LL.D.    Fcap.  8vo.     u.  dd,  each. 

EURIPIDES.     By  Professor  Mahaffv. 

MILTON.    By  the  Rev.  Stopford  A.  Brooke,  M.A« 

LIVY.     By  the  Rev.  W.  W.  Capes,  M.  A. 

VIRGIL.     By  Professor  Nettleship,  M.  A. 

SOPHOCLES.    By  Professor  L.  Campbell,  M.A, 

DEMOSTHENES.     By  Professor  S.  H.  Butcher,  M.A. 

TACITUS.      By  Professor  A.  J.   Church,   M.A.,   and  W.  J. 

BRODRIBBi  M.A. 

Freeman. — Works  by  Edward  A.  Freeman,   D.C.L.,  LL.D., 
Hon.  Fellow    of   Trinity   College,  O^cford,   Regius  Professor  of 
Modern  History  in  thfe  University  of  Oxford. 
HISTORY  OF  ROME.     {Historical  Omrse  for  Schools,)     i8mo. 

\In  preparation: 
A  SCHOOL  HISTORY  OF  ROME.    Crown  8yo. 

[In  preparation, 
HISTORICAL  ESSAYS.     Second  Seriesi     [Greek  and  Roman 
History.]    8vo.     los.  6d 

Pyffe.— A  SCHOOL  HISTORY  OF  GREECE.  By  C.  A. 
Fyffe,  M, A.     Crown,  8vo.  [/«  proration, 

Geddes.  —  the  problem  of  the  Homeric  poems. 

By  W.   D,   Geddes,  Principal  of  the  University  of  Aberdeen. 
8vo.    14J. 

Glddston^. — Works  by  the  Rt.  Hdn.  W.  E.  Gladstone,  M.  P. 
THE  TIME  AND  PLACE  OF  HOMER.     Crown  8vo.     6j.  6d, 
A  PRIMER  OF  HOMER.     i8mo.     u. 

GOW.— A  COMPANION  TO  SCHOOL  CLASSICS.  By 
James  Gow,  M.A.,  Litt.D.,  Head  Master  of  the  High  School, 
Nottingham ;  formerly  Fellow  of  Trinity  College,  Cambridge 
Witi  Illustrations.     Crown  8vo.  [In  thtpresu 

Jackson.— A  MANUAL  OF  GREEK  PHILOSOPHY.  By 
Henry  Jackson,  M.A.,  LittD.,  Fellow  and  Prselector  in  Ancient 
Philosophy,  Trinity  College,  Cambridge.  {In  prepar^Un, 

Jebb. — Works  by  R.  C.  Je^B,  M.  A.,  LL.D.,  Professor  of  Greek 

in  the  University  of  Glasgow. 
THE  ATTIC  ORATORS  FROM  ANTIPHON  TO  ISAEQS. 

2  vols.     3vo.     25^.. 
.    A  PRIMER  OF  GREEK  LITERATURE.     iSmo.    U. 

(%tQ  ^%o  Classical  Series.) 

Kiepert.— MANUAL  of  ancient  geography.  Trans, 
lated  from  the  German  of  Di .  HeinricH  Kiepert.  Crotvn  8vo.  Sj. 
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Mahaffy. — Works  by  J.  P.  Mahaffy,  M.A.,  D.D.,  Fellow  and 

Professoi  of  Ancient  History  in  Trinity  College,  Dublin,  and  Hon. 

Fellow  of  Queen's  College,  Oxford. 
SOCIAL  LIFE    IN    GREECE;    from    Homer    to    Menander. 

Fifth  Edition,  revised  and  enlarged.     Crown  8vo.     gs, 
GREEK  LIFE  AND  THOUGHT ;  from  the  Age  of  Alexander 

to  the  Roman  Conquest.    Crown  8vo.     12s,  6d. 
RAMBLES  AND  STUDIES  IN  GREECE.     With  IllustratioM. 

Third  Edition,  Revised  and  Enlarged.     With  Map.     Crown  8vo. 

loj.  6d, 
A  PRIMER  OF  GREEK  ANTIQUITIES.     With  Illustrations. 

i8mo.     is, 
EURIPIDES.     i8mo.     is,  ed,     {Classical  JVHters  Sena.) 

Mayor  (J.  E.  B.)~bibliographical  clue  to  latin 

LITERATURE.  Edited  after  Ht^BNER,  with  large  Additions 
by  Professor  John  E.  B.  Mayor.  Crown  8vo.  los.  6d, 
Newton. — ESSAYS  IN  ART  AND-  ARCHiliOLOGY.  By  Sir 
Charles  Newton,  K.C.B.,  D.C.L.,  Professor  of  Archaeology  in 
University  College^  London,  and  formerly  Keeper  of  Greek  and 
Roman  Antiquities  at  the  British  Museum.     8vo.     12s,  6d. 

Ramsay.— A  SCHOOL  history  of  ROME.  By  G.  G. 
Ramsay,  M.A.,  Professor  of  Humanity  in  the  University  of 
Glasgow.     With  Maps.     Crown  8vo.  [Tn  preparation. 

Sayce.— THE  ANCIENT  EMPIRES  OF  THE  EAST.  By 
A.  H.  Sayce,  Deputy-Professor  of  Comparative  Philosophy^ 
Oxford,  Hon.  LL.D.  Dublin.     Crown  8vo.     6s, 

Stewart*— THE  tale  of  troy.  Done  into  English  by 
Aubrey  Stewart,  M.A.,  late  Fellow  of  Trinity  College, 
Cambridge.     Globe  8vo.     3^.  6d, 

Wilkins. — ^A  primer   of   ROMAN    ANTIQUITIES.      By 
Professor  Wilkins,  M.A.,  LL.D.     Illustrated.     i8mo.     is, 
A  PRIMER  OF  LATIN  LITERATURE.     By  the  same  Author. 

[In  preparation. 


MATHEMATICS. 

(i)  Arithmetic  and  Mensuration,  (2)  Algebra, 
(3)  Euclid  and  Elementary  Geometry,  (4)  Trigo- 
nometry, (5)  Higher  Mathematics. 

ARITHMETIC  AND  MENSURATION, 

Aldis.— THE  GREAT  GIANT  ARITHMOS.  A  most  Elementary 
Arithmetic  for  Childn  n.  By  Maky  SteAdman  Ai^dis.  With 
Illustrations.     Globe  8vo.     2s.  6d, 
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Bradshaw.— EASY  EXERCISES  IN  ARITHMETIC.  By 
Gerald  Bradshaw,  M.A,,  Assistant  Master  in  Clifton  College. 
Globe  8vo.  ^  [In  preparation, 

Drook-Smith  (J.).— ARITHMETIC  IN  THEORY  AND 
PRACTICE.  By  J.  Brook-Smith,  M.A.,  LL.B.,  St.  John's 
College,  Cambridge ;  Barrister-at-Law ;  one  of  the  Masters  of 
Cheltenham  College.    New  Edition,  revised.    Crown  8vo.    4^.  6d, 

Candler. — help  to  arithmetic.  Designed  for  the  use  of 
Schools.  By  H.  Candler,  M.A.,  Mathematical  Master  of 
Uppingham  School.     Second  Edition.     Extra  fcap.  8vo.    2s.  6d, 

Dalton.— RULES  AND  EXAMPLES  IN  ARITHMETIC.  By 
the  Rev.  T.  Dalton,  M.A.,  Assistant-Master  in  Eton  College. 
New  Edition.     iSmo.     2s.  6d, 

[Answers  to  the  Examples  are  appended. 

Goy en.— HIGHER  arithmetic  and   elementary 

MENSURATION.  By  P^  Goyen,  M.  A.,  Inspector  of  Schools, 
Bunedin,  N.  Z.     Crown  8vo.     5^.  [lust  ready. 

Hall  and  Knight.— arithmetical  exercises  and 

EXAMINATION  PAPERS.  By  H.  S.  Hall,  M.A.,  formerly 
Scholar  of  Christ's  College,  Cambridge  ;  Master  of  the  Military 
and  Engineering  Side,  Clifton  College  ;  and  S.  R.  Knight,  B.A., 
formerly  Scholar  of  Trinity  College,  Cambridge,  late  Assistant 
Master  at  Marlborough  College,  Author  of  **  Elementary  Algebra," 
"Algebraical  Exercises  and  Examination  Papers,  '* Higher 
Algebra,"  &c     Globe  8vo.  [In  the  press. 

Lock. — Works  by  Rev.  J.  B.  Lock,  M.  A.,  Senior  Fellow,  Assistant 
Tutor,  and  Lecturer  of  Caius  College,  Teacher  of  Physics  in  the 
University  of  Cambridge,  formerly  Assistant-Master  at  Eton. 

ARITHMETIC  FOR  SCHOOLS.  With  Answers  and  lOOO 
additional  Examples  for  Exercise.  Second  Edition,  revised. 
Globe  8vo.  4?.  6d.  Or  in  Two  Parts : — Part  I.  Up  to  and 
including  Practice,  with  Answers.  Globe  8vo.  2s,  Part  II. 
With  Answers  and  1000  additional  Examples  for  Exercise.  Globe 
8vo.     3^.  [A  Key  is  in  the  press, 

*^*  The  complete  hook  and  both  parts  can  also  be  obtained  without 
answers  at  the  same  price,  though  in  different  binding.  But  the  edition 
with  answers  will  always  be  supplied  unless  the  other  is  specially  asked  for, 

ARITHMETIC  FOR  BEGINNERS.     Globe  8vo.     [In  the  press, 
COMMERCIAL  ARITHMETIC.     Globe  8vo.      [In  preparation, 

Pedley. — ^exercises    in    arithmetic    for   the    Use    of 
Schools.      ContaininsT  more  than  7,000  original  Examples.     By 
S.  Pedley,  late  of  Tamworth  Grammar  School.   Crown  8vo.    5j, 
Also  in  Two  Parts  2J.  dd.  each. 

Smith.— Works  by  the  Rev.  Barnard  Smith,  M.A.,  late  Rector 
of  Glaston,  Rutland,  and  Fellow  and  Senior  Bursar  of  S.  Peter's 
College,  Cambridge. 
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ARITHMETIC  AND  ALGEBRA,  in  their  Principles  and  Appli- 
cation ;  with  numerous  systematically  arran|^ed  J^xamples  taken 
from  the  Cambridge  Examination  Papers,  with  especial  reference 
to  the  Ordinary  Examination  for  the  B.A.  Degree.  New  Edition, 
carefully  Revised.     Crown  8vo.     icxr.  6d. 

ARITHMETIC   FOR  SCHOOLS.     New  Edition.    Crown  8vo. 

A    KEY    TO   THE  ARITHMETIC   FOR   SCHOOLS.      New 

Edition.     Crown  8vo.     Ss.  6d. 
EXERCISES  IN  ARITHMETIC.     Crown  8vo,  limp  cloth,  2s. 

With  Answers,  2s.  6</.-    Answers  separately,  6d, 
SCHOOL  CLASS-BOOK  OF  ARITHMETIC.    i8mo,   cloth.   31. 

Or  sold  separately,  in  Three  Parts,  is.  each, 
KEYS    TO    SCHOOL    CLASS-BOOK    OF    ARITHMETIC. 

Parts  I.,  IL,  and  III.,  2x.  6d.  each. 
SHILLING    BOOK  .OF    ARITHMETIC    FOR    NATIONAL 

AND  ELEMENTARY  SCHOOLS.      i8mo,  cloth.      Or  sepa- 
rately. Part  I.  2d.  ;  Part  II.  yi. ;  Part  III.  ^d,     Answers,  6d. 
THE  SAME,  with  Answers  complete.     i8mo,  cloth,     is.  6d. 
KEY  TO  SHILLING  BOOK  OF  ARITHMETIC.    i8mo.  ^.  6d. 
EXAMINATION  PAPERS  IN  ARITHMETIC.    i8mo.    is.  6d, 

The  same,  with  Answers,  i8mo,  2s.     Answers,  6d. 
KEY    TO    EXAMINATION    PAPERS    IN    ARITHMETIC. 

i8mo.    4f*.  6d, 
THE   METRIC    SYSTEM   OF   ARITHMETIC,   ITS    PRIN- 

CIPLES   AND    APPLICATIONS,  with  numerous  Examples, 

written  expressly  for  Standard  V,  in  National  Schools.     New 

Edition.     i8mo,  cloth,  sewed.     3^. 
A  CHART  OF  THE  METRIC  SYSTEM,  on  a  Sheet,  size  42  in. 

by  34  in.  on    Roller,    mounted  and  varnished.     New   Edition. 

Price  3*.  6d. 
Also  a  Small  Chart  on  a  Card,  price  id. 
EASY  LESSONS   IN   ARITHMETIC,  combining  Exercises  in 

Reading,  Writing,  Spellir^,  and  Dictation.     Part  I.  for  Standard 

I.  in  National  Sdiools.     Crown  8vo.     gd. 
EXAMINATION  CARDS  IN  ARITHMETIC.     (Dedicated  to 

Lord  Sandon.)    With  Answers  and  Hints. 
Standards  I.  and  II.  in  box,  is.     Standards  III.,  IV.,  and  V.t  in 

boxes,  IS.  each.  Standard  VI.  in  Two  Parts,  in  boxes,  is,  each. 
A  and  B  papers,  of  nearly  the  same  difficulty,  are  given  so  as  to 
prevent  copying,  and  the  colours  of  the  A  and  B  papers  differ  in  each 
Standard,  and  from  those  of  every  other  Standard,  so  that  a  master 
or  mistress  can  see  at  a  glance  whether  the  children  have  the  proper 
l>apers. 

Todhunten— MENSURATION  FOR  BEGINNERS.  By  L 
ToDHUNTER,  M.A.,  P\R.S.,  D.Sc,  late  of  St.  John's  College, 
Cambridge,  With  Examples.  New  Edition.  i8mo.  2s.  6d. 
KEY  TO  MENSURATION  FOR  BEGINNERS.  B^  the  Rev. 
Fr.  Lawrence  McCarthy,  Professor  of  Mathematics  in  St. 
Peter's  College,  Agra,     Crown  870.     7/.  6d. 
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ALGEBRA. 

Dalton.— RULES  AND  EXAMPLES  IN  ALGEBRA.     By  the 
Rev.    T.   Dalton,   M.A.,   Assistant-Master   of   Eton   College. 
Part  I.     New  Edition.     iSmo.     2t,     Part  II.     i8mo.     2s.  6d, 
*^*  A  Key  to  Part  I.  for  Teachers  only,  *js,  6d, 

Hall  and  Knight.— -elementary  algebra  for 

SCHOOLS.  By  H.  S.  Hall,  M.A.,  formerly  Scholar  of  Christ's 
College,  Cambridge,  Master  of  the  Military  and  Engineering  Side, 
Clifton  College ;  and  S.  R.  Knight,  B.A.,  formerly  Scholar  of 
Trinity  College,  Cambridge,  late  Assistant-Master  at  Marlborough 
College.  Fourth  Edition,  Revised  and  Corrected.  Globe  8vo, 
bound  in  maroon  coloured  cloth,  3J.  6ct. ;  with  Answers,  bound  in 
green  coloured  cloth,  4;.  6d, 

ALGEBRAICAL  EXERCISES  AND  EXAMINATION  PAPERS. 
To  accompany  ELEMENTARY  ALGEBRA.  Second  Edition, 
revised.     Globe  8vo.     2s,  6d, 

HIGHER  ALGEBRA.  A  Sequel  to  "ELEMENTARY  AL- 
GEBRA  FOR  SCHOOLS."  Second  Edition.  Crown  8vo.  7s.  6d. 

Jones  and  Cheyne. — algebraical  exercises.  Pro- 

gressively  Arranged.  By  the  Jlev.  C.  A.  Jones,  M.A.,  and  C. 
H.  Cheyne,  M.A.,  F.R.A.S.,  Mathematical  Masters  of  West* 
minster  School.     New  Edition.     iSmo.     2s.  6d, 

SOLUTIONS  AND  HINTS  FOR  THE  SOLUTION  OF  SOME 
OF  THE  EXAMPLES  IN  THE  ALGEBRAICAL  EXER- 
CISES OF  MESSRS.  JONES  AND  CHEYNE.  By  Rev.  W. 
Failes,  M.A.,  Mathematical  Master  at  Westminster  School,  late 
Scholar  of  Trinity  College,  Cambridge.     Crown  8vo.     Js,  6d. 

Smith  (Barnard).— ARITHMETIC  AND  ALGEBRA,  in  their 
Priticiples  and  Application ;  wiUi  numerous  systematically  arranged 
Examples  taken  from  the  Cambridge  Examination  Papers,  with 
especial  reference  to  the  Ordinary  Examination  for  the  B.  A.  Degree. 
By  the  Rev.  BAkNARD  Smith,  M.  A.,  late  Rector  of  Glaston,  Rut- 
land, and  Fellow  and  Senior  Bujsar  of  St.  Peter's  College,  Cam- 
bridge.    New  Edition,  carefully  Re\^sed.     Crown  8vo.     lOf.  6d. 

Smith  (Charles).— Works  by  Charles  Smith,  M.  A.,  Fellow 

and  Tutor  of  Sidney  Sussex  College,  Cambridge. 

ELEMENTARY  ALGEBRA.    Globe  8vo.     4r.  6d. 

In  this  work  the  author  has  endeavoured  to  expldn  the  princii>les  of  Algebra  in  as 
simple  a  manner  as  possible  for  the  benefit  of  beginners,  bestowing  great  care  upon 
the  explanations  and  proofs  of  the  fundamental  operations  and  rules. 

A  TREATISE  ON  ALGEBRA.     Crown  8va     7^.  6d, 

Todhunter. — ^Works  by  I  ToIjhunter,  M.A.,  F;R.S.,  D.Sc, 

late  of  St.  John's  College,  Cambridge. 
"Mr.  Todhunter  is  chiefly  known  to  Students  of  Mathematics  as  the  author  of  a 
series  of  .admirable  mathematical  text-books,  which  possess  the  rare  qualities  of  being 
clear  in  style  and  absolutely  free  from  mistakes,  typographical  or  other." — SatuiIday 
Rrvirw. 
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New  Edition.     i8mo.     2s.  6d. 
KEY. TO  ALGEBRA  FOR  BEGINNERS.    Crown  8vo.    6j.  6i. 
ALGEBRA.     For  the  Use  of  Colleges  and  Schools.     New  Edition. 

Crown  8vo.     7j.  6d, 
KEY  TO  ALGEBRA  FOR  THE  USE  OF  COLLEGES  AND 

SCHOOLS.     Crown  8vo.     los.  6d, 
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Constable;— GEOMETRICAL      EXERCISES      FOR     BE- 
GINNERS.   By  Samuel  Constable.     Crown  8vo.     3*.  6i. 

Cuthbertson. — Euclidian    geometry.     By  Francis 

CUTHBERTSON^  M;A.,  LL.D.,  Head  Mathematical  Master  of  the 

City  of  London  School.     Extra  fcap.  8vo.     4^.  6d. 

Dodgson. — Works  by  Charles  L.  Dodgson,  M.A.,  Student  and 

late  Mathematical  Lecturer  of  Christ  Church>  Oxford. 

EUCLID.    BOOKS  I.  and  11.     Fourth  Edition,  with  words  sub- 

^ituted  for  the  Algebraical  Symbols  used  in  the  First  Edition. 

Crown  8vo.     2J.  - 

%*  The  text  of  this  Edition .  has  bisen  ascertained,  by  counting  the  words,  to  be 
iess  than  five-sevenths  of  that  contained  in  the  ordinary  editbns. 

EUCLID  AND  HIS  MODERN  RIVALS.  Second  Edition. 
Crown  8vo.  6s, 
Eagles.— CONSTRUCTIVE  GSOMETRT  OF  PLANE 
CURVES.  By  T.  H.  Eagles,  M.A.,  Instructor  in  Geometrical 
Drawing,  and  Lectuter  iii  Architcbture  at  the  RoyAl  Indian  Efi. 
gineering  College^  Cooper's  Hill.  With  numerous  Examples. 
.  CrqwnSvo.     12s, 

Hall    and    Stevens. — a  text  book  of   euclid'S 

•ELEMENTS.  Including  alternative  Proofs,  together  with  additional 
Thcot-ems  and  Exercises,  classified  and  arranged.  By  H.  S. 
Hall,  M.A.,  formerly  Scholar  of  Christ's  College,  Cambridg*, 
and  F.  H.  Stevens,  M.A.^  formerly  Scholar  of  Queen's  College, 
Oxford:  Masters  of  the  Military  and  Etigiheering  Side,  Clifton 
College.  Globe  8vo.  Part  I.,  containing  Books  I.  and  II.  2s. 
Books  I.— VI.  complete,  [In  the  press, 

Halsted.— THE  elements  of  geometry.  By  George 
Bruce  Halsted,  Proffessor  of  Pure  and  Applied  Mathematics 
in  the  University  of  Texas.     8vo.     12s.  6d, 

Kitchener. — a    geometrical    note-book,    containing 
■  "Easy  Problems  in  Geometrical  Drawing  preparatory  to  the  Study 
'Of  Geometry.     For  the  Use  of  Schools.     By  F.  E.  Kitchener, 
.M.A.j  Head-Master  of  the  Grammar  School,  Newcastle,  Stafford- 
shire.    New  Edition.    4to.     2s, 

L-Odk.^EUCLID  FOK  BEGINNERS.— By  Rev.  J.  B.  Lock, 
M.A.  \Tn  preparation. 
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Mault— NATURAL    GEOMETRY:    an    Intrcxluction    to    the 
Logical    Study  of   Mathematics.     For    Schools   and    Technical 
Classes.     With  Explanatory  Models,   based   upon   the    Tachy- 
metrical  works  of  Ed.  Lagout.     By  A.  Mault.     i8mo.     ix. 
Models  to  Illustrate  the  above,  in  Box,  I2s.  6d, 

Millar. — ELEMENTS  OF  DESCRIPTIVE  GEOMETRY.  By 
J.  B.  Millar,  M.E.,  Civil  Engineer,  Lecturer  on  Engineering  in 
the  Victoria  University,  Manchester.    Second  Edition. Cr.  8vo.    6s. 

Snowball —  he  elements  of  plane  and  spheri- 
cal TRIGONOMETRY.  By  J.  C.  Snowball,  M.A.  Four- 
teenth Edition.     Crown  8vo.     7j.  6d, 

Syllabus  of  Plane  Geometry  (corresponding  to  Euclid, 

Books  I. — ^VL).     Prepared  by  the  Association  for  the  Improve- 
ment of  Geometrical  Teaching.     New  Edition.     Crown  8vo.     u. 

Todhunter.— THE  ELEMENTS  OF  EUCLID.  For  the  Use 
of  Colleges  and  Schools.  By  I.  Todhunter,  M.A.,  F.R.S.,  D.Sc, 
of  St.  John's  College,  Cambridge.  New  Edition.  i8mo.  31  6d, 
KEY  TO  EXERCISES  IN  EUCLID.    Crown  8vo.    6s,  6d. 

Wilson  (J.  M.).— ELEMENTARY  GEOMETRY.  BOOKS 
I. — V.  Containing  the  Subjects  of  Euclid's  first  Six  Books.  Fol- 
lowing the  Syllabus  of  the  Geometrical  Association.  By  the  Rev. 
T.  M.  Wilson,  M.A.,  Head  Master  of  Clifton  Collie.  New 
Edition.     Extra  fcap.  8vo.    41.  6d, 
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Beasley.— AN  elementary  treatise  on  plane 

TRIGONOMETRY.     With  Examples.     By  R.  D.  Beasley, 
M.A.    Ninth  Edition,  revised  and  enlarged.    Crown  8vo.  3;.  6d. 

Lock. — Works  by  Rev.  L  B.  Lock,  M.  A.,  Soiior  Fellow,  Assistant 
Tutor  and  Lecturer  or  Caius  College,  Teacher  of  Physics  in  the 
University  of  Cambridge ;  formerly  Assistant-Master  at  Eton. 
TRIGONOMETRY  FOR  BEGINNERS,  as  far  as  the  Solution  of 

Triangles.     Globe  8vo.    2s.  6d, 
ELEMENTARY    TRIGONOMETRY.     Fifth   Edition  (in   this 
edition  the  chapter  on  logarithms  has  been  carefully  revised). 
Globe  8vo.     4f.  6d,  \A  Key  is  in  the  press, 

Mr.  E.  J.  RouTH.  D.Sc,  F.R.S.,  writes: — "It  is  an  able  treatise.    It  takes. the 
difficulties  of  the  subject  one  at  a  time,  and  so  leads  the  young  student  easily  along." 
HIGHER  TRIGONOMETRY.  Fifth  Edition.  Globe  8vo.  i^.6d. 
Both  Parts  complete  in  One  Volume.     Globe  8vo.     is.  6d. 
(See  also  under  AritkmeiiCy  Higher  Mathematics,  and  Euclid,) 

M'Clelland  and  Preston.— a  TREATISE  ON  SPHERICAL 

TRIGONOMETRY.  With  numerous  Examples.  By  William 
J.  McClelland,  Sch.B.A.,  Principal  of  the  Incorporated  Society's 
School,  Santry,  Dublin,  and  Thomas  Preston,  Sch.B.A.  In 
Two  Parts.  Crown  8vo.  Part  I.  To  the  End  of  Solution  of 
Triangles,  4J.  6d,     Part  II.,  5^. 
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Todhunter. — Works  by  I.  ToDHUNTER,  M.A.,  F.R.S.,  D.Sc, 

late  of  St.  John's  College,  Cambridge. 
TRIGONOMETRY     FOR     BEGINNERS.      With     numerous 

Examples.     New  Edition.     i8mo.     2s.  6d, 
KEY  TO  TRIGONOMETRY  FOR  BEGINNERS.  Cr.Svo.  Ss.eO, 
PLANE  TRIGONOMETRY.     For  Schools  and  Colleges.     New 

Edition.     Crown  8vo.     $s. 
KEY  TO  PLANE  TRIGONOMETRY.     Crown  8vo.     los,  6d. 
A  TREATISE  ON   SPHERICAL  TRIGONOMETRY.     New 

Edition,  enlarged.     Crown  8vo.     4J.  6d, 
(See  also  under  ArUhmeiic  and  Mensuration^  Algebra,  and  Highct 

Mathematics^ 

HIGHER  MATHEMATICS. 

Airy. — Worksby  Sir G.  B.  Airy,K.C.B.,  formerly  Astronomer- Royal. 
ELEMENTARY  TREATISE  ON  PARTIAL  DIFFERENTIAL 
EQUATIONS.  Designed  for  the  Use  of  Students  in  the  Univer- 
sities. With  Diagrams.  Second  Edition.  Crown  8vo.  5^.  (td. 
ON  THE  ALGEBRAICAL  AND  NUMERICAL  THEORY 
OF  ERRORS  OF  OBSERVATIONS  AND  THE  COMBI- 
NATION OF  OBSERVATIONS.  Second  Edition,  revised. 
Trown  8vo.     6i.  6^. 

Alexander  (T.).— elementary  applied  mechanics. 

Being  the  simpler  and  more  practical  Cases  of  Stress  and  Strain 
wrought  out  individually  from  first  principles  by  means  of  Elemen- 
tary Mathematics.  By  T.  Alexander,  C.E.,  Professor  of  Civil 
Engineering  in  the  Imperial  College  of  Engineering,  Tokei, 
Japan.     Part  I.     Crown  8vo.    ^r.  (id, 

Alexander  and  Thomson.— ELEMENTARY  applied 

MECHANICS.  By  Thomas  Alexander,  C.E.,  Professor  of 
Engineering  in  the  Imperial  College  of  Engineering,  Tokei,  Japan  ; 
and  Arthur  Watson  Thomson,  C.E.,  B.Sc,  Professor  of 
Engineering  at  the  Royal  College,  Cirencester.  Part  II.  Trans- 
verse Stress.    Crown  8vo.    loj.  dd. 

Army  Preliminary  Examination,   1882-1887,  Speci- 

mens  of  Papers  set  at  the.  With  answers  to  the  Mathematical 
QuestioiAS.  Subjects  :  Arithmetic,  Algebra,  Euclid,  Geometrical 
Drawing,  Geography,  French,  English  Dictation.  Cr.  8vo.  y,  6d, 
Boole. — THE  CALCULUS  OF  FINITE  DIFFERENCES. 
By  G.  Boole,  D.C.L.,  F.R.S.,  late  Professor  of  Mathematics  in 
the  Qaeen*s  University,  Ireland.  Third  Edition,  revised  by 
J.  F.  MbULTON.    Crown  8vo.    los,  6d. 

Cambridge  Senate-House  Problems  and  Riders, 

with  Solutions: — 
1875— PROBLEMS  AND  RIDERS.     By  A.  G.   Grbenhill, 

M.A.    Crown  8vo.    8j.  6d, 
1878— SOLUTIONS  OF  SENATE-HOUSE  PROBLEMS.     By 

the  Mathematical  Moderators  and  Examiners.    Edited  by  J.  W.  L, 

Glaisher,  M.A.,  Fellow  of  Trinity  College,  Cambridge.     i2Xk 
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Carll.— A  TREATISE  ON  THE  CALCULUS  OF  VARIA- 
TIONS. Arranged  with  the  purpose  of  Introducing,  as  well  as 
Illustrating,  its  Principles  to  the  Reader  by  means  of  Problems, 
and  Designed  to  present  in  all  Important  Particulars  a  Complete 
View  of  the  Present  State  of  the  Science.  By  LeWJs  Buffett 
Carll,  A.  M.     Demy  8vo.     2ij. 

Cheyne. — an  elementary  treatise  on  the  plan- 
etary THEORY.  By  C.  H.  H.  Cheyne,  M.A.,  F.R.A.S. 
With  a  Collection  of  Problems,  Third  Edition.  Edited  by  Rev. 
A.  Freeman,  M.A.,  F.R.A.S.     Crown  8vo.     Js.  6d, 

Christie.— A  COLLECTION  OF  ELEMENTARY  TEST- 
QUESTIONS  IN  PURE  AND  MIXED  MATHEMATICS; 
with  Answers  and  Appendices  on  Synthetic  Dhvision,  and  on  the 
Solution  of  Numerical  Equations  by  Horner's  Method.  By  James 
R.  Christie,  F.R.S.,  Royal  Military  Academy,  Woolwich. 
Crown  8vo.     Ss.  6d. 

Clausius.— MECHANICAL  THEORY   OF  HEAT,      ^y  R 
Clausius.     Translated  by  Walter  R.    Browne,  M.A.,  late 
Fellow  of  Trinity  College,  Cambridge.     Crown  Syo.     los.  6d, 

Clifford. — THE  ELEMENTS  OF  DYNAMIC.  An  Introduction 
to  the  Study  of  Motion  and  Rest  in  Solid  and  Fluid  Bodies.  By  W. 
K.  Clifford,  F.R.S.,  late  Professor  of  Applied  Mathematics  and 
Mechanicsat  University  College,  London.  Part  I,— KINEMATIC. 
Crown  8vo.     Books  I — III.   ^5,  6d,  ;   Book  lV.ij  and  Appendix 

Cockshott    and    Walters. — GEOMETRICAL   CONJCS. 

An  Elementary  Treatise.  Drawn  up  in  accordance  with  the 
Syllabus  issued  by  the  Society  for  the  Improvement  of  Geometrical 
Teaching.  By  A.  Cockshott,  M.A.,  formerly  Fellow  and 
Assistant-Tutor  of  Trinity  College,  Cambridge,  and  Assistant- 
Master  at  Eton;  and  Rev.  F.  B.  Walters,  M.A.,  Fellow  of 
Queens*  College,  Cambridge,  and  Principal  of  King  William's 
.College,  Isle  of  ilan.    With  Diagrams.     Crown  8vo. 

[In  the  press, 

Cotterill.— APPLIED  MECHANICS  i  an  Elementary  General 
Introduction  to  the  Theory  of  Structures  arid:  Machines.  By 
James  H.  Cotterill,  F.R.S.,  Associate  Membierof  the  Council 
of  the  Institution  of  Niival  Architects^  Associate* Member  of  the 
Institution  of  Civil  Engineers,  Professor  of  Applied  Mechanics  in 
the  Royal  Naval  College,  Greenwich.     Medium:  8to.     i8j. 

Day  (R.  E.)— ELECTRIC  LIGHT  ARITHMETIC.  By  R.  E. 
Day,  M.A.,  Evening  Lecturer  in  Experimental^ Physics  at  King's 
College,  L(mdon.    Pott  8vo.     2J.  '  . 

Drew.— GEOMETRIC  AL TREATISE  ON  CONIC  SECTIONS, 
By  W.  H.'Drew,  M.A.,  St.  John's  College,  Cambridge.  New 
Exiition,  enlarged.     Crown  8vo.     ^s*. 
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I^yer-— EXERCISES  IN  ANALYTICAL  GEOMETRY.  Com- 
piled and  arranged  by  J.  M,  Dyer,  M.A.,  Senior  Mathematical 
Master  in  the  Classical  Department  of  Cheltenham  College.  With 
Illustrations.     Crown  8vo.    4s,  6d, 

Eaglea  —constructive     geometry     of    pLane 

CURVES.  ByT.  H.  Eagles,  M.A.,  Instructor  in  Geometrical 
Drawing,  and  Lecturer  in  Architecture  at  the  Royal  Indian  En- 
gmeering  College,  Cooper's  Hill.  With  numerous  Examples. 
Crown  8vo.     12s. 

Edgar  (J.  H.)  and  Pritchard  (G.  S.).— note-book  on 

PRACTICAL  SOLID  OR  DESCRIPTIVE  GEOMETRY. 
Containing  Problems  with  help  for  Solutions.  By  J.  H.  Edgar, 
M.A.,  Lecturer  on  Mechanical  Drawing  at  the  Royal  School  of 
Mines,  and  G,  S.  Pritchard.  Fourth  Edition, '  revised  by 
Arthur  Meeze.    Globe  8vo.    4^.  6</.  * 

Edwards.— THE  differential  calculus,  with  Ap- 
plications and  numerous  Examples.  An  Elementarv  Treatise  by 
Joseph  Edwards,  M.A.,  formerly  Fellow  of  Sidney  Sussex 
College,  Cambridge.     Crown  Svo.     ioj.  6c/. 

Ferrers. — Works  by  the  Rey.  N.  M.  Ferrers,  M.A.,  Master  of 
Gonville  and  Caius  College,  Cambridge. 

AN  ELEMENTARY  TREATISE  ON  TRILINEAR  CO- 
ORDINATES, the  Method  of  Reciprocal  Polars,  and  the  Theory 
of  Projectors,     New  Edition,  revised.     Crown  Svo.     6s.  61/. 

AN  ELEMENTARY  TREATISE  ON  SPHERICAL  PIAR- 
MONICS,  AND  SUBJECTS  CONNECTED  WITH 
THEM.    Crown  Svo.     7^.  6d. 

Forsyth,— A  TREATISE  ON  DIFFERENTIAL  EQUA- 
TIONS. By  Andrew  Russell  Forsyth,  M.  A.,  F.R.S.,  Fellow 
and  Assistant  Tutor  of  Trinity  College,  Cambridge.     Svo.     14J. 

Frost — Works  by  Percival  Frost,  M.A.,  D.Sc,  formerly  Fellow 
of  St.  John's  College,   Cambridge ;    Mathematical  Lecturer  at 
King's  College. 
AN  ELEMENTARY  TREATISE   ON    CURVE  TRACING. 

Svo.       12S. 

SOLID  GEOMETRY.     Thini  Edition.     Demy  Svo.     i6s. 
HINTS  FOR  THE  SOLUTION  OF  PROBLEMS  in  the  Third 
Edition  of  SOLID  GEOMETRY.     Sva     Ss.  6d. 

Greaves. — a  treatise  on  elementary  statics.  By 

John  Greaves,  M.A.,    Fellow  and  Mathematical   Lecturer  of 
Christ's  College,  Cambridge.     Crown' Svo.     6s.  6./. 

STATICS  FOR  BEGINNERS.     By  the  Same  Author. 

[In  preparation, 

Greenhill.— DIFFERENTIAL  AND  INTEGRAL  CAL- 
CULUS. With  Applications.  By  A.  G.  Greenhill,  M.A., 
Professor  of  Mathematics  to  the  Senior  Class  of  Artillery  Qfficcrs, 
Woolwich,  and  Examiner  in  Mathematics  to  the  University  of 
London.     Crown  Svo.     *js,  6d. 


) 

I 

1 

32         MACHILLAN'S  EDUCATIONAL  CATALOGUE.  1/ 

Hemming. — ^an   elementary  treatise  on  the 

DIFFERENTIAL  AND  INTEGRAL  CALCULUS,  for  the 
Use  of  Colleges  and  Schools.     By  G.  W.   Huiming,    M.A.,  \ 

^Felloir  of  St  John's  Collie,  Cambridge.     Second  LdUko,  with 
Corrections  and  Additions;    8to.     gs, 

IbbctSOn.— THE  MATHEMATICAL  THEORY  OF  PER- 
FECTLY  ELASTIC  SOLIDS,  with  a  short  account  of  Viscous 
Fluids.  An  Elementaiy  Treatise.  By  William  John  Ibbetson, 
M.  A.,  Fellow  of  the  Royal  AstroDomical  Society,  and  of  the  Cam- 
bridge Philosophical  Society,  Member  of  the  London  Mathematical 
Society,  late  Senior  Scholar  ofClare  College,  Cambridge.  8vo.  2ts.  '^ 

JcUett  (John  H.). — ^a  treatise  on  the  theory  of 

FRICTION.  By  John  H.  Jellett,  B.D.,  late  Provost  of  Trinity 
College,  Dublin;  President  of  the  Royal  Irish  Academy.    8vo. 

Johnson. — Works  by  William  Woolsey  Johnson,  Professor  of 
Mathematics  at  the  U.S.  Naval  Academy,  Annopolis,  Maryland. 

INTEGRAL  CALCULUS,  an  Elementary  Treatise  on  the; 
Founded  on  the  Method  of  Rates  or  Flnxions.     Demy  Svo.     9^. 

CURVEr  TRACING  IN  CARTESIAN  CO-ORDINATES. 
Crown  Svo.    4s.  6d, 

Jones.— EXAMPLES  IN  PHYSICS.  By  D.  E.  Jones,  B.Sc, 
Lecturer  in  Physics  in  University  College,  Aberystwyth.  Fcap. 
Svo.  [In  thi^tss, 

Kelland  and  Tait.— introduction  TO  quater- 
nions, with  numerous  examples.  By  P.  Kelland,  M.A., 
F.R.S.,  and  P.  G.  TaIT,  M.A.,  Professors  in  the  Department  of 
Mathematics  in  the  University  of  Edinburgh.  Second  Edition. 
Crown  Svo.    7^.  dd. 

Kcmpc— HOW  TO  DRAW  A  STRAIGHT  LINE :  a  Lecture 
on  Linkages.  By  A.  B.  Kemps.  With  lUustrations.  Crown  Svo. 
I/,  td.    {A  ature  Series,) 

Kennedy.— THE  mechanics  of  machinery.    By  a. 

B.  W.  Kennedy,  F.R.S.,  M.InstC.E.,  Professor  of  Engineering 
and  Mechanical  Technology  in  University  College,  London.  With 
Illustrations.    Crown  Svo.    12s,  6d, 

Knox.— DIFFERENTIAL   CALCULUS   FOR   BEGINNERS. 

By  Alexander  Knox.    Fcap.  Svo.    y,  6d. 
Lock. — Works   by   the   Rev.    J.  B.    Lock,    M.A.,    Author   of 
"Trigonometry,"  ••Arithmetic  for  Schools,"  &c,  and  Teacher  of 
Physics  in  the  University  of  Cambridge. 
HIGHER  TRIGONOMETRY.     Fifth  Edition.  Globe  Svo.  4s.  6d. 
DYNAMICS  FOR   BEGINNERS.     Globe  Svo.     3s.  dd, 
STATICS    FOR    BEGINNERS.     Globe  Svo.  [In  the  press, 

(See  also  under  ArithmHic,  Etulid^  and  Trigonometry.) 

Lupton.— CHEMICAL  ARITHMETIC.  With  1,200  Examples. 
By  Sydney  Lupton,  M.A.,  F.C.S.,  F.I.C.,  formerly  Assistant 
Mastei-  in  Harrow  School.     Second  Edition.     Fcap.  Svo.     \s,  6d, 
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Macfarlane,— PHYSICAL  arithmetic.  By  Alexander 
Macparlane,  M.  a.,  D.Sc,  F.R.S.E.,  Examiner  in  Mathematics 
to  the  University  of  Edinburgh.     Crown  8vo.     'js.  6d, 

MacGregOr.— KINEMATICS  and  dynamics.      An  Ele- 
mentary Treatise.     By  James   Gordon  MacGregor,  M.A., 
D.Sc,  Fellow  of  the  Royal  Societies  of  Edinburgh  and  of  Canada 
Munro  Professor  of  Physics  in  Dalhousie  College,  Halifax,  Nova 
Scotia.    With  Illustrations.  Crown  8vo.     los.  &l. 

Mcrriman.— ATEXT  book  of  the  method  of  least 

SQUARES.  By  Mansfield  Mbrriman,  Professor  of  Civil 
Engineering  at  Lehigh  University,  Member  of  the  American 
PhUosophi^  Society,  American  Association  for  the  Advancement 
of  Science,  &c.    Demy  8vo.    8j.  6d, 

Millar.— ELEMENTS  OF  DESCRIPTIVE  GEOMETRY.  By 
J.B.  Millar,  C.E.,  Assistant  Lecturer  in  Engineering  in  Owens 
Collie,  Manchester.    Second  Edition.     Crown  8vo.    6x. 

Milne. — ^Works  by  the  Rev.  John  J.  Milne,  M.A.,  Private  Tutor, 

late  Scholar,  of  St.  John's  College,  Cambridge,  &c.,  &c.,  formerly 

Second  Master  of  Heversham  Grammar  School. 
WEEKLY  PROBLEM  PAPERS.    With  Notes  intended  for  the 

use  of  students  preparing  for  Mathematical  Scholarships,  and  for  the 

Junior  Members  of  the  Universities  who  are  reading  for  Mathematical 

Honours.     Pott  8vo.    4r.  6d, 
SOLUTIONS  TO   WEEKLY    PROBLEM    PAPERS.    Crown 

8vo.     los.  6d, 
COMPANION  TO  "  WEEKLY  PROBLEM  PAPERS."    Crown 

8vo.     los,  6d, 

Muir.— A  TREATISE  ON  THE  THEORY  OF  DETERMI- 
NANTS. With  graduated  sets  of  Examples.  For  use  in  Colleges 
and  Schools.  By  Thos.  Muir,  M.A,,  F.R.S.E.,  Mathematical 
Master  in  the  High  School  of  Glasgow.     Crown  8vo.     7^.  6d. 

Parkinson.— AN  ELEMENTARY  TREATISE  ON  ME- 
CHANICS.  For  the  Use  of  the  Junior  Classes  at  the  University 
and  the  Higher  Classes  in  Schools.  By  S.  Parkinson,  D.D,, 
F.R.S.,  Tutor  and  Prselector  of  St.  John's  College,  Cambridge. 
Widi  a  Collection  of  Examples.  Sixth  Edition,  revised.  Crown 
8vo.    9^.  6d, 

Piric— LESSONS  ON  RIGID  DYNAMICS.  By  the  Rev.  G. 
PiRiE,  M.A.,  late  Fellow  an(f  Tutor  of  Queen's  College,  Cam- 
bridge ;  Professor  of  Mathematics  in  the  University  of  Aberdeen. 
Crown  8vo.    6s. 

Puckle.— AN  ELEMENTARY  TREATISE  ON  CONIC  SEC- 
TIONS AND  ALGEBRAIC  GEOMETRY.  With  Numerous 
Examples  and  Hints  for  their  Solution ;  especially  designed  for  the 
Use  of  Beginners.  By  G.  H.  Puckle,  M.A.  Fifth  Edition, 
revised  and  enlarged.    Crown  8vo.     75.  6J. 
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Reuleaux.— THE  kinematics  of  machinery.  Out- 
lines of  a  Theory  of  Machines.  By  Professor  F.  Reuleaux. 
Translated  and  Edited  by  Professor  A.  B.  W.  Kennedy,  F,R.S., 
C.E.    With  450  Ulustratioiis.     Medium  8vo.     21s. 

Rice  and  Johnson — differential   CALCULUS,   an 

Elementary  Treatise  on  the  ;  Founded  on  the  Method  of  Rates  or 
Fluxions.  By  John  Minot  Rick,  Professor  of  Mathematics  in 
the  United  States  Navy,  and  William  Woolsey  Johnson,  Pro- 
fessor of  Mathematics  at  the  United  States  Nayal  Academy. 
Third  Edition,  Revised  and  Corrected.  Demy  8vo.  iSs. 
Abridged  Edition,  9;. 

Robinson.— TREATISE  ON  MARINE  SURVEYING.    Pre- 

Sared  for  the  use  of  younger  Naval  Officers.  With  Questions  for 
Examinations  and  Exercises  principally  from  the  Papers  of  the 
Royal  Naval  College.  With  the  results.  By  Rev.  John  L. 
Robinson,  Chaplain  and  Instructor  in  the  Royal  Naval  College, 
Greenwich.     With  Illustrations.     Crown  8vo.    Js,  6d, 

CoNTBNTS. — Symbols  used  in  Charts  and  Sunreyin^^-^The  Construction  and  Usa 
of  Scales — Laying  off  Angles—- Fixing  Positions  by  Angles  —  Charts  and  Chart- 
Drawing^Instruments  and  Observing  —  Base  Lines-^-Triangulation— LevelliBg— 
Tides  and  Tidal  Observations — Soundings— Chronoaieters--Meridian  Distances 
—•Method  of  Plotting  a  Survey— MiscellaneotM  Exercises— Index. 

Routh. — Works  by  Edward  John  Routh,  D.Sc,  IX.  D., 
F.R.S.,  Fellow  of  the  Universi^  of  London,  Hon.  Fellow  of  St. 
Peter's  College,  Cambridge. 

A  TREATISE  ON  THE  DYNAMICS  OF  THE  SYSTEM  OF 
RIGID  BODIES.  With  numerous  Examples.  Fourth  and 
enlarged  Edition.  Two  Vols.  8vo.  Vol.  I.— Elementary  Parts. 
14J.     Vol.  II,— The  Advanced  Parts.     14J. 

STABILITY  OF  A  GIVEN  STATE  OF  MOTION,  PAR- 
TICULARLY STEADY  MOTION.  Adams'  Prize  Essay  for 
1877.     8vo.     %s,6d. 

Smith  (C). — Works  by  Charles  Smith,    M.A.,   Fellow  and 

Tutor  of  Sidney  Sussex  College,  Cambridge. 
CONIC  SECTIONS.    Fourth  Edition.     Crown  8vo.     *js.  6d, 
AN  ELEMENTARY  TREATISE  ON  SOLID  GEOMETRY 

Second  Edition.     Crown  8vo.     gj.  6d,    (See  also  under  AlgehraX 

Tait  and  Steele.— a  treatise  on  dynamics  OF  A 

PARTICLE.  With  numerous  Examples.  By  Professor  Tait 
and  Mr.  Steele.     Fifth  Edition,  revised.     CrowM  8vo.     12s. 

Thomson. — Works  by  J.  J.  Thomson,  Fellow  of  Trinity  Gollefc, 
Cambridge,  and  Professor  of  Experimental  Physics  in  the  University. 

A  TREATISE  ON  THE  MOTION  OF  VORTEX  RINGS.  An 
Essay  to  which  the  Adams  Prize  was  adjudged  in  18S2  in  the 
University  of  Cambridge.     With  Diagrams.     8vo.     6*. 

APPLICATIONS  OF  DYNAMICS  TO  PHYSICS  AND 
CHEMISTRY.     Crown  8vo.  [In  ih4 press. 
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Todhunter. — ^Works  by  I.  ToDHUNTWL,  M.A.,  F.R.S.,  D.Sc, 
late  of  St.  John's  College,  Cambridge. 

*'  Mr.  Todhtmter  is  chiefly  known  to  students  of  Mathematics  as  the  author  of  a 
series  of  admirable  mathematical  text-books,  which  possess  the  rare  qualities  of  being 
clear  in  style  and  abiolutely  £reo  from  mistakes^  typographical  and  other."— 
Saturday  Rbvuw. 

MECHANICS  FOR  BEGINNERS.  With  numerous  Examples. 
New  Edition.     i8mo.    4r.  6d, 

KEY  TO  MECHANICS  FOR  BEGINNERS.  Crown  8vo.  6s.  6d. 

AN  ELEMENTARY  TREATISE  ON  THE  THEORY  OF 
EQUATIONS.    New  Edition,  revised.     Crown  8vo.     'js.  6d. 

PLANE  CO-ORDINATE  GEOMETRY,  as  applied  to  the  Straight 
Line  and  the  Conic  Sections.  With  numerous  Examples.  New 
Edition,  revised  and  enlarged.     Crown  8vo.     ^s,  6d, 

KEY  TO  PLANE  COORDINATE  GEOMETRY.  By  C.  W. 
Bourne,  M.  A.  Head  Master  of  the  College,  Inverness.  Cio¥m 
8vo.     lor.  6d, 

A  TREATISE  ON  THE  DIFFERENTIAL  CALCULUS.  With 
numerous  Examples.    New  Edition.    Crown  8vo.     los.  6d. 

A  KEY  TO  DIFFERENTIAL  CALCULUS.  By  H.  St.  J. 
Hunter,  M.A.    Crown  8vo.    los.  6d, 

A  TREATISE  ON  THE  INTEGRAL  CALCULUS  AND  ITS 
APPLICATIONS.  With  numerous  Examples.  New  Edition, 
revised  and  enlarged.    Crown  8vo.     lOr.  6d, 

EXAMPLES  OF  ANALYTICAL  GEOMETRY  OF  THREE 
DIMENSIONS.    New  Edition,  revised.    Crown  8vo.    4^. 

A  TREATISE  ON  ANALYTICAL  STATICS.  With  numerous 
Examples.  Fifth  Edition.  Edited  by  Professor  J.  D.  Everett, 
F.R.S.    Crown  8vo.     lOf.  6^. 

A  HISTORY  OF  THE  MATHEMATICAL  THEORY  OF 
PROBABILITY,  from  the  tune  of  Pascal  j  to  that  of  Laplace. 
8vo.    i8j. 

A  HISTORY  OF  THE  MATHEMATICAL  THEORIES  OF 
ATTRACTION,  AND  THE  FIGURE  OF  THE  EARTH, 
from  the  time  of  Newton  to  that  of  Laplace.     2  vols.    8vo.     24;. 

AN  ELEMENTARY  TREATISE  ON  LAPLACE'S,  LAME'S, 
•     AND  BESSEL'S  FUNCTIONS.    Crown  8vo.     los.  Sd. 

(See  also  under  Arithmetic  and  Mensuration,  Algebra,  and  Trigonometry, ) 

Wilson  (J.  M.).— SOLID  GEOMETRY  AND  CONIC  SEC- 
TIONS. With  Appendices  on  Transversals  and  Harmonic  Division. 
For  the  Use  of  Schools.  By  Rev.  J.  M.  Wilson,  M.A.  Head 
Master  of  Clifton  College.   New  Edition.  Extra  fcap.  8yo.  3j.  6d, 

Woolwich  Mathematical  Papers,  for  Admission  into 

the  Royal  Military  Academy,  Woolwich,  1880— 1884  inclusive 
Crown  8yo.     3;.  6U. 

d2 
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Wolstenholme.— MATHEMATICAL  PROBLEMS,  on  Sub- 
jects included  in  the  First  and  Second  Divisions  of  the  Schedule  of 
subjects  for  the  Cambridge  Mathematical  Tripos  Examination* 
Devised  and  arranged  by  Joseph  Wolstenholme,  D.Sc,  late 
Fellow  of  Christ's  Collie,  sometime  Fellow  of  St.  John's  Collie, 
and  Professor  of  Mathematics  in  the  Royal  Indian  Engineering 
College,  New  Edition,  greatly  enlarged.  Svo.  i8/. 
EXAMPLES  FOR  PRACTICE  IN  THE  USE  OF  SEVEN- 
FIGURE  LOGARITHMS.  By  the  same  Author.  [In preparation. 


SCIENCE. 

(i)  Natural  Philcsophy,  (2)  Astronomy,  (3) 
Chemistry,  (4)  Biology,  (5)  Medicine,  (6)  Anthro- 
pology, (7)  Physical  Geography  and  Geology,  (8) 
Agriculture. 

NATURAL  PHILOSOPHY, 

Airy. — Works  by  Sir  G.  B,  Airy,  K.C.B.,  formerly  Astronomer- 
Royal. 

ON  SOUND  AND  ATMOSPHERIC  VIBRATIONS.  With 
the  Mathematical  Elements  of  Music.  Designed  for  the  Use  of 
Students  in  the  University.  Second  Edition,  revised  and  enlarged. 
Crown  Svo     gj. 

A  TREATISE  ON  MAGNETISM.  Designed  for  the  Use  of 
Students  in  the  University.    Crown  Svo.    gs,  6d, 

GRAVITATION :  an  Elementary  Explanation  of  the  Principal  Per- 
turbations in  the  Solar  System.  Second  Edition.  Crown  Svo.  7/.  6^. 

Alexander  (T.). — ^elementary  applied  mechanics. 

Being  the;][simpler  and  more  practical  Ca^es  of  Stress  and  Strain 
wrought  out  individusdly  from  first  principles  by  means  of  Ele- 
mentary Mathematics.  By  T.  Alexander,  C.E.,  Professor  ol 
Civil  Engineering  in  the  Imperial  College  of  Engineering,  Tokei, 
Japan.     Crown  Svo.     Part  I.     4r.  6d, 

Alexander  —  Thomson.  —  elementary    applied 

MECHANICS.  By  Thomas  Alexander,  C.E.,  Professor  of 
Engineering  in  the  Imperial  College  of  Engineering,  Tokei,  Japan ; 
and  Arthur  Watson  Thomson,  C.E.,  B.Sc,  Professor  of 
Engineering  at  the  Royal  College,  Cirencester.  Part  II.  Trans- 
verse Stress  ;  upwards  of  150  Diagrams,  and  200  Examples 
carefully  worked  out.  Crown  Svo.  los»  td. 
Ball  (R.  S.).— EXPERIMENTAL  MECHANICS.  A  Courro  of 
Lectures  delivered  at  the  Royal  College  of  Science  for  Ireland. 
By  Sir  R.  S.  Ball,  M.A.,  Astronomer  Royal  for  Ireland.  Cr.  Svo. 

\N€w  and  Cheaper  Edition  in  the  press. 
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Bottomley.— FOUR-FIGURE  mathematical  tables. 

Comprising  Logarithmic  said  Trigonometrical  Tables,  and  Tables 
of  Squares,  Square  Roots,  and  Reciprocals.  By  J.  T.  Bottomley, 
M.A.,  F.R.S.E.,  F.C.S.,  Lecturer  in  Natural  Philosophy  in  the 
University  of  Glasgow.     8vo.     2s,  6d, 

Chisholm.  — THE  SCIENCE  OF  WEIGHING  AND 
MEASURING,  AND  THE  STANDARDS  OF  MEASURE 
AND  WEIGHT.  By  H.  W.  Chisholm,  Warden  of  the  Standards. 
With  numerous  Illustrations.    Crown  8vo.   4f.  6d,  (Nature  Series), 

ClausiuS.— MECHANICAL  THEORY  OF  HEAT.  By  R. 
Clausius.  Translated  by  Walter  R.  Browne,  M.A.,  late 
Fellow  of  Trinity  College,  Cambridge.     Crown  8vo.     los,  6d, 

Cotterill.— APPLIED  mechanics:  an  Elementary  General 
Introduction  to  the  Theory  of  Structures  and  Machines.  B^ 
James  H.  Cotterill,  F.R.S.,  Associate  Member  of  the  Council 
of  the  Institution  of  Naval  Architects,  Associate  Member  of  the 
Institution  of  Civil  Engineers,  Professor  of  Applied  Mechanics  in 
the  Royal  Naval  College,  Greenwich.    Medium  8vo.     i&r. 

Cumming.— AN  introduction  to  the  theory  of 

ELECTRICITY.  By  Linnaeus  Cumming,  M.A.,  one  of  the 
Masters  of  Rugby  School.  With  Illustrations.  Crown  8vo. 
%s,6d. 

Daniell.— A    text-book    of  the  principles   of 

PHYSICS.  By  Alfred  Daniell,  M.A.,  LL.B.,  D.Sc, 
F.R.S.E.,  late  Lecturer  on  Physics  in  the  Sdiool  of  Medicine, 
Edinburgh.  With  Illustrations.  Second  Edition.  Revised  and 
Enlarged.    Medium  8vo.    2is, 

Day. — ^ELECTRIC  LIGHT  ARITHMETIC.  By  R.  E.  Day, 
M.A.,  Evening  Lecturer  in  Experimental  Physics  at  King's 
College,  London.    Pott  8vo.    2s, 

Everett.— UNITS  and  physical  constants.  By  J.  D. 

Everett,    M.A.,    D.C.L ,    F.R.S.,    F.R.S.E.,    Professor    of 
Natural  Philosophy,  Queen's  College,  Belfast.     Second  Edition 
Extra  fcap.  8vo.     $s. 

Gray— ABSOLUTE  measurements  in '.electricity 

AND  MAGNETISM.  By  Andrew  Gray,  M.A.,  F.R.S.E., 
Professor  of  Physics  in  the  University  College  of  North  Wales. 
Two  Vols.     Crown  8va     Vol.  I.  [Immediately, 

Greaves. — statics  for  beginners.  By  John  Greaves, 
M.A.,  Fellow  and  Mathematical  Lecturer  of  Christ's  College, 
Cambridge.  [/« preparation. 

Grove.— A  dictionary  of  music  and  musicians. 

(A.D.  1450— 1886).     By  Eminent  Writers,  English  and  Foreign. 
Edited  by  Sir  George  Grove,  D.C.L.,  Director  of  the  Royal 
College  of  Music,  &c     Demy  8vo. 
VqTs,  L,  IL,  and  III.    Pnce  ?IJ,  evU, 
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Grove — continued. 

Vol.  I.  A  to  IMPROMPTU.     Vol,  IL   IMPROPERIA  to 

PLAIN  SONG.       Vol   IIL    PLANCHE   TO    SUMER   IS 

ICUMEN  IN.     Demy  8vo.  doth,  with  Illustrations  in  Music 

Type  and  Woodcut.    Also  published  in  Parts.    Parts  I.  to  XIV., 

Parts  XIX— XXII.,  price  3j.  6d.  each.   Parts  XV.,  XVI.,  price  p. 

Parts  XVII.,  XVIIL,  price  *js. 

•^*  (Part  XXII.)  just  published,  completes  the  Dictionary  of 

Music  and  Musicians  as  originally  contemplated.    But  an  Appendix 

and  a  full  general  Index  are  in  the  press. 

**  Dr.  Grove's  Dictionary  will  be  a  boon  to  every  btellifent  lover  of  music"— 
Saturday  Rsview. 

Huxley.— INTRODUCTORY  PRIMER  OF  SCIENCE.  By  T. 
H.  Huxley,  F.R.S.,  &c.     i8mo.     is. 

Ibbetson.— THE  mathematical  theory  of  per- 
fectly ELASTIC  SOLIDS,  with  a  Short  Account  of  Viscous 
Fluids.  An  Elementary  Treatise.  By  William  John  Ibbetson, 
B.A.,F.R.A.S.,  Senior  Scholar  of  Clare  College,  Cambridge.  8vo. 
Price  2is. 

Jones.— EXAMPLES  IN  PHYSICS.  By  D.  E.  Jones,  B.Sc. 
Lecturer  in  Physics  in  University  College,  Aberystwith.    Fcap.Svo. 

[in  the  press, 

Kempe.— HOW  TO  DRAW  A  STRAIGHT  LINE ;  a  Lecture 
on  Linkages.  By  A.  B.  Kempb.  With  Illustrations.  Crown 
8vo.     is,6d.     {Nature  Series,) 

Kennedy.— THE  mechanics  OF  MACHINERY.  By  A.  B. 
W.  Kennedy,  F.R.S.,  M.Inst. C.E.,  Professor  of  Engineering  and 
Mechanical  Technology  in  University  College,  London.  With 
numerous  Illustrations.     Crown  8vo.     I2s,  6d, 

Lang.— EXPERIMENTAL  PHYSICS.  By  P.  R.  ScoTT  Lang. 
M.A.,  Professor  of  Mathematics  in  the  University  of  St.  Andrews. 
With  Illustrations.     Crown  8vo.  [In  the  press. 

Lock. — Works  by  Rev.  J.  B.  Lock,  M.A.,  Senior  Fellow,  Assistant 
Tutor,  and  Lecturer  in  Mathematics  and  Physics,  of  Gonville  and 
Caius  College,  Teacher  of  Physics  in  the  University  of  Cam- 
bridge, &c. 
DYNAMICS  FOR  BEGINNERS.     Globe  8vo.     3j.  6d, 
STATICS  FOR  BEGINNERS.     Globe  8vo.    ^y- [In preparation. 

Lodge.— MODERN  VIEWS  OF  ELECTRICITY.  By  Oliver 
J.  Lodge,  F.R.S.,  Professor  of  Physics  in  University  College, 
Liverpeol.     Illustrated.     Crown  8vo.  [In  prepareiHorL 

Lupton.— NUMERICAL  TABLES   AND  CONSTANTS   IN 

ELEMENTARY  SCIENCE.     By  Sydney   Lupton,    M.A,. 

F.C.S.,  F.I.C.,  Assistant  Master  at  Harrow  School.    Extra  fcap, 

8vo.     2J.  6</. 
Macfarlane, — physical  arithmetic.    By  Alexander 

Macfarlane,  D.Sc,  Examiner  in  Mathematics  in  the  University 

of  Edinburgh.     Crown  8vo.    f /.  6</. 
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Macgregor.— KINEMATICS  and  dynamics.  An  Eler 
mentary  Treatise.  By  James  Gordon  Macgregor,  M.A.,  D.  Sc, 
Feljow  of  the  Royal  Societies  of  Edinbui^h  and  of  Canada,  Munro 
Professor  of  Physics  in  Dalhousie  College,  Halifax,  Nova  Scotia. 
With  Illustrations.    Crown  8vo.     lar.  6d, 

Mayer. — sound  :  a  Series  of  Simple,  Entertaining,  and  Inex- 
pensive Experiments  in  the  Phenomena  of  Sound,  for  the  Use  of 
Students  of  every  age.  By  A.  M.  Mayek,  Professor  of  Physics 
in  the  Stevens  Institute  of  Technology,  &c.  With  numerous 
Illustrations.     Crown  8vo.     2s,  6d.     (Nature  Series,) 

Mayer  and  Barnard.— light  :  a  Series  of  Simple,  Enter- 
taining,  and  Inexpensive  Experiments  in  the  Phenomena  of  Light, 
for  the  Use  of  Students  of  every  age.     By  A.  M.  Mayer  and  C, 
Barnard.    With  numerous  Illustrations.     Crown  8vo.    2s,  6d, 
{Nature  Series.) 

Newton.— PRINCIPIA.  Edited  by  Professor  Su:  W.  Thomson 
and  Professor  Blackburne.  4to,  cloth.  31^.  6d, 
THE  FIRST  THREE  SECTIONS  OF  NEWTON'S  PRIN- 
CIPIA.  With  Notes  and  Illustrations.  Also  a  Collection  of 
Problems,  principally  intended  as  Examples  of  Newton's  Methods. 
By  Percival  Frost,  M.A.    Third  Edition.    8vo.     12s, 

Parkinson.— A  treatise  on  optics.  By  S.  Parkinson, 
D.D.,  F.R.S.,  Tutor  and  Praelector  of  St.  John's  College,  Cam- 
bridge. Fourth  Edition,  revised  and  enlarged.  Crown  8vo.  icw.  6d. 

Perry. — STEAM,    an  elementary  treatise.    By 

John  Perry,  C.E.,  Whitworth  Scholar,  FeUow  of  the  Chemical 
Society,  Professor  of  Mechanical  Engineering  and  Applied  Mech- 
anics at  the  Technical  College,  Finsbury.  With  numerous  Wood- 
cuts andCNumerical  Examples  and  Exercises.     iSmo.   4r.  6d. 

Ramsay.— EXPERIMENTAL  PROOFS  OF  CHEMICAL 
THEORY  FOR  BEGINNERS.  By  William  Ramsay,  Ph.D., 
Professor  of  Chemistry  in  University  College,  Bristol.  Pott  8vo. 
2s,  6d, 

Rayleigh.— THE  THEORY  OF  SOUND.  ByLoRDRAYLEiGH, 
M.A.,  F.R.S.,  formerly  Fellow  of  Trinity  College,  Cambridge, 
8vo.     Vol.  I,  I2J.  6dr.     Vol.  II.  I2J.  6d,      [Vol.  Ill,  in  the  press. 

Reuleaux.— THE  kinematics  of  machinery.  Out- 
lines of  a  Theory  of  Machines.  By  Professor  F.  Reuleaux. 
Translated  and  Edited  by  Professor  A.  B.  W.  Kennedy,  F.R.S., 
C.E.    With  450  Illustrations.    Medium  8vo.    21s, 

Roscoe  and  Schuster.— spectrum  analysis.  Lectures 

delivered  in  1868  before  the  Society  of  Apothecaries  of  London. 
By  Sir  Henry  E.  Roscoe,  LL.D.,  F.R.S.,  formerly  Professor  of 
Chemistry  in  the  Owens  College,  Victoria  University,  Manchester. 
Fourth  Edition,  revised  and  considerably  enlarged  by  the  Author 
and  by  Arthur  Schuster,  F.R.S.,  Ph.D.,  Professor  of  Applied 
Mathematics  in  the  Owens  College,  Victoria  University. 
With  AppendiceS|  numerous  lUustrationSi  and  Plates.  Medium 
8vo.  2 If. 
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Shana— AN  elementary  treatise  on  heat,  in 

RELATION  TO  STEAM   AND   THE    STEAM-ENGINE. 
By  G.  Shann,  M.A.    With  Illustrations.    Crown  8vo.    ^.  6d, 

Spottiswoode.— POLARISATION  OF  LIGHT.  By  the  late 
W.  Spottiswoode,  F.R.S.  With  many  lUostrations.  New 
Edition.     Crown  8vo.     3x.  6d,     {Nature  Ssrtes,) 

Stewart  (Balfour). — Works  by  Balfour  Stewart,  F.R.S., 
late  Professor  of  Natural  Philosophy  in  the  Owens  College,  Victoria 

University,  Manchester. 

PRIMER  OF  PHYSICS.  With  numerous  Illustrations.  New 
Edition,  with  Questions.     i8mo.     u.     {Scunce  PrimersJ) 

LESSONS  IN  ELEMENTARY  PHYSICS.  With  numerous 
Illustrations  and  Chromolitho  of  the  Spectra  of  the  Suiy  Stara^ 
and  Nebulae.     New  Edition.    Fcap.  8vo.    4r.  6d, 

QUESTIONS  ON  BALFOUR  STEWARTS  ELEMENTARY 
.     LESSONS  IN  PHYSICS.    By  Prof.  Thomas  H.  Core,  Owens 
College,  Manchester.     Fcap.  8vo.     2s, 

Stewart  and  Gee.— elementary  practical  phy- 

SICS,  LESSONS  IN.    By  Balfour  Stewart,  M.A.,  LL.D., 
F.R.S.,  and  W.  W.  Haldane  Gee,  B.Sc.     Crown  8vo. 

Vol.  L— GENERAL  PHYSICAL  PROCESSES.    6s. 

Vol.  II.— ELECTRICITY  AND  MAGNETISM,     ^s,  6d. 

Vol.  III.— OPTICS,  HEAT,  AND  SOUND.       [In  the  press. 

PRACTICAL  PHYSICS  FOR  SCHOOLS  AND  THE  JUNIOR 
STUDENTS  OF  COLLEGES.     By  the  same  AutHors. 

Vol.  L— ELECTRICITY  AND  MAGNETISM.     2s.  6d. 

Stokes. — ON  LIGHT.  Being  the  Burnett  Lectures,  delivered  in 
Aberdeen  in  1883,  1884-1885.  By  George  Gabriel  Stokes, 
M.A.,  P.R.S.,  &c.  Fellow  of  Pembroke  College,  and  Lucas^ian 
Professor  of  Mathematics  in  the  University  of  Cambridge.  First 
Course  :  On  the  Nature  of  Light.—  Second  Course  :  On 
Light  as  a  Means  of  Investigation. — ^Third  Course :  On  the 
Beneficial  Effects  of  Light.  Crown  8vo.  2s.  6d,  each.  Also 
complete  in  one  volume.     *js.  6d. 

Stone.— AN  ELEMENTARY  TREATISE  ON  SOUND.  By 
W.  H.    Stone,  M.D.     With  Illustrations.     i8mo.     y.  6d. 

Tait. — HEAT.  By  P.  G.  Tait,  M.A.,  Sec.  R.S.E.,  formerly 
Fellow  of  St.  Peter's  College,  Cambridge,  Professor  of  Natural 
Philosophy  in  the  University  of  Edinburgh.    Crown  8vo.     6s. 

Thompson.— ELEMENTARY  LESSONS  IN  ELECTRICITY 
AND  MAGNETISM.  By  Silvanus  P.  Thompson,  Principal 
and  Professor  of  Physics  in  the  Technical  College,  Finsbury.  With 
Illustrations.  New  Edilion,  Revised.  Twenty-Eighth  Thousand. 
Fcap.  8vo.     4f.  6d. 
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Thomson,    Sir   W.— electrostatics   and   mag- 

NETISM,  REPRINTS  OF  PAPERS  ON.  By  Sir  William 
Thomson,  D.C.L.,  LL.D,,  F.R.S.,  F.R.S.E.,  Fellow  of  St. 
Peter's  CoU^e,  Cambridge,  and  Professor  of  Natural  Philosophy 
in  the  University  of  Gb^gow.  Second  Edition.  Medium  8vo. 
i8j. 

Thomson,  J.  J.— THE  MOTION  OF  VORTEX  RINGS,  A 
TREATISE  ON.  An  Essay  to  which  the  Adams  Prize  was 
adjudged  in  1882  in  the  University  of  Cambridge.  By  J.  J. 
Thomson,  Fellow  of  Trinity  College,  Cambridge,  and  Professor  of 
Experimental  Physics  in  the  University.  With  Diagrams.  8vo.  6s, 

APPLICATIONS    OF    DYNAMICS    TO    PHYSICS     AND 
CHEMISTRY.     By  the  same  Author.     Crown  8vo. 

[In  the  press. 

Todhuntcr.— NATURAL  PHILOSOPHY  FOR  BEGINNERS. 
By  I.  TODHUNTER,  M.A.,  F.R.S.,  D.Sc. 
Part  I.  The  Properties  of  Solid  and  Fluid  Bodies.     l8nio.     3^.  6d. 
Part  II.  Sound,  Light,  and  Heat.     i8mo.     3X.  6d, 

Turner.— HEAT  AND  ELECTRICITY,  A  COLLECTION  OF 
EXAMPLES  ON.  By  H.  H.  Turner,  B.  A.,  Fellow  of  Trinity 
College,  Cambridge.     Crown  8vo.     2x.  6d, 

Wright  (Lewis).  —  LIGHT ;  A  COURSE  OF  EXPERI- 
MENTAL OPTICS,  CHIEFLY  WITH  THE  LANTERN. 
By  Lewis  Wright.  With  nearly  200  Engravings  and  Coloured 
Plates.    Crown  8vo,    *js»  6d, 

ASTRONOMY. 

Airy.— POPULAR  ASTRONOMY.  With  Illustrations  by  Sii 
G.  B.  Airy,  K.C.B.,  formerly  Astronomer-Royal.  New  Edition. 
i8mo.     4r.  6d, 

Forbes. — TRANSIT  OF  VENUS.  By  G.  Forbes,  M.A., 
Professor  of  Natural  Philosophy  in  the  Andersonian  University, 
Glasgow.     Illustrated.     Crown  8vo.     31.  6d,     (Nature  Series.) 

Godfray. — ^Works   by    Hugh    Godfray,    M.A.,    Mathematical 

Lecturer  at  Pembroke  College,  Cambridge. 
A  TREATISE  ON  ASTRONOMY,  for  the  Use  of  Colleges  and 

Schools.  Fourth  Edition.  8vo.  12s.  6d, 
AN  ELEMENTARY  TREATISE  ON  THE  LUNAR  THEORY, 

with  a  Brief  Sketch  of  the  Problem  up  to  the  time  of  Newton. 

Second  Edition,  revised.     Crown  8vo.     5j.  6d, 

Lockyer. — Works  by  J.  Norman  Lockyer,  F.R.S. 
PRIMER    OF    ASTRONOMY.      With    numerous    Illustrations. 

New  Edition.     l8mo.     is,     {Science  Primers.) 
ELEMENTARY  LESSONS  IN  ASTRONOMY.     With  Coloured 
Diagram  of  the  Spectra  of  the  Sun,    Stars,  and  Nebulae,  and 
numerous  Illustrations.    New  Edition.     Fcap.  8vo.    5^.  6d, 
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Lockyer — continued. 

QUESTIONS  ON  LOCKYER'S  ELEMENTARY  LESSONS  IN 
ASTRONOMY.    For  the  Use  of  Schools.    By  John  Forbss- 
Robertson.    i8mo,  cloth  limp,     is,  6d,' 
THE  CHEMISTRY  OF  THE  SUN.  With  lUustrations.  8vo.  i+r. 
Newcomb. — POPULAR  ASTRONOMY.     By  S.   Newcomb, 
LL.D.,  Professor  U.S.  Naval  Observatory.    With  1 12  IllustratioDS 
and  5  Maps  of  the  Stars.     Second  Edition,  revised.    8vo.     iZs. 
**  It  is  unlike  anything  else  of  its  kind,  and  will  be  of  more  use  in  drculatinK  a 
knowledge  of  Astronomy  than  nine-tenths  of  the  hooks  which  have  appeared  on  toe 
•abject  of  late  years/'— Saturday  Rsvibw. 

CHEMISTRY. 

Armstrong.— A  manual  of  inorganic  chemistry. 

By  Henry  Armstrong,  Ph.D.,  F.R.S.,  Professor  of  Chemistry 
in  the  City  and  Guilds  of  London  Technical  Institute.    Crown  8vo. 

[In  preparaiioH. 

Cohen.— THE  OWENS  COLLEGE  COURSE  OF  PRAC- 
TICAL  ORGANIC  CHEMISTRY.  By  Juuus  B.  Cohen, 
Ph.D.,  F.C.S.,  Assistant  Lecturer  on  Chemistry  in  the  Owens 
College,  Manchester.  With  a  Preface  by  Sir  Henry  Roscqe, 
F.K.S.,  and  C.  Schorlemmer,  F.R.S.     Fcap.  8vo.  2s,  6d. 

Cooke.— ELEMENTS  OF  CHEMICAL  PHYSICS.  By  Josiah 
P.  Cooke,  Junr.,  Erving  Professor  of  Chemistry  and  Mineralogy 
in  Harvard  University.     Fourth  Edition.     Royal  Svo.    21s, 

Fleischer.— A  system  of  volumetric  analysis. 

By  Emil  Fleischer.  Translated,  with  Notes  and  Additions, 
from  the  Second  German  Edition  by  M.  M.  Pattison  MuIR, 
F.  R.  S.E.     With  Illustrations.     Crown  Svo.     7^.  6d. 

Frankland.— agricultural  chemical  analysis, 

A  Handbook  of.  By  Percy  Faraday  Frankland,  Ph.D., 
B.Sc,  F.C.S.  Associate  of  the  Royal  School  of  Mines,  and 
Demonstralor  of  Practical  and  Agricultural  Chemistry  in  the 
Normal  School  of  Science  and  Royal  School  of  Mines,  South 
Kensington  Museum.  Founded  upon  Leitfadcn  fur  die  Agriculture 
Chemiche  Analyse^  von  Dr.  F.  Krocker.     Crown  Svo.     7x.  &/. 

Hartley. — a  COURSE  OF  QUANTITATIVE  ANALYSIS 
FOR  STUDENTS.  By  W.  Noel  Hartley,  F.R.S.,  Professor 
of  Chemistry,  and  of  Applied  Chemistry,  Science  and  Art  Depart- 
ment, Royal  College  of  Science,  Dublin.    Globe  Svo.     5j. 

Hioms.  —  A  TEXT-BOOK  OF  METALLURGY  AND 
ASSAYING.     By  A.  H.  HiORNS.     Illustrated.     Globe  Svo. 

\In  the  press, 

Jones. — Works  by  Francis  Jones,  F.R.S.E.,  F.C.S.,  Chemical 
Master  in  the  Grammar  School,  Manchester. 
THE   OWENS   COLLEGE    JUNIOR   COURSE   OF   PRAC- 
TICAL CHEMISTRY.    With  Preface  by  Sir  Henry  Roscoe, 
F.R.S.,  and  Illustrations.     New  Eklition.     iSmo.    2j.  6d, 
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Jones — contimied* 
QUESTIONS  ON   CHEMISTRY.      A  Series  of  Problems  and 
Exercises  ia  Inoiganic  and  Organic  Chemistry.    Fcap.  8vo.    31. 

Landauer.— BLOWPIPE  analysis.     By  j.  Landauee. 

Authorised  English  Edition  by  J.  Taylor  and  W.  E.  Kay,  of 
Owens  College,  Manchester.  Extra  fcap.  8vo.  4J.  (4. 
Lupton.— CHEMICAL  ARITHMETIC.  With  1,200  Problems. 
By  Sydney  Lupton,  M.A.,  F.C.S.,  F.LC,  formerly  Assistant- 
Master  at  Han-ow.  Second  Edition,  Revised  and  Abridged. 
Fcap.  8vo.    4r.  6^. 

Meldola.— PHOTOGRAPHIC  CHEMISTRY.  By  Raphael 
Meldola,  Professor  of  Chemistry  in  the  Technical  College, 
Finsbury.     Crown  8yo.  [/« preparation, 

Muir. — PRACTICAL  CHEMISTRY  FOR  MEDICAL  STU- 
DENTS. Specially  arranged  for  the  first  M.B.  Course.  By 
M.  M.  Pattison  Muir,  F.R.S.E.  Fcap.  8vo.  \s,  6d, 
Muir  and:^Wilson.— THE  ELEMENTS  OF  THERMAL 
CHEMISTRY.  By  M.  M.  Pattison  Muir,  M.A.,  F.R.S.E., 
Fellow  and  Praelector  of  Chemistry  in  Gonville  and  Caius  College, 
Cambridge;  Assisted  by  David  Muir  Wilson.  8vo.  12s.  6d. 
Rem  sen. — Works  by  Ira  Remsen,  Professor  of  Chemistry  in  the 
Johns  Hopkins  University. 

COMPOUNDS  OF  CARBON ;  or,  Organic  Chemistry,  an  Intro- 
duction to  the  Study  of.     Crown  8vo.     6s.  6ci, 

AN  INTRODUCTION  TO  THE  STUDY  OF  CHEMISTRY 
(INORGANIC  CHEMISTRY).     Crown  8vo.     6s.  6d. 

THE  ELEMENTS  OF  CHEMISTRY.  A  Text  Book  for 
Beginners.     Fcap.  8vo.     2s,  6d. 

RoSCOe. — Works  by  Sir  HENRY  E.  RoscoE,  F.R.S.,  formerly 
Professor  of  Chemistry  in  the  Victoria  University  the  Owens  College, 
l^anchester 

PRIMER  OF  CHEMISTRY.  With  numerous  Illustrations.  New 
Edition.     With  Questions.     i8mo.     is.    {Science  Primers.) 

LESSONS  IN  ELEMENTARY  CHEMISTRY,  INORGANIC 
AND  ORGANIC.  With  numerous  Illustrations  and  Chromolitho 
of  the  Solar  Spectrum,  and  of  the  Alkalies  and  Alkaline  Earths. 
New  Edition.     Fcap.  8vo.    4s»  6d,    {See  under  Thorfe.) 

Roscoe  and  Schorlemmer.— inorganic  and  or- 
ganic CHEMISTRY.  A  Complete  Treatise  on  Inorganic  and 
Organic  Chemistry.  By  Sir  Henry E.  Roscoe,  F.R.S.,  and  Prof. 
C.  Schorlemmer,  F.R.S.     With  Illustrations.  Medium  8vo. 

Vols.  L  and  II.— INORGANIC  CHEMISTRY. 

Vol.  I.— The  Non-Metallic  Elements,  ais.  Vol.  II.  Part  I.— 
Metals.     iSs.    Vol.  II.  Part  II.— Metals.     iSs. 

Vol.  IIL-ORGANIC  CHEMISTRY. 
THE  CHEMISTRY  OF  THE  HYDROCARBONS  and  their 
Derivatives,    or   ORGANIC  CHEMISTRY.     With  numerous 
Illustrations.    Four  Parts.    Parts  I.,  II.,  and  IV.    21s,  each. 
Part  III,     i8j. 
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Thorpe.— A  SERIES  OF  CHEMICAL  PROBLEMS,  prepared 
with  Special  Reference  to  Sir  H.  £.  Roscoe's  Lessons  in  Elemen- 
tary Chemistry,  by  T.  E.  Thorpe,  Ph.D.,  F.R.S.,  Professor  of 
Chemistry  in  the  Normal  School  of  Science,  South  Kensington, 
adapted  for  the  Preparation  of  Students  for  the  Government, 
Science,  and  Society  of  Arts  Examinations.  With  a  Preface  by  Sir 
Henry  E.  RoscoE,  F.R.S.   New  Edition,  with  Key.    i8mo.   2s, 

Thorpe  and  Riicker.— a  TREATISE   ON  CHEMICAL 

PHYSICS.  By  T.  E.  Thorpe,  Ph.D.,  F.R.S.  Professor  of 
Chemistry  in  the  Normal  School  of  Science,  and  Professor  A.  W. 
RucKER.    Illustrated.    8vo.  [In  preparation, 

Wright.— METALS  AND  THEIR  CHIEF  INDUSTRIAL 
APPLICATIONS.  By  C.  Alder  Wright,  D.Sc,  &c.. 
Lecturer  on  Chemistry  in  St.  Mary's  Hospital  Medical  School. 
Extra  fcap.  8vo.    3x.  6d, 

BIOLOGY. 

Allen.— ON  THE  COLOUR  OF  FLOWERS,  as  Illustrated  in 
the  British  Flora.  By  Grant  Allen.  With  Illustrations. 
Crown  8vo.    3^.6^.     {^Nature  Series.) 

Balfour.  — A  treatise  on  comparative  EMBRY. 

OLOGY.  By  F.  M.  Balfour,  M.A.,  F.R.S.,  Fellow  and 
Lecturer  of  Trinity  College,  Cambridge.  With  Illustrations. 
Second  Edition,  reprinted  without  alteration  from  the  First 
Edition.     In  2  vols.     8vo.    Vol.  I.  i&r.     Vol.  11.  21s, 

Balfour    and    Ward.— a  GENERAL  TEXT  BOOK  OF 

BOTANY.  By  Isaac  Bayley  Balfour,  F.R.S.,  Professor  of 
Botany  in  the  University  of  Edinburgh,  and  H.  Marshall  Ward, 
Fellow  of  Christ's  College,  Cambridge,  and  Professor  of  Botany 
in  the  Royal  Indian  Engineering  College,  Cooper's  Plill.    8vo. 

[In  preparation^ 

Bettany.— FIRST  LESSONS  in  PRACTICAL  BOTANy! 
By  G.  T.  Bettany,  M.A.,  F.L.S.,  formerly  Lecturer  in  Botany 
at  Guy's  Hospital  Medical  School.     i8mo.     is.  . 

Bower— Vines.— A  COURSE  OF  PRACTICAL  INSTRUC- 
TION IN  BOTANY.  By  F.  O.  Bower,  M.A.,  F.L.S., 
Professor  of  Botany  in  the  University  of  Glasgow,  and  Sydney 
H.  Vines,  M.A.,  D.Sc,  F.R.S.,  Fellow  and  Lecturer,  Christ's 
College,  Cambridge.  With  a  Preface  by  W.  T.  Thiselton 
Dyer,  M.A.,  C.M.G.,  F.R.S.,  F.L.S.,  Director  of  the-Royal 
Gardens,  Kew.    Crown  8vo. 

Part  I.— PHANEROGAMi42— PTERIDOPHYTA.  6s,  Part 
II.—BRYOPHYTA— THALLOPHYTA.    4J.  6d, 

Darwin  (Charles).— MEMORIAL  NOTICES  of  Charles 

DARWIN,  F.R.S.,  &c  By  Thomas  Henry  Huxley,  F.R.S., 
G.  J.  Romanes,  F.R.S.,  Archibald  Geikie,  F.R.S.,  and 
W.  T.  Thiselton  Dyer,  F.R.S.  Reprinted  from  Nature. 
With  a  Portrait,  engraved  by  C.  H.  Jeens.  Crowji  Sva. 
Zs,  6<f,    {Nature  Serif sJ) 
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Feamley.— A  MANUAL  OF  elementary  practical 

HISTOLOGY.  By  William  Fearnley.  With  lUustradons. 
Crown  8vo.  7j.  6d. 

Flower  and  Gadow. — AN  INTRODUCTION  TO  THE 

OSTEOLOGY  OF  THE  MAMMALIA.  By  William  Henry 
Flower,  LL.D.,  F.R.S.,  Director  of  the  Natural  History  De- 
partments of  the  British  Mnseum,  late  Honterian  Professor  of 
Comparative  Anatomy  and  Physiology  in  the  Royal  College  of 
Surgeons  of  England.  With  numerous  Illustrations.  Third 
Edition.  Revised  with  the  assistance  of  Hans  Gadow,  Ph.D., 
M.A.,  Lecturer  on  the  Advanced  Monphologr  of  Vertebrates  and 
Strickland  Curator  in  the  University  of  Cambridge.  Crown  8vo. 
los.  6d. 

Foster. — Works  by  Michael  Foster,  M.D.,  Sec.  R.S.,  Professor 
of  Physiology  in  the  University  of  Cambridge. 

PRIMER   OF   PHYSIOLOGY.      With  numerous  Illustrations. 
New  Edition.     i8mo.    u. 

A  TEXT.BOOK  OF  PHYSIOLOGY.    With  Illustrations.  Fourth 
Edition,  revised.    8vo.    21/. 

Foster  and  Balfour. — the  elements  of  embry- 
ology. By  Michael  Foster,  M.A.,  M.D.,  LL.D.,  Sec.  R.S., 
Professor  of  Physiology  in  the  University  of  Cambridge^  Fellow 
of  Trinity  College,  Cambridge,  and  the  late  Francis  M.  Balfour, 
M.A.,  LL.D.,  F.R.S.,  Fellow  of  Trinity  College^  Cambridge, 
and  Professor  of  Animal  Morphology  in  die  University.  Second 
Edition,  revised.  Edited  by  Adam  Sedgwick,  M.A.,  Fellow 
and  Assistant  Lecturer  of  Trinity  CoU^e,  Cambridge^  and  Walter 
Heape,  Demonstrator  in  the  Morphological  Laboratory  of  the 
University  of  Cambridge.  With  Illustrations.  Crown  8vo.  xcxr.  6d, 

Foster  and  Langley.— a  COURSE  OF  ELEMENTARY 

PRACTICAL  PHYSIOLOGY.  By  Prof.  Michael  Foster, 
M.D.,  Sec.  R.S.,  &c.,  and  J.  N.  Langley,  M.A.,  F.R.S.,  Fellow 
of  Trinity  College,  Cambridge.   Fifth  Edition.   Crown  8vo.  Is,  6d, 

Gamgec— A  text-book  of   the  physiological 

CHEMISTRY  OF  THE  ANIMAL  BODY.  Inclu<Ung  an 
Account  of  the  Chemical  Changes  occurring  in  Disease.  By  A. 
Gamgee,  M.D.,  F.R.S.,  formerly  Professor  of  Physiology  in  the 
Victoria  University  the  Owens  College,  Manchester.  2  Vols.  8vo. 
With  Illustrations.    Vol.  I.     i%s,  [Vol.  IL  in  the  press. 

Gray. —STRUCTURAL  botany,  or  organography 

ON  THE  BASIS  OF  MORPHOLOGY.  To  which  are  added 
the  principles  of  Taxonomy  and  Phytography,  and  a  Glossary  of 
Botanical  Terms.    By  Professor  AsA  Gray,  LL.D.    8vo.   lor.  &/. 

Hamilton,— A  practical  text-book  of  patho- 
logy. By  D.  J.  Hamilton,  Professor  of  Pathological  Anatomv 
(Sir  Erasmus  Wilson  Chair),  University  of  Aberdeen.    Svo. 

\In  the  press. 
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Hooker.— Works  by  Sir  J.  D.  HoOKKR,  K.C.S.L,  C.B.,  M.D., 

F  R  S    D«C  L. 
PRIMER  OF  BOTANY.     With  numerous  Illustrations.     New 

Edition.     iSmo.     i^.    {Science  Primers,) 
THE  STUDENT'S  FLORA  OF  THE  BRITISH  ISLANDS. 

Third  Edition,  revised.    Globe  8vo.     lar.  6d, 

Howes.— AN  ATLAS  OF  PRACTICAL  ELEMENTARY 
BIOLOGY.  By  G.  B.  Howes,  Assistant  Professor  of  Zoology, 
Normal  School  of  Science  and  Royal  School  of  Mines.  With  a 
Preface  by  THOMAS  Hbnry  Huxley,  F.R.S.  Royal  4to.  14;. 

Huxley. — Works  by  Thomas  Henry  Huxley,  F.R.S. 
INTRODUCTORY    PRIMER    OF    SCIENCE.      i8mo.      is. 

{Science  Primers,) 
LESSONS  IN  ELEMENTARY  PHYSIOLOGY.  With  numerous 

Illustrations.    New  Edition  Revised.     Fcap.  8vo.    4;.  6d, 
QUESTIONS  ON  HUXLEY'S  PHYSIOLOGY  FOR  SCHOOLS. 

By  T.  Alcock,  M.D.     New  Edition.     i8mo.     i^.  &/. 

Huxley  and  Martin.— a  COURSE  OF  PRACTICAL  IN- 

STRUCTION  IN  ELEMENTARY  BIOLOGY.  By  T.  H. 
Huxley,  F.R.S.,  LL.D.,  assisted  by  H.  N.  Martin,  M.A., 
M.B.,  D.Sc,  F.R.S.,  Fellow  of  Christ's  College,  Cambridge. 
New  Edition,  revised  and  extended  by  G.  B.  Howes,  Assistant 
Professor  of  Zoology,  Normal  School  of  Science,  and  Royal  School 
of  Mines,  and  D.  H.  Scott,  M.A.,  Ph.D.,  Assistant  Professor  of 
Botany,  Normal  School  of  Science,  and  Royal  School  of  Mines. 
New  Edition,  thoroughly  revised.  With* a  Preface  by  T.  H. 
Huxley,  F.R.S.    Crown  Svo.     los.  6d.     ' 

Kane.— EUROPEAN  butterflies,  a  HANDBOOK  OF. 
By  W.  F.  Db  ViSMES  Kane,  M.A.,  M.R.LA.,  Member  of  the 
Entomological  Society  of  London,  &c.  With  Copper  Plate  Illustra- 
tions. Crown  Svo.  los,  6d. 
A  LIST  OF  EUROPEAN  RHOPALOCERA  WITH  THEIR 
VARIETIES  AND  PRINCIPAL  SYNONYMS.  Reprinted 
from  the  Handbook  of  European  Butterflies.    Crown  Svo.     is. 

Klein.— MICRO-ORGANISMS  AND  DISEASE.  An  Intro- 
duction into  the  Study  of  Specific  Micro-Oiganisms.  By  E. 
Klein,  M.D.,  F.R.S,,  Lecturer  on  General  Anatomy  and  Physio- 
l(»[y  in  the  Medical  Sdiool  of  St.  Bartholomew's  Hospital,  London. 
Wth  121  Illustrations.  Third  Edition,  Revised.  Crown  Svo.  6j. 
THE  BACTERIA  IN  ASIATIC  CHOLERA.  By  the  Same. 
Crown  Svo.  \In  preparation. 

Lankester. — Works  by  Professor  E.  Ray  Lankester,  F.R.S. 
A  TEXT  BOOK  OF  ZOOLOGY.    Svo.  \In  preparation. 

DEGENERATION :  A  CHAPTER  IN  DARWINISM.    Illus- 
trated.   Crown  Svo.     2s.  6d.    {Nature  Series.) 
Lubbock. — ^Worlcsby  SiR  John  Lubbock,  M.P,,  F.R.S.,  D.CL. 
THE   ORIGIN   AND    METAMORPHOSES    OF   INSECTS. 
With  numerous  Illustrations.     New  Edition.    Crown  Svo.    Jj.  6d. 
{Nature  Series.) 
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Lubbock — continued, 

ON  BRITISH  WILD  FLOWERS  CONSIDERED  IN  RE- 
LATION TO  INSECTS.  With  numerous  Illustrations.  Nw 
Edition.    Crown  8vo.    4J.  6</.     {Nature  Series), 

FLOWERS,    FRUITS,    AND    LEAVES.      With   Illustrations 
Second  Edition.     Crown  8vo.    /^,  6d,    {Nature  Series.) 

Martin  and  Moale. — on  the  dissection  of  verte. 

BRATE  ANIMALS.      By  Professor  H.  N.  Martin  and  W.  A. 

MoALB.    Crown  8vo.  [In  preparation, 

Mivart. — Works  by  St.  George  Mivart,  F.R.S.,  Lecturer  on 

Comparative  Anatomy  at  St.  Mary's  HospitaL 
LESSONS  IN  ELEMENTARY  ANATOMY.    With  upwards  of 

400  Illustrations.     Fcap.  8vo.    dr.  6d, 
THE  COMMON  FROG.  Illustrated.  Cr.  8vo.  3x.6^.  {Nature Series,) 

Miiller.— THE  fertilisation  of  flowers.  By  Pro- 
fessor HURUANN  MuLLER.  Translated  and  Edited  by  D'Arcy 
W.  Thompson,  B.  A.,  Professor  of  Biology  in  University  College, 
Dundee.  With  a  Preface  by  Charles  Darwin,  F.R.S.  With 
numerous  Illustrations.    Medium  8vo.    21J.     . 

Oliver. — ^Works  by  Daniel  Oliver,  F.R.S,,  &c..  Professor  of 
Botany  in  University  Coll^^,  London,  &c. 
FIRST  BOOK  OF  INDIAN  BOTANY.     With  numerous  Illus- 
trations.   Extra  fcap.  8vo.    6s,  6d, 
LESSONS   IN  ELEMENTARY  BOTANY.     With  nearly  200 
lUustrations.    New  Edition.    Fcap.  8va    4/.  6d. 

Parker.— A  COURSE  OF  INSTRUCTION  IN  ZOOTOMY 
(VERTEBRATA).  By  T.  Jeffrey  Parker,  B.Sc.  London, 
Professor  of  Biolc^  in  thea  University  of  Otago,  New  Zealand. 
Widi  Illustrations.  Crown  8vo.  %s.  6d, 
LESSONS  IN  ELEMENTARY  BIOLOGY.  By  the  same  Author. 
With  Illustrations,     8vo.  [In  the  press. 

Parker  and  Bettany.— the  morphology  of  the 

SKULL.  By  Professor  W.  K.  Parker,  F.R.S.,  and  G.  T. 
Bettany.    Illustrated.    Crown  8vo.     los,  6d, 

Romanes.— THE  scientific  evidences  of  organic 

evolution.     By   George  J.    Romanes,    M.A,,    LL.D. 
F.R.S.f  Zool(^cal  Secretary  of  the  Linnean  Society.     Crown 
8vo.     2S,  6d,     (Nature Series.) 

Sedgwick. — a  supplement   to  F.   M.    BALFOUR'S 

TREATISE  ON  EMBRYOLOGY.  By  Adam  Sedgwick, 
M.A.,  F.R.S.,  Fellow  and  Lecturer  of  Trinity  College,  Cambridge. 
8vo.     Illustrated.  [/« preparation. 

Smith  (W.  G.)— DISEASES  OF  FIELD  AND  GARDEN 
CROPS,  CHIEFLY  SUCH  AS  ARE  CAUSED  BY  FUNGL 
By  WoRTHiNGTON  G.  SMITH,  F.L.S.,  M.A.I.,  Member  of  the 
Scientific  Committee  R.H.S.  With  143  New  Illustrations  drawn 
and  engraved  from  Nature  by  the  Author.     Fcap.  8vo.    4J.  6/. 

Ward.— TIMBER  AND  ITS  DISEASES.  By  H.  Marshall 
Ward,  Professor  of  Botany  in  the  Royal  Indian  Engineering 
College,  Cooper's  HilL  Crown  8vo.   Illustrated.  [In  pr^aration. 
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Wiedersheim  (Prof.). — elements  OF  the  com- 
parative ANATOMY  OF  vertebrates.  Adapted 
from  the  German  of  Robert  Wibdershsim,  Professor  of  Ana- 
tomy, and  Director  of  the  Institute  of  Human  and  Comparative 
Anatomy  in  the  University  of  Freiburg-in-Baden,  by  W. 
Newton  Parker,  Professor  of  Biology  in  the  University  College 
of  South  Wales  and  Monmouthshire.  With  Additions  by  the 
Author  and  Translator.  With  Two  Hundred  and  Seventy  Wood- 
cuts.   Medium  8vo.     lis,  6d. 
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Brunton. — Works  by  T.  Lauder  Brunton,  M,D.t  D.Sc, 
F.R.C.P.,  F.R.S.,  Assistant  Physician  and  Lecturer  on  Materia 
Medica  at  St.  Bartholomew's  Hospital;  Examiner  in  Materia 
Medica  in  the  University  of  London,  in  the  Victoria  University, 
and  in  the  Royal  College  of  Physicians,  London ;  late  Examiner 
in  the  University  of  Edinburgh. 

A  TEXT-BOOK  OF  PHARMACOLOGY,  THERAPEUTICS, 
AND  MATERIA  MEDICA.  Adapted  to  the  United  States 
Pharmacopoeia,  by  Francis  H.  Williams,  M.D.,  Boston,  Mass. 
Third  Edition.  Adapted  to  the  New  British  Pharmacopoeia,  1885. 
Medium  8vo.     21s. 

TABLES  OF  MATERIA  MEDICA  :  A  Companion  to  the  Materia 
Medica  Museum.  With  Illustrations.  New  {Edition  Enlarged. 
8vo.     lor.  6</. 

Griffiths.— LESSONS  ON  PRESCRIPTIONS  AND  THE 
ART  OF  PRESCRIBING.  By  W.  Handsel  Griffiths, 
Ph.  D.,  L.  R. C.  p.  E.  New  Edition.  Adapted  to  the  Pharmacopoeia, 
i88j.     i8mo.    3/.  6d. 

Hamilton.— A  TEXT-BOOK  OF  PATHOLOGY.  By  D.  J. 
Hamilton,  Professor  of  Pathological  Anatomy  University  of 
Aberdeen.    With  Illustrations.     8vo.  [In  the  press , 

Klein.— MICRO-ORGANISMS  AND  DISEASE.  An  Intro- 
duction into  the  Study  of  Specific  Micro-Organisms.  By  E. 
Klein,  M.D.,  F.R.S.,  Lecturer  on  General  Anatomy  and  Physio- 
logy in  the  Medical  School  of  St.  Bartholomew's  Hospital,  London. 
With  121  Illustrations.  Third  Edition,  Revised.  Crown  8vo  6f. 
THE  BACTERIA  IN  ASIATIC  CHOLERA.  By  the  Same 
Author.     Crown  8vo.  [In  preparation^ 

Ziegler-Macalister. — ^text-book  OF  pathological 

ANATOMY  AND  PATHOGENESIS.  By  Professor  Ernst 
Ziegler  of  Tubingen.  Translated  and  Edited  for  English 
Students  by  Donald  Macalister,  M.A.,M.D.,  B.Sc.,F.R.C.P., 
Fellow  and  Medical  Lecturer  of  St.  John's  College,  Cambridge, 
Physician  to  Addenbrooke's  Hospital,  and  Teacher  of  Medicine  in 
the  University.    With  numerous  Illustrations.    Medium  8vo. 

Part  I.— GENERAL  PATHOLOGICAL  ANATOMY.  Second 
Edition.     I2s,  6d, 

Part  IL— SPECIAL  PATHOLOGICAL  ANATOMY.  Sections 
L— VIII.   Second  Edition.    I2s.6d.  Sections  IX.— XIL    12s,  6eL 
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ANTHROPOLOGY. 

Flower.— FASHION  in  deformity,  as  Illustrated  in  the 
Customs,  of  Barbarous  and  Civilised  Races.  By  Professor 
Flower,  F.R.S.,  F.R.C.S.  With  Illustrations.  Crown  8vo. 
2x.  6J.    {Naiun  Series,) 

Tylor.— ANTHROPOLOGY.  An  Introduction  to  the  Study  ot 
Man  and  Civilisation;  By  E.  B.  Tylor,  D.C.L.,  F.R.S.  With 
numerous  Illustrations.     Crown  8vo.     ^s,  6d, 

PHYSICAL  GEOGRAPHY  &  GEOLOGY. 

Blanford.— THE  rudiments  of  physical  geogra- 
phy FOR  THE  USE  OF  INDIAN  SCHOOLS  ;  with  a 
Glossaxy  of  Technical  Terms  employed.  By  H.  F.  Blanford, 
F.R.S. .  New  Edition,  with  Illustrations.  Globe  8vo.  2s,  6d, 
Geikie. — Wgrks  by  Archibald  Geikie,  LL.D.,  F.R.S. ,  Director 
General  of  the  Geological  Survey  of  Great  Britain  and  Ireland,  and 
Director  of  the  Museum  of  Practical  Geology,  London,  formerly 
Murchison  Professor  of  Geology  and  Mineralogy  in  the  University 
of  Edinburgh,  &c. 

PRIMER  OF  PHYSICAL  GEOGRAPHY.  With  numerous 
Illustrations.  New  Edition.  With  Questions.  iSmo.  u. 
(Science  Primers.) 

ELEMENTARY  LESSONS  IN  PHYSICAL  GEOGRAPHY. 
With  numerous  Illustrations.  New  Edition.  Fcap.  8vo.  4/.  6d. 
QUESTIONS  ON  THE  SAME.     ix.  6d. 

PRIMER  OF  GEOLOGY.  With  numerous  Illustrations.  New 
Edition.     i8mo.     is,     (Science  Primers.) 

CLASS  BOOK  OF  GEOLOGY  With  upwards  of  200  New 
niustrations.     Crown  8vo.     10s,  6d. 

TEXT-BOOK  OF  GEOLOGY.  With  numerous  Illustrations. 
Second  Edition,  Sixth  Thousand,  Revised  and  Enlarged.  8vo.  28x. 

OUTLINES  OF  FIELD  GEOLOGY.  With  Illustrations.  New 
Edition.    Extra  fcap.  8vo.    3^.  6d. 

THE     SCENERY     AND     GEOLOGY     OF      SCOTLAND, 
VIEWED    IN     CONNEXION    WITH    ITS    PHYSICAL 
GEOLOGY.   With  numerous  Illustrations.   Crown  8vo.    12s.  6J, 
(See  also  under  History  and  Geogtaphy.) 
Huxley.— PHYSIOGRAPHY.      An  Introduction  to  the  Study 
of  Nature.     By  Thomas    Henry   Huxley,    F.R.S.     With 
numerous  Illustrations,  and  Coloured  Plates.     New  and  Cheaper 
Edition,     Crown  8vo.    dr. 
Locky en— OUTLINES  OF  PHYSIOGRAPHY— THE  MOVE- 
MENTS OF  THE  EARTH.  By  J.  Norman  Lockyer,  F.R.S., 
Correspondent  of  the  Institute  of  France,  Foreign  Member  of 
thfe  Academy  of  the  Lyncei  of  Rome,  &c.,  &c. ;  Professor  of 
Astronomical  Physics  in  the  Normal  School  of  Science,   and 
Examiner  in  Physiography  for  the  Science  and  Art  Department, 
Wth  Illustrations.    Crown  8vo.     Sewed,  is.  6d, 
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Phillips,— A  TREATISE  ON  ORE  DEPOSITS.  By  J.  Arthui 
Phillips,  F.R.S.,  V.P.G.S.,  F.C.S.,  M.Inst.C.E.,  Anden  El^ve 
de  r£cole  des  Mines,  Paris ;  Author  of  "  A  Manual  of  Metallurgy/* 
"The  Mining  and  Metallurgy  of  Gold  and  Silver,"  &c.  With 
numerous  Illustrations.    Svo.    2Ss. 

AGRICULTURE. 

Frankland.— AGRICULTURAL  chemical  analysis, 

A  Handbook  of.  By  Percy  Faraday  Frankland,  Ph.D., 
B.Sc,  F.C.S.,  Associate  of  the  Royal  School  of  Mines,  and 
Demonstrator  of  Practical  and  Agricultural  Chemistry  -  in  the 
Normal  School  of  Science  and  Royal  School  of  Mines,  South 
Kensington  Museum.  Founded  upon  LeUfadenfur  die  Agriculture 
Chemiche  Analyse,  von  Dr.  F.  Krocker.    Crown  Svo.     7f.  6</. 

Smith  (Worthington  G.).— DISEASES  6t  FtflLDAND 

GARDEN  CROPS,  CHIEFLY  SUCH  AS  ARE  CAUSED  BY 
FUNGL  By  Worthington  G.  Smith,  F.L.S.,  M.A.I., 
Member  of  the  Scientific  Committee  of  the  R.H.S.  With  143 
Illustrations,  drawn  and  engraved  from  Nature  by  the  Author. 
Fcap.  Svo.    4f.  (id» 

Tanner. — Works  by     Henry    Tanner,     F.C.S.,    M.R.A.C., 
Examiner  in  the  Principles  of  Agriculture  under  the  Government 
Department  of  Science  5  Director  of  Education  in  the  In^^titute  of 
Agriculture,  South  Kensington,  London ;  sometime  Professor  of 
Agricultural  Science,  University  College,  Aberystwith. 
ELEMENTARY  LESSONS  IN  THE   SCIENCE  OF  AGRI- 
CULTURAL PRACTICE.     Fcap.  Svo.    31.  6d, 
FIRST  PRINCIPLES  OF  AGRICULTURE.     iSmo.     is. 
THE  PRINCIPLES  OF  AGRICULTURE.  A  Series  of  Reading 
Books  for  use  in    Elementary  Schools.     Prepared  by  Henry 
Tanner,  F.C.S.,  M.R.A.C.    Extra  fcap.  Svo. 

I.  The  Alphabet  of  the  Principles  of  Agriculture.    6d. 
II.  Further  Steps  in  the  Principles  of  Agriculture.     U. 
III.  Elementary  School  Readings  on  the  Principles  of  Agriculture 
for  the  third  stage,     u. 

POLITICAL  ECONOMY. 

Cairnes.— THE  character  and  logical  method 

OF  political  economy.  By  J.  E.  Cairnes,  LL.D., 
Emeritus  Professor  of  Political  Economy  in  University  CoU^e, 
London.    New  Edition.    Crown  Svo.    df. 

Cossa.— GUIDE     TO     THE     STUDY     OF     POOTICAL 
ECONOMY.     By  Dr.  LuiGi  CossA,  Professor  in  the  University 
of  Pavia.    Translated  from  the  Second  ItaUan  Edition.    With  a 
Preface  by  W.  Stanley  Jevons,  F.R.S.    Crown  Svo.    4^.  6</. 
Fawcett  (Mrs.).— Works  by  MiLLicENT  Garrett  FX^cett:— 
POLITICAL  ECONOMY  FOR  BEGINNERS,  WITH  QUES- 
TIONS.    Fourth  Edition.     iSmo.     2J.  (id, 
TALES  IN  POLITICAL  ECONOMY.    Crown  Svo.    Jf. 
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Pawcett.— A  MANUAL  OF  POLITICAL  ECONOMY.  By 
Right  Hon.  Henry  Fawcett,  F.R.S.  Sixth  Edition,  revised, 
with  a  chapter  on  "State  Socialism  and  the  Nationalisation 
of  the  Land,"  and  an  Index.  Crown  8vo.  I2s. 
AN  EXPLANATORY  DIGEST  of  the  above.  By  Cyril  A. 
Waters,  B.  A.    Crown  8vo.    2j.  6^. 

Gunton.— WEALTH  AND  PROGRESS !  A  CRITICAL  EX- 
AMINATION  OF  THE  WAGES  QUESTION  AND  ITS 
ECONOMIC  RELATION  TO  SOCIAL  REFORM.  By 
George  Gunton.    Crown  8vo.    6s. 

Jevons.— PRIMER  OF  POLITICAL  ECONOMY.  By  W. 
Stanley  Jevons,  LL.D.,  M.A.,  F.R.S.  New  Edition.  i8mo. 
IS.    {Science  Pnm€rs,) 

Marshall.— THE  ECONOMICS  OF  INDUSTRY.  By  A. 
Marshall,  M.A.,  Professor  of  Political  Economy  in  the  Uni- 
versity of  Cambridge,  and  Mary  P.  Marshall,  late  Lecturer  at 
Newnham  Hall,  Cambridge.     Extra  fcap.  8vo.     2s,  6d. 

Marshall. — ^economics.  By  Alfred  Marshall,  M.A., 
Professor  of  Political  Economy  in  the  University  of  Cambridge. 
2  vols     8vo.  [In  the  press, 

Sidg wick.— THE  principles  op  POLITICAL  ECONOMY. 
By  Professor  Henry  Sidgwick,  M.A.,  LL.D.,  Knightbridge 
Professor  of  Moral  Philosophy  in  the  University  of  Cambridge 
&c„  Author  of  "The  Methods  of  Ethics."  Second  Edition, 
revised.     8vo.     l6j. 

Walker.— Works  by  Francis  A.  Walker,  M.A.,  Ph.D.,  Author 
of  "Money,"  "  Money  in  its  Relation  to  Trade,"  &c. 
POLITICAL  ECONOMY.    Second  Edition,  revised  and  enlarged. 

8vo.     I2J.  6d, 
A     BRIEF    TEXT-BOOK    OF     POLITICAL     ECONOMY. 

Crown  8vo.     dr.  6d, 
THE  WAGES  QUESTION.     8vo.     14^. 
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Boole.— THE  MATHEMATICAL  ANALYSIS  OF  LOGIC. 
Being  an  Essay  towards  a  Calculus  of  Deductive  Reasoning.  By 
George  Boole.    8vo.    Sewed.    5^. 

Calderwood.— HANDBOOK  OF  MORAL  PHILOSOPHY. 
By  the  Rev.  Henry  Calderwood,  LL.D.,  Professor  of  Moral 
Philosophy,  University  of  Edinburgh.  New  Edition.  Crown  8vo.  6j. 

Clifford. — SEEING  AND  THINKING.  By  the  kte  Professor 
W.  K.  Clifford,  F.R.S.  With  Diagrams.  Crown  8vo.  3J.  6d. 
(Nature  Series.) 

Jardinc— THE  elements  of  the  PvSYCHOLOGY  of 

COGNITION.  By  the  Rev.  Robert  Jardine,  B.D.,  D.Sc. 
(Edin.),  Ex-Principal  of  the  General  Assembly's  College,  Calcutta. 
Jhif4  ^clitioT).  revised  and  improved.     Crown  8vo.    6j.  6</. 
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Jevons. — Works  by  the  late  W.  Stanley  Jevons,  LL.D.,  M.A., 
F.R.S. 
PRIMER  OF  LOGIC.   New  Edition.    iSino.    is,   {Science  Primers.) 

ELEMENTARY  LESSONS  IN  LOGIC ;  Deductive  and  Induc- 
tive, with  copious  Questions  and  Examples,  and  a  Vocabulary  of 
Logical  Terms.     New  Edition.     Fcap.  8vo.     35.  6d, 

THE  PRINCIPLES  OF  SCIENCE.  A  Treatise  on  Logic  and 
Scientific  Method.  New  and  Revised  Edition.  Crown  8vo.  I2x.  d/. 

STUDIES  IN  DEDUCTIVE  LOGIC.  Second  Edition.  Cr.  Svo.  6f . 

Keynes. — formal  logic,  studies  and  Exercises  in.  Including 
a  Generalisation  of  Logical  Processes  in  their  application  to 
Complex  Inferences.  By  John  Neville  Keynes,  M.A.,  late 
Fellow  of  Pembroke  College,  Cambridge.  Second  Edition, 
Revised  and  Enlarged.     Crown  8vo.     icxr.  6d, 

Kant— Max  Miiller. — CRITIQUE  OF  pure  reason. 

By  Immanuel  Kant.     In  commemoration  of  the  Centenary  of 
its  first  Publication.    Translated  into  English  by  F.  Max  Muller. 
With  an  Historical  Introduction  by  LuDWiG  Noir4.    2  vols 
8vo.     lis.  each. 
Volume    I.     HISTORICAL    INTRODUCTION,    by    LuDWiG 

Noir]^  *  &c    &c 
Volume  II.     CRITIQUE   OF   PURE    REASON,  translated  by 
F.  Max  Mullee. 
For  the  convenience  of  students  these  volumes  are  now  sold  separately. 

Kant — Mahaffy  and  Bernard. — commentary  on 

KANT'S  CRITIQUE.  By  J.  P.  Mahaffy,  M.  A.,  Professor  of 
Ancient  History  in  the  University  of  Dublin,  and  J.  H.  Bernard, 
M.A.   New  and  completed  Edition.   Crown  8vo.  [/w/rwj. 

McCosh. — PSYCHOLOGY.  By  James  McCosh,  D.D.,  LL.D., 
Litt.D.,  President  of  Princeton  CoU^e,  Author  of  "Intuitions  of 
the  Mind,"   "  Laws  of  Discursive  Thought,"  &c.     Crown  8vo. 

I.  THE  COGNITIVE  POWERS.     6s.  6d. 

II.  THE  MOTIVE  POWERS.     Crown  8vo.    6s,  6d. 

Ray. — ^A  TEXT-BOOK  OF  DEDUCTIVE  LOGIC  FOR  THE 
USE  OF  STUDENTS.    By  P.  K.  Ra.y,  D.Sc.  (Lon.  and  Edin.), 
Professor  of  Logic  and  Philosophy,  Presidency  College  Calcutta, 
Third  Edition.    Globe  8vo.     4^.  6d. 
The  Schoolmaster  says :— "This  work  .  .  .  is  deservedly  taking  a  place  among 

the  recognised  text-books  on  Logia" 

Sidgwick. — Works  by  Henry  Sidgwick,  M.A.,  LL.D.,  Knight- 
bridge  Professor  of  Moral  Philosophy  in  the  University  of 
Cambridge. 
THE  METHODS  OF  ETHICS.  Third  Edition.  8vo.  i+f.  A 
Supplement  to  the  Second  Edition,  containing  all  the  important 
Additions  Mid  Alterations  in  the  Third  Edition.     Demy  Svo.     6x. 

OUTLINES  OF  THE   HISTORY   OF  ETHICS,  fo?  fiogUsh 
Readers.    Crown  Jyo,    3j.  6d. 
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Venn. — the  logic  of  chance.  An  Essay  on  the  Founda- 
tions and  Province  of  the  Theory  of  Probability,  with  special 
Reference  to  its  Logical  Bearings  and  its  Application  to  Moral  and 
Social  Science.  By  John  Venn,  M.A.,  Fellow  and  Lecturer  in 
Moral  Sciences  in  Gonville  and  Caius  College,  Cambridge,  Ex- 
aminer in  Moral  Philosophy  in  the  University  of  London.  Second 
Edition,  rewritten  and  greatly  enlarged.     Crown  8vo.     lOf.  6d, 

SYMBOLIC  LOGIC.     By  the  same  Author.    Crown  8vo.    loj.  6d, 
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Arnold  (T.),— the  second  PUNIC  war.  Being  Chapters 
from  THE  HISTORY  OF  ROME.  By  Thomas  Arnold, 
D.D.  Edited,  with  Notes,  by  W.  T.  Arnold,  M.A.  With  8 
Maps.     Crown  8vo.     &r.  6d. 

Arnold  (W.  T.).— the  roman  system  of  provincial 

ADMINISTRATION  TO  THE  ACCESSION  of  CONST  AN- 

TINE  THE  GREAT.  By  W.T.  Arnold,  M.A.    Crown  8vo.  6j. 

"Ought  to  prove  a  valuable  handbook  to  the  student  of  R«man   history." — 

GUAKDIAN. 

Bartholomew.— THE  elementary  school  atlas. 

By  John  Bartholomew,  F.R.G.S.     is.  \In  the  press, 

Ihis  Elementary  Atlas  is  designed  to  illustrate  the  principal  text- 
books on  Elementary  Geography. 

Beesly. — STORIES  from   the  history  of  ROME. 

By  Mrs.  Beesly.    Fcap.  8vo.     2j.  6d, 

Bryce. — the  holy  roman  empire.  By  James  Bryck, 
D.C.L.,  Fellow  of  Oriel  College,  and  Regius  Professor  of  Civil  Law 
in  the  University  of  Oxford.   Eighth  Edition.   Crown  8vo.  7j.  6d, 

Buckland.— OUR  national   institutions,     a   Short 

Sketch    for   Schools.    By  Anna  Buckland.     With  Glossary. 

i8mo.     i^. 
Buckley.— A  HISTORY  OF  ENGLAND  FOR  BEGINNERS. 

By  Arabella  B.   Buckley.    Author  of  **A  Short  History  of 

Natural  Science,"  &c.     With  Coloured  Maps,  Chronological  and 

Genealogical  Tables.     Globe  8vo.     31. 
Clarke. — class-book  of  geography.    By  C.  B.  Clarke, 

M.A.,   F.L.S.,   F.G.S.,   F.R.S.     New  Edition,  with  Eighteen 

Coloured  Maps.    Fcap.  8vo.     y. 

Dicey.— LECTURES  INTRODUCTORY  TO  THE  STUDY 
OF  THE  LAW  OF  THE  CONSTITUTION.  By  A.  V.  Dicey, 
B.  C.  L.,  of  the  Inner  Temple,  Barrister-at-Law ;  Vinerian  Professor 
of  English  Law ;  Fellow  of  All  Souls  College,  Oxford ;  Hon.  LL.D. 
Gla^ow.     Second  Edition.     Demy  8vo.     12s,  6d, 

Dickens's  dictionary   of  the   university   of 

OXFORD,  1886-7.     i8mo,  se\.«;d.     is. 
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Dickens — continued, 
DICTIONARY  OF  THE  UNIVERSITY  OF  CAMBRIDGE, 
1886-7.     i8mO|  sewecL     is. 
Both  books  (Oxford  and  Cambridge)  bound  together  in  one  volume. 
Cloth,    ax.  6d. 

Preeman. — works  by  Edward  a.  Freeman,  D.C.L.,  LL.D., 

R^ius  Professor  of  Modem  Hbtory  in  the  University  of  Oxford,  && 
OLD  ENGLISH  HISTORY.    With  Five  Coloured  Maps.    New 

Edition.    Extra  fcap.  8vo.    6s, 
A  SCHOOL  HISTORY  OF  ROME.  Crown  8vo.    [In preparation. 
METHODS  OF  HISTORICAL  STUDY.    A  Course  of  Lectures. 

8vo.    los,  6d, 
THE  CHIEF   PERIODS   OF   EUROPEAN  HISTORY.    Six 

Lectures  read  in  the  University  of  Oxford  in  Trinity  Term,  1885. 

With  an  Essay  on  Greek  Cities  under  Roman  Rule.  8vo.  los,  6d. 
HISTORICAL  ESSAYS.     First  Series.    Fourth  Edition.     8vo. 

ios.6d. 

Contents :— The  Mythical  and  Romantic  Elements  tn  Early  English  History— 
The  Continuity  of  English  History— The  Relations  between  the  Crown  of 
England  and  Scotland— St.  Thomas  of  Canterbury  and  his  Biographers,  &c 

HISTORICAL  ESSAYS.    Second  Series.     Second  Edition,  with 

additional  Essays.     8vo.     los,  6d, 

Contents:— Ancient  Greece  and  Mediaeval  Italy — Mr.  Gladstone's  Homer  and 
the  Homeric  Ages— The  Historians  of  Athens — The  Athenian  Democracy— 
Alexander  the  Great— Greeoe  during  the  Macedonian  Period — Mommsen's 
History  of  Rome — Lucius  Cornelius  Sulla— The  Flavian  Caesars,  &Ct  &c. 

HISTORICAL  ESSAYS..   Third  Series.    8vo.     12s. 

Contents :— First  Impressions  of  Rome — ^Tbe  Illyrian  Emperors  and  their  Land 
—Augusta  Treverorum — ^The  Goths^  at  Ravenna — Race  and  Language — ^The 
Byzantine  Empire — First  Impressions  of  Athens — Mediaeval  and  Modem 
Greece — ^The  Southern  Slaves — Sicilian  Cycles— The  Normans  at  Palermo. 

THE  GROWTH  OF  THE  ENGLISH  CONSTITUTION  FROM 
THE  EARLIEST  TIMES.     Fourth  Edition.     Crown  8vo.     51. 

GENERAL  SKETCH  OF  EUROPEAN  HISTORY.  New 
Edition.  Enlarged,  with  Maps,  &c.  i8mo.  3x,  6^.  (Vol.  I.  of 
Historical  Coarse  for  Schools.) 

EUROPE.     i8mo.     is,     {History  Primers.) 

Pyffe.— A  SCHOOL  HISTORY  OF  GREECE.  By  C.  A.  Fyffe, 
M.  A.     Crown  8vo.  [In  preparation, 

Geikie. — ^Worksby  Archibald  Geikie,  F.R.S.,  Director-General 
of  the  Geological  Survey  of  the  United  Kingdom,  and  Director  of 
the  Museum  of  Practical  Geology,  Jermyn  Street,  London ; 
formerly  Murchison  Professor  of  Geology  and  Mineralogy  in  the 
University  of  Edinburgh. 

THE  TEACHING  OF  GEOGRAPHY.    A  Practical  Handbook 

for  the  use  of  Teachers.    Crown  8vo.    2s,    Being  Volume  I.  of  a 

New  Geographical  Series  Edited  by  Archibald  Geikie,  F.R.S. 

*^*  The  aim  of  this  volume  is  to  advocate  the  claims  of  geography  as 
an  educational  discipline  of  a  high  order,  and  to  show  how  these 
claims  may  be  practically  recognised  by  teachers. 
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Geikie. — ^Works  by  Archibald,  continued, 
AN    ELEMENTARY    GEOGRAPHY    OF   THE    BRITISH 
ISLES.     i8mo.     is. 
Green.  —  Works  by   John  Richard  Green,   M.A.,    LL.D., 
late  Honorary  Fellow  of  Jesus  College,  Oxford, 
A  SHORT  HISTORY  OF  THE  ENGLISH  PEOPLE.     New 
and  Thoroughly  Revised  Edition.     With  Coloured  Maps,  Genea- 
logical Tables,  and  Chronological  Annals.    Crown  8vo.    8j.  6d, 
131st  Thousand. 
Also  the  same  in  Four  Parts,  with  the  corresponding  portion  of  Mr. 
Tait*s ''Analysis."   Crown  Svo.    3J.  6</.  each.    Parti.  607 — 1265. 
Part  IL  1265— 1540.    Part  III.  1540— 1660.    Part  IV.  1660— 1873. 
HISTORY  OF  THE  ENGLISH  PEOPLE.     In  four  vols.     8vo. 
Vol.  I.— EARLY    ENGLAND,    449-1071— Foreign    Kmgs, 
1071-1214— The  Charter,  1214-1291 — The  Parliament,  1307- 
1461.    With  eight  Coloured  Maps.     Svo.     l6s. 
Vol.  IL— THE  MONARCHY,  1461-1540— The  Reformation, 

1540-1603.    8vo.     idr. 
Vol.  III.— PURITAN  ENGLAND,  1603-1660— The  Revolu- 
tion, 1660- 1688.     With  four  Maps.    8vo.     16s, 
THE  MAKING  OF  ENGLAND.     With  Maps.     8vo.     i6s, 
THE  CONQUEST  OF  ENGLAND.     With  Maps  and  Portrait 

Svo.  1 8  J. 
ANALYSIS  OF  ENGLISH  HISTORY,  based  on  Green's  "  Short 
History  of  the  EngHsh  People."  By  C.  W.  A.  Tait,  M.  A., 
Assistant-Master,  Clifton  College.  Crown  Svo.  3J.  6d, 
READINGS  FROM  ENGLISH  HISTORY.  Selected  and 
Edited  by  John  Richard  Green.  Three  Parts.  Globe  Svo. 
IS,  6d,  each.  I.  Hengist  to  Cressy.  IL  Cressy  to  Cromwell. 
III.  Cromwell  to  Balaklava. 

Green.  —  a  short  geography  of  the  British 

ISLANDS.    By  Jqhn  Richard  Green  and  Alice  Stopford 
Green*     With  Maps.    Fcap.  Svo.     3x.  6d. 

Grove.— A   primer   of   geography.      By  Sir  George 
Grove,  D.C.L.    With  Illustrations.    iSmo.  is,  (Science  Primers,) 

Guest. — LECTURES   ON   THE  HISTORY  OF  ENGLAND. 
By  M.  J.  Guest.     With  Maps.     Crown  Svo.     6s, 

Historical  Course  for  Schools — Edited  by  Edward  A. 

Freeman,  D.C.L. ,  LL.D.,  late  Fellow  of  Trinity  College,  Oxford, 

Regius  Professor  of  Modem  History  in  the  University  of  Oxford. 
I.— GENERAL  SKETCH  OF  EUROPEAN   HISTORY.      By 

Edward    A.    Freeman,    D.C.L.    New  Edition,  revised  and 

enlarged,  with  Chronological  Table,  Maps,  and  Index.  iSmo.  3^.  6d. 
II.~HISTORY  OF  ENGLAND.     By  Edith  Thompson.    New 

Ed.,  revised  and  enlarged,  with  Coloured  Maps.     iSmo.    2s,  6d. 
III.— HISTORY  OF  SCOTLAND.   By  Margaret  Macarthur. 

New  Edition.     i8mo.     2s, 
IV.^HISTORY  OF  ITALY.    By  the  Rev.   W.  Hunt,   M.A. 

New  Edition,  with  Coloured  Maps.     i8mo.     3^.  Sd, 
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Historical  Course  for  Schools — continutd, 

v.— HISTORY  OF  GERMANY.     By  J.   Smi,    M.A.     New 

Edition  Revised.     i8mo.     y, 
VJ.— HISTORY  OF  AMERICA.    By  John  A.  Doyle.    With 

Mapsi     iSmo.    4;.  td, 
VIL— EUROPEAN  COLONIES.    By  E.  J.  Paynb,  M.A.    With 

Maps.     iSmo.    41.  td, 
VIII.— FRANCE.     By  Charlotte  M.  Yonoe.      With    Mapi. 

i8mo.     3^.  td, 
GREECE.    By  Edward  A.  Freeman,  D.C.L.     \In  preparation. 
ROME.    By  Edward  A.  Freeman,  D.C.L.  [In preparation. 

History  Primers— Edited  by  John  Richard  Green,  M.A., 

LL.D.,  Author  of  "A  Short  History  of  (he  English  People." 
ROME.   By  the  Rev.  M.  Creighton,  M.A.,  Dixie  Professor  of 

Ecclesiastical  History  in  the    UniTersity  of  Cambridge.      With 

Eleven  Maps.     iSmo.     is. 
GREECE.    By  C.  A.  Fyfpe,  M.A.,  Fellow  and  late  Tutor  of 

University  College,  Oxford.    With  Five  Maps.    i8mo.     is, 
EUROPEAN  HISTORY.     By  E.  A.  Freeman,  D.C.L.,  LL.D. 

With  Maps.     i8mo.     is, 
GREEK  ANTIQUITIES.     By  the  Rev.  J.  P.  Mahaffy,  M.A. 

Illustrated.     i8mo.     ix. 
CLASSICAL  GEOGRAPHY.   By  H.  F.  Tozer,  M.A.  iSmo.  is, 
GEOGRAPHY.    By  Sir  G.  Grove,  D.C.L.    Maps.    i8mo.     is. 
ROMAN    ANTIQUITIES.       By   Professor    Wilkins.       IUus- 

trated.     i8mo.     is. 
FRANCE.    By  Charlotte  M.  Yonge.    i8mo.     is. 
Hole.— A  GENEALOGICAL  STEMMA  OF  THE  KINGS  OF 

ENGLAND  AND  FRANCE.    By  the  Rev.  C.  Hole.    On 

Sheet,     is, 

Jennings— CHRONOLOGICAL  TABLES.  A  synchronistic 
arrangement  of  the  events  of  Ancient  History  (with  an  Index). 
By  the  Rev.  Arthur  C.  Jennings,  Rector  of  King's  Stanley, 
Gloucestershire,  Author  of  "A  Commentary  on  the  Psalms," 
"Ecclesia  Anglicana,"  **  Manual  of  Churdb  History,"  &c  8vo. 
•  [Immediatefym 

Kiepert.— A  manual  of  ancient  geography.  From 
the  German  of  Dr.  H.  Kiepert.    Crown  8vo.    5^. 

Labberton.— NEW  historical  atlas  and  general 

HISTORY.    By  R.  H.  Labberton,  Litt.Hum.D.    4to.    New 
Edition  Revised  and  Enlarged.     i$s.  * 

Lethbridge.— A  SHORT  MANUAL  OF  THE  HISTORY  OF 
INDIA.  With  an  Account  of  India  as  it  is.  The  Soil, 
Climate,  and  Productions ;  the  People,  their  Races,  Religions, 
Public  Works,  and  Industries  ;  the  Civil  Services,  and  System  of 
Administration.  By  Sir  Roper  Lethbridge,  M.A.,  CLE.,  late 
Scholar  of  Exeter  College,  Oxford,  formerly  Principal  of  Kish  laghtir 
College,  Bengal,  Fellow  and  sometime  Examiner  of  the  Calcutta 
University.    With  Maps.    Crown  8vo.    5x. 
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Macmillan's  Geographical  Series.  Edited  by  Archibald 

Geikie,  F.R.S.,  Director-General  of  the  Geological  Survey  of  the 
United  Kingdom. 

THE  TEACHING  OF  GEOGRAPHY.  A  Practical  Handbook 
for  the  use  of  Teachers.  By  Archibald  Geikib,  F.R.S. 
Crown  8vo.     2s. 

%*  The  aim  of  this  volume  is  to  advocate  the  claims  of  geography 
as  an  educational  discipline  of  a  high  order,  and  to  show  how 
these  claims  may  be  practically  recognized  by  teachers^ 

AN  ELEMENTARY  GEOGRAPHY  OF  THE  BRITISH 
ISLES.    By  Archibald  Geikie,  F.R.S.     i8mo.    is. 

MAPS  AND  MAP  MAKING.  By  Alfred  Hughes,  M.  A.,  late 
Scholar  of  Corpus  Christi  College,  Oxford,  Assistant  Master  at 
Manchester  G]:ammar  School.    Crown  8vo.  [In  the  press, 

AN  ELEMENTARY  GENERAL  GEOGRAPHY.  By  Hugh 

Robert  Mill,  D.Sc.  Edin.    Crown  8vo.  \In  the  press, 

Michelet.— A  SUMMARY  OF  MODERN  HISTORY.     Trans- 

lated  from  the  French  of  M.  Michelet,  and  continued  to  the 

Present  Time,  by  M.  C.  M.  Simpson.    Globe  8vo.    4J.  6</. 

Norgate.— ENGLAND  UNDER  THE  ANGEVIN  KINGS. 
By  Kate  Norgate.    With  Maps  and  Plans.    2  vols.  8vo.    32^. 

Ott^.— SCANDINAVIAN  HISTORY.  By  E.  C.  Ott6.  With 
Maps.    Globe  8vo.    6x. 

Ramsay.—- A  school  history  of  ROME.    By  G.  G. 

Ramsay,  M.A.»  Professor  of  Humanity  in  the  University  of 
Glasgow.     With  Maps.     Crown  8vo.  \In  preparation, 

Seeley. — Works  by  J.&R.    Sbeley,   M.A.,  Regius  Professor  of 

Modem  History  in  the  University  of  Cambridge. 
THE  EXPANSION  OF  ENGLAND.     Crown  8vo.     4J.  6^. 
OUR  COLONIAL   EXPANSION.      Extracts  from  the  above. 

Crown  8vo.     Sewed,     is, 

Tait.— ANALYSIS  OF  ENGLISH  HISTORY,  based  on  Green's 
"Short  History  of  the  English  People."  By  C.  W.  A.  Tait, 
M.A.,  Assistant-Master,  Clifton  College,    Crown  8vo.    3J.  6^. 

Wheeler.— A  SHORT  HISTORY  OF  INDIA  AND  OF  THE 
FRONTIER  STATES  OF  AFGHANISTAN,  NEPAUL, 
AND  BURMA.  By  J.  Talboys  Wheeler.  With  Maps. 
Crown  8vo.  I2j. 
COLLEGE  HISTORY  OF  INDIA,  ASIATIC  AND  EURO- 
PEAN.    By  the  same.    With  Maps.     Crown  8vo.     3J.  dd, 

Yonge  (Charlotte  M.).  — cameos  from   English 

HISTORY.  By  Charlotte  M.  Yonge,  Author  of  "The  Heir 
of  Redclyffe,"  Extra  fcap.  8vo.  New  Edition.  5j.  each.  (l) 
FROM  ROLLO  TO  EDWARD  II.  (2)  THE  WARS  IN 
FRANCE.  (3)  THE  WARS  OF  THE  ROSES.  (4)  REFOR- 
MATION  TIMES.  (5)  ENGLAND  AND  SPAIN.  (6)  FORTY 
YEARS  OF  STUART  RULE  (1603— 1643). 
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/oung. — Works  by  Charlotte  M.,  tontinued, 
EUROPEAN  HISTORY.      Narrated  in  a   Series  of  Historical 

Selections  from  the  Best  Authorities.      Edited  and  arranged  by 

E.  M.  Sewell  and  C.  M.  Yonge.    First  Series,   1003—1154. 

New  Edition.      Crown  8vo.    6s,     Second  Series,    1088 — 1228. 

New  Edition.     Crown  8vo.    6s, 
THE  VICTORIAN  HALF  CENTURY— A  JUBILEE  BOOK. 

With  a  New  Portrait  of  the  Queen.    Crown  8vo.,  paper  covers,  i*. 

Cloth,  u,  6d, 
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(i)  English,  (2)  French,  (3)  German,  (4)  Modem 
Greek,  (5)  Italian,  (6)  Spanish. 

ENGLISH. 

Abbott.— A  SHAKESPEARIAN  GRAMMAR.  An  attempt  to 
illustrate  some  of  the  Differences  between  Elizabethan  and  Modem 
English.  By  the  Rev.  E.  A.  Abbott,  D.D.,  Head  Master  of  the 
City  of  London  School.     New  Edition.     Extra  fcap.  8vo.    6s, 

Bacon. — essays.  Edited  by  F.  G.  Selby,  M.A.,  Professor  of 
Logic  and  Moral  Philosophy,  Deccan  College,  Poona.   Globe  8vo. 

[/«  prtparoHon* 

Burke.— REFLECTIONS  ON  THE  FRENCH  REVOLUTION. 
Edited  by  F.  G.  Selby,  M.A.,  Professor  of  Logic  and  Moral 
Philosophy,  Deccan  College,  Poona.   Globe  8vo.  \ln  preparation, 

Brooke.— PRIMER  OF  ENGLISH  LITERATURE.  By  the 
Rev.  Stopford  A.  Brooke,  M.A.  i8mo.  is,  {Literature 
Primers,) 

Butler. — HUDIBRAS.  Edited,  with  Irtroduction  and  Notes,  by 
Alfred  Milnes,  M.A.  Lon.,  late  Student  of  Lincoln  College, 
Oxford.  Extra  fcap  8vo.  Part  I.  3J.  6rf*     Parts  II.  and  111.  ^.6d, 

Cowper's  TASK:  AN  EPISTLE  TO  JOSEPH  HILL,  ESQ.; 
TIROCINIUM,  or  a  Review  of  the  Sdhools;  and  THE  HIS- 
TORY OF  JOHN  GILPIN.  Edited,  with  Notes,  by  William 
Benham,  B.D.  Globe  8yo.  \s,  {Globe  Readings  from  Standard 
Authors,) 
THE  TASK.  Edited  by  W.  T.  Webb,  M.  A. ,  Professor  of  English 
Literature,  Presidency  College,  Calcutta.  {In  preparation, 

Dowden. — Shakespeare.  By  Professor  Dowden.  i8mo. 
i^.     {Literature  Primers,) 

Dryden. — select  prose  works.  Edited,  with  Introduction 
and  Notes,  by  Proi5essor  C.  D.  Yx)Nge.     Fcap.  8vo.    tf.  6d, 
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ENGLISH    CLASSICS    FOR    INDIAN 

STUDENTS. 

A  SERIES  OF  SELECTIONS  FROM  THE  WORKS  OF  THE 
GREAT  ENGLISH  CLASSICS,  with  Introductions  and  Notes, 
specially  written  for  the  use  of  Native  Students  preparing  for  the 
Examinations  of  the  Universities  of  Bombay,  Calcutta,  Madras, 
and  the  Punjab.  The  books  are  abo  adapted  for  the  use  of  English 
Students. 

The  following  Volumes  are  ready  or  in  preparation. 

Bacon. — essays.  Edited  by  F.  G.  Selby,  M.A.,  Professor  of 
Logic  and  Moral  Philosophy,  Deccan  College,  Poona. 

\In  preparation, 

Burke.— REFLECTIONS  ON  THE  FRENCH  REVOLUTION, 
By  Ihe  same  Editor.  [In  preparation. 

Cowper.— THE  TASK.  Edited  by  W.  T.  Webb,  M.A.,  Pro- 
fessor  of  English  Literature,  Presidency  College,  Calcutta.  Globe 
8vo.  [In  preparation. 

Goldsmith.— THE  TRAVELLER  AND  THE  DESERTED 
VILLAGE.  Edited  by  Arthur  Barrett,  B.A.,  Professor  of 
English  Literature,  Elphinstone  College,  Bombay.  Globe  8vo. 
\s.  6d,  [Ready. 

THE  VICAR  OF  WAKEFIELD.  Edited  by  Harold  Little- 
dale,  B.A.,  Professor  of  History  and  English  Literature,  Baroda 
Collie.  [In  preparation. 

Helps.— ESSAYS  WRITTEN  IN  THE  INTERVALS  OF 
BUSINESS.  Edited  by  F.  J.  Rows,  M.  A.,  Professor  of  English 
Literature,  Presidency  College,  Calcutta.  [In  preparation, 

Milton.— PARADISE  LOST,  Books  I.  and  IL  Edited  by 
Michael  Macmillan,  B.A.,  Professor  of  Logic  and  Mond 
Philosophy,  Elphinstone  College,  Bombay.    Globe  8vo.    2s,  6d, 

[Ready, 

Scott.— THE  LADY  OF  THE  LAKE.  Edited  by  G.  H.  Stuart, 
Professor  of  English  Literature,  Presidency  College,  Madras. 

[In  preparation, 
THE  LAY  OF  THE  LAST  MINSTREL.     By  the  same  Editor. 

[In  preparation, 

MARMION.    Edited  by  Michael  Macmillan,  B.  A.    Globe  8vo. 

3J.  6^.  [Ready, 

ROKEB Y.     By  the  same  Editor.  [In  preparation, 

Shakespeare.— MUCH  ado  about  nothing.  Edited  by 
K.  Deighton,  M.  a.,  late  Principal  of  Agra  College.    Globe  8vo. 

henry  v.     By  the  same  Editor.  [/« preparation, 

THE  WINTER^S  TALE.     By  the  same  Editor.      [In  preparation, 
RICHARD  IIL     Edited  by  C.  H.  Tawney,  M.A.,  Principal  and 
Professor  of  English  Literature,  Elphinstone  College,  Calcutta. 

[In  preparation. 
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Tennyson.— SELECTIONS.  Edited  by  F.  J.  RoWE,  M.A., 
and  W.  T.  Webb,  M.A.,  Professors  of  English  Literature,  Pre- 
sidency College,  Calcutta.  [In  the prtss. 

This  Volume  contains  ^— Recollections  of  the  Arabian  Nights— The  Lady  of 
Shalott — CEnone— The  Lotos-£ater»— A  Dream  of  Fair  Women— Morte 
D'Arthur— Dora— Ulysses— Tithonus— Sir  Galahad— The  Lord  of  Burleigh— 
Ode  on  the  Death  of  the  Duke  of  Wellington— The  Revenge. 

Wordsworth.— SELECTIONS.  Edited  by  William  Words- 
worth, B.A.,  Principal  and  Professor  of  History  and  Political 
Economy,  Elphinstone  College,  Bombay.  \In preparation, 

Gladstone,— SPELLING  reform  from  an  educa- 

TIONAL  POINT  OF  VIEW.  By  1.  H.  Gladstone,  Ph.D., 
F.R.S.,  Member  of  the  School  Board  for  London.  New  Edition. 
Crown  8vo.     is.  6d, 

Globe  Readers.  For  standards  L— VI.  Edited  by  A.  F. 
MuRisoN.  Sometime  English  Master  at  the  Aberdeen  Grammar 
School.    Witiii  Illustrations.    Globe  8vo. 

Primer  I.    (48  pp.)        3^  Book  III.  (232  pp.)  is.  %d. 

II.   (48  " 


Primer II.  (48  pp.)  3</. 
Book  I.  (96  pp.^  6</. 
Book    II.  (136  pp.)        9^. 


Book  IV.  (328  pp.)  is.  9^. 
Book    V.  (416  pp.)  2j. 
Book  VI.  (448  pp.)  £r.  ^ 


** 


Among  the  numerous  sets  of  readers  before  the  public  the  present  series  it 
honourably  distin^shed  by  the  marked  superiority  of  its  materials  and  Che 
careful  ability  with  which  they  have  been  adapted  to  the  p;rowing  capacity  of  the 
pupils.  The  plan  of  the  two  primers  is  excellent  for  facilitating  the  child's  first 
attempts  to  read.  In  the  first  three  following  books  there  is  abundance  of  enter- 
taining reading.  ....  Better  food  for  young  minds  could  hardly  be  found."— 
Thb  Athbnjbum. 

*The  Shorter  Globe  Readers. — with  illustrations.  Globe 

8vo. 


Primer  I.  (48  pp*)  3^« 
Primer  II.  (4:8  pp.)  3^. 
Standard  I.  (92  pp.)  od. 
Standard  II.  (124  pp.)  gd. 


Standard  III.  (178  PP.)  i^. 
Standard  IV.  (182  pp.)  is. 
Standard   V.  (216  pp>)  is.  3^. 
Standard  VI.  (228  pp.)  is.  6d. 


*  Tins  Series  has  been  abridged  from  "The  Globe  Readers"  to  meet  the  demand 
for  smaller  reading  books. 

GLOBE    RKADINGS    FROM    STANDARD    AUTHORS. 

Cowper'STASK:  AN  EPISTLE  TO  JOSEPH  HILL,  ESQ.; 
TIROCINIUM,  or  a  Review  of  the  Schools ;  and  THE  HIS- 
TORY OF  JOHN  GILPIN.  Edited,  with  Notes,  by  William 
Benham,  B.D.    Globe  Svo.    is. 

Goldsmith's  vicar  of  Wakefield,    with  a  Memoir  of 

Goldsmith  by  Professor  Masson.    Globe  Svo.     ix. 

Lamb's    (Charles)    tales    from    Shakespeare. 

Edited,    with    Preface,    by    the  Rev.  Canon    Ainger,    M.A, 
Globe  8vo;    2j, 
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Scott's  (Sir  Walter)  LAY  OF  THE  LAST  MINSTREL; 
and  THE  LADY  OF  THE  LAKE.     Edited,  with  Introductions 
and  Notes,  by  Francis  Turner  Palgrave.    Globe  8vo.     is. 
MARMION ;  and  the  LORD  OF  THE  ISLES.     By  the  same 
Editor.    Globe  8vo.     is. 

The  Children's   Garland  from  the  Best  Poets. — 

Selected  and  arranged  by  Coventry  Patmore.    Globe  8vo.    2s. 

Yonge  (Charlotte  M.).— a  BOOK  OF  golden  deeds 

OF  ALL  TIMES  AND  ALL  COUNTRIES.  Gathered  and 
narrated  anew  by  Charlotte  M.  Yonge,  the  Author  of  **  The 
Heir  of  Redclyflfe."    Globe  8vo.     2s. 

Goldsmith. — THE  traveller,  or  a  Prospect  of  Society ; 
and  THE  DESERTED  VILLAGE.  By  Oliver  Goldsmith. 
With  Notes,  Philological  and  Explanatory,  by  J.  W.  Hales,  M.A. 
Crown  8vo.     6d. 

THE  VICAR  OF  WAKEFIELD.  With  a  Memoir  of  Goldsmith 
by  Professor  Masson.  Globe  8vo.  is,  {G/o&e  Headings  from 
Standard  Authors,) 

SELECT  ESSAYS.  Edited,  with  Introduction  and  Notes,  by 
Professor  C.  D.  Yonge.     Fcap.  8vo.     2s,  6d, 

THE  TRAVELLER  AND  THE  DESERTED  VILLAGE. 
Edited  by  Arthur  Barrett,  B.A.,  Professor  of  English  Litera- 
ture, Elphinstone  College,  Bombay.     Globe  8vo.     is,  6d. 

THE  VICAR  OF  WAKEFIELD.  Edited  by  Harold  Liitle- 
dale,  B.A.,  Professor  of  History  and  English  Literature,  Baroda 
College.     Globe  8vo.  [In  preparation. 

Gosse.— A  HISTORY  OF  ENGLISH  LITERATURE  IN  THE 
REIGN  OF  QUEEN  ANNE.  By  Edmund  Gosse.  Crown 
8vo.  [In  the  press. 

Hales.— LONGER  ENGLISH  POEMS,  with  Notes,  Philological 
and  Explanatory,  and  an  Introduction  on  the  Teaching  of  English, 
Chiefly  for  Use  in  Schools.  Edited  by  J.  W.  Hales,  M.A., 
Professor  of  English  Literature  at  King's  College,  London.  New 
Edition.     Extra  fcap.  8vo.     4f.  6d, 

Helps.— ESSAYS  WRITTEN  IN  THE  INTERVALS  OF 
BUSINESS.  Edited  by  F.  J.  RowE,  M.  A.,  Professor  of  English 
Literature,  Presidency  College,  Calcutta.    Globe  Svo. 

[In  preparation, 

Johnson's  lives  OF  THE  POETS.  The  Six  Chief  Live^ 
(Milton,  Dryden,  Swift,  Addison,  Pope,  Gray),  with  Macaulay'b 
"  Life  of  Johnson."  Edited  with  Preface  and  Notes  by  MATTHE^v 
Arnold.     New  and  cheaper  edition.     Crown  8vo.     4^.  (>d. 

Lamb  (Charles).— TALES  from  shakespi.are.  Edited, 

with    Preface,  by  the  Rev.  Canon  Ainger,  M.A.    Globe  8vo. 
2f.    {Globe  Readings Jrofu  Standard  Authoi's,) 
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Literature    Primers — Edited  by  John  Richard  G&bbn, 

M.A.,  LL.D.,  Author  of  "A  Short  History  of  the  English  People." 

ENGLISH  COMPOSITION.    By  Professor  Nichol.    i8mo.    i*. 

ENGLISH  GRAMMAR.  By  the  Rev.  R.  Morris,  LL.D.,  some- 
time President  of  the  Philological  Society.     i8mo.     is, 

ENGLISH  GRAMMAR  EXERCISES.  By  R.  Morris,  LL.D., 
and  H.  C.  BowEN,  M.A.     i8mo.     is, 

EXERCISES  ON  MORRIS'S  PRIMER  OF  ENGLISH 
GRAMMAR.  By  John  Wetherell,  of  the  Middle  School, 
Liverpool  College.    i8mo.     is, 

ENGLISH  LITERATURE.  By  Stopford  Brooke,  M.A.  New 
Edition.     i8mo.     i.r. 

SHAKSPERE.    By  Professor  Dowden.     i8mo.    is. 

THE  CHILDREN'S  TREASURY  OF  LYRICAL  POETRY. 
Selected  and  arranged  with  Notes  by  Francis  Turner  Pal- 
grave.     In  Two  Parts.     i8mo.     is,  each. 

PHILOLOGY.    By  J.  Peile,  M.A.     i8mo.     i*. 

A  History  of  English  Literature  in  Four  Volumes. 

Crown  8vo. 

EARLY  ENGLISH  LITERATURE.  By  Stopford  Brooke, 
M.  A.  [In  preparation, 

ELIZABETHAN  LITERATURE.  By  George  Saintsbury. 
*js,6d, 

THE  AGE  OF  QUEEN  ANNE.  By  Edmund  GossE.  {In  the  press, 

THE  MODERN  PERIOD.  By  Professor  E.  Dowden.  [In  prep. 

Macmillan's  Reading  Books. — Adapted  to  the  English  and 

Scotch  Codes.     Bound  in  Cloth. 


PRIMER.  i8mo.  (48  pp.)    2d, 
BOOK  I.  for  Standard  I.    l8mo. 

(96  pp.)    4^. 
BOOK  II.  for  Standard  11.  i8mo. 

(144  pp.)    5^- 
BOOK  V.  for  Standard  V.  i8mo. 

(380  pp.)     IS. 


BOOK:   III.    fer  Standard  III. 
i8mo.    (160  pp.)    6dr. 

BOOK   IV.    for   Standard   IV. 

i8mo.     (176  pp.)    &/. 
BOOK  VI.  for  StJ^dard  VI.  Cr. 

8vo.     (430  pp.)    2s. 

Book  VI.  is  fitted  for  higher  Classes,  and  as  an   Introduction  to 
English  Literature. 

Macmillan's  Copy-Books — 

Published  in  two  sizes,  viz.  : — 

1.  Large  Post  4to.     Price  4^.  each. 

2.  Post  Oblong.    Price  2d,  each. 

X.  INITIATORY  EXERCISES  AND  SHORT  LETTERS. 

9.  WORDS  CONSISTING  OF  SHORT  LETTERS 
•3.  LONG  LETTERS.    With  Words  containing  Long  Letters— Figures. 
*4.  WORDS  CONTAINING  LONG  LETTEi<S. 
4a.  PRACTISING  AND  REVISING  COPY-BOOK.    ForNos.  1  to  4. 
*5.  CAPITALS  AND  SHORT  HALF-TEXT.  Words  beginning  with  a  Capital. 
•6.  HALF-TEXT  WORDS  beginning  with  Capitals-Fignres. 
«7.  SMALL-HAND  AND  HALF-TEXT.    With  Capitals  and  Figures. 
•8.  SMALL-HAND  AND  HALF-TEXT.    With  Capitals  and  Figures. 
8a.  PRACIISING  AND  REVISING  COPY-BOOK.    Far  Nos.  5  to  8. 
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Macmillan's  Copy  Books  Icantinueij^ 

•9.  SMALL.HAND  SINGLE  HEADLINES— Figures, 
xo.  SMALL-HAND  SINGLE  HEADLINES -Figures. 
XI.  SMALL-HAND  DOUBLE  HEADLINES— Figures, 
xa.  COMMERCIAL  AND  ARITHMETICAL  EXAMPLES,  &c 
iaa.  PRACTISING  AND  REVISING  COPY-BOOK.    For  Nos.  8  to  ra. 
*  These  numbers  may  be  had  with  GoodmatCs  Patent  Sliding 
Copies,    Large  Post  4to.     Price  6</.  each. 

Martin. — the  poet's  hour  :  Poetry  selected  and  arranged 
for  Children.     By  Frances  Martin«     New  Edition.     i8mo. 

SPRING-TIME    WITH    THE    POETS:    Poetry    selected   by 
^  Frances  Martin.    New  Edition.    i8mo.    y  (id, 
Milton. — By  Stopford  Brooke,   M.A.     Fcap.  8vo.      i/.   6rf 
(Classical  Writers  Series,) 

Milton.— PARADISE  LOST.  Books  I.  and  IL  Edited,  with 
Introduction  and  Notes,  by  Michael  Macmillan,  B.A.  Oxon, 
Professor  of  Log^c  and  Moral  Philosophy,  Elphinstone  College, 
Bombay.     Glot^  Svo.     2J.  6d. 

Morley.— ON  the  study  of  literature.  The  Annual 
Address  to  the  Students  of  the  London  Society  for  the  Extension 
of  University  Teaching.  Delivered  at  the  Mansion  House, 
February  26, 1887. .  By  John  Morley.   Globe  Svo.  Cloth,    is,  6d. 

•  Also  a  Popular  Edition  in  Pamphlet  form  for  Distribution^  price  2d, 

Morris. — Works  by  the  Rev.  R.  Morris,  LL.D. 
HISTORICAL    OUTLINES    OF    ENGLISH    ACCIDENCE, 

comprising  Chapters   on  the  History  and   Development  of  the 

Language,  and  on  Word-formation.      New  Edition.     Extra  fcap. 

Svo.     6j. 
ELEMENTARY    LESSONS    IN    HISTORICAL    ENGLISH 

GRAMMAR,  containing  Accidence  and  Word-formation.     New 

Edition.     i8mo.    2s.  6d, 
PRIMER  OF  ENGLISH  GRAMMAR.     i8mo.     is,     (§ee  also 

Literature  Primers,) 

Oliphant.— THE  OLD  AND  MIDDLE  ENGLISH.     A  New 

Edition  of  "THE  SOURCES  OF  STANDARD  ENGLISH," 

revised  and  greatly  enlarged.    By  T.  L.  Kington  Oliphant. 

Extra  fcap.  Svo.    91. 

THE  NEW  ENGLISH.  By  the  same  Author.  2  vols.  Cr.  8vo.  2\s. 

Palgrave. — ^the  children's  treasury  of  lyrical 

POETRY.      Selected   and  arranged,  with  Notes,  by  Francis 
Turner  Palgrave.  i8mo.  2s,  6d,  Also  in  Two  Parts,  is.  each. 

Patmore.— THE  children's  garland   from  the 

BEST  POETS.  Selected  and  arranged  by  Coventry  Patmore. 
Globe  8vo.  2s,  (Globe  Recuiings  from  Standard  Authors.) 
Plutarch. — Being  a  Selection  from  the  Lives  which  Illustrate 
Shakespeare.  North's  Translation.  Edited,  with  Introductions, 
Notes,  Index  of  Names,  and  Glossarial  Index,  by  the  Rev.  W. 
W.  Skeat,  M.A.     Crown  8vo.     6s, 
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Saintsbury.— A  history  OF  ELIZABETHAN  LITERA- 
TURE.    By  George  Saintsbury.    Cr.  8vo.    7/.  6tf, 
Scott's   (Sir   Walter)   LAY  OF  the  LAST  MINSTREL, 
and  THE  LADY  OF  THE  LAKE.   Edited,  with  Introduction 
and  Notes,  by  Francis  Turner  Palgrave.    Globe  8yo.    is, 
{Globe  Readings  from  Standard  Authors^ 

MARMION  ;  and  THE  LORD  OF  THE  ISLES.  By  the  same 
Editor.   Globe  8vo.    ij.   (Globe  Readings  from  Standard  Atahors,) 

MARMION.  Edited,  with  Introduction  and  Notes,  by  M.  Mac- 
MILLAN,  B.A.  Oxon,  Professor  of  Logic  and  Moral  Philosophy, 
Elphinstone  College,  Bombay.     Globe  8vo.     3^.  6d, 

THE  LADY  OF  THE  LAltE.  Edited  by  G.  H.  Stuart,  M.A,, 
Professor  of  English  Literature,  Presidency  College,  Madras. 
Globe  8vo.  [/„  preparation. 

THE  LAY  OF  THE  LAST  MINSTREL.  By  the  same  Editor. 
Globe  8vo.  [/«  preparation. 

ROKEBY.    By  Michael  Macmillan,  B.A.    Globe  8vo. 

[In  preparation, 

Shakespeare.— A  Shakespearian  grammar.  By  Rev. 

E.  A.  Abbott,  D.D.,  Head  Master  of  the  City  of  London  School. 

Globe  8vo.    6j. 
A  SHAKESPEARE  MANUAL.     By  F.  G.  Fleay,  M.A.,  late 

Head  Master  of  Skipton  Grammar   School.      Second   Edition. 

Extra  fcap.  8vo.     4J.  (yd. 
PRIMER  OF  SHAKESPEARE.     By  Professor  Dowden.    i8mo. 

is.     {Literature  Pf  imers. ) 
MUCH  ADO  ABOUT  NOTHING.     Edited  by  K.  Deighton, 

M.A.,  late  Principal  of  Agra  College.     Globe  8vo.     2s, 
HENRY  V.     By  the  same  Editor.     Globe  8vo.        [In  preparaiion, 
THE  WINTER'S  TALE.     By  the  same  Editor.     Globe  8vo. 

[In  preparation. 
RICHARD  IIL     Edited  by  C.  H.  Tawney,  M.  A.,  Principal  and 

Professor  of  English  Literature,  Elphinstone  College,  Calcutta. 

Globe  8vo.  [In  preparation. 

Sonnenschein    and    Meiklejohn.  —  the   English 

METHOD  OF  TEACHING  TO  READ.     By  A.  Sonnen- 
schein  and  J.  M.  D.  Meiklejohn,  M.A.    Fcap.  8yo. 

COMPRISING: 

THE  NURSERY  BOOK,  containing  all  the  Two-Letter  Words 

in  the  Language,     id.     (Also  in  Large  Type  on  Sheets  for 

School  WaUs.    5**) 
THE  FIRST  COURSE,  consisting  of  Short  Vowels  with  Single 

Consonants.     6d. 
THE  SECOND  COURSE,   with  Combinations  and  Bridges, 

consisting  of  Short  Vowels  with  Double  Consonants.     6d, 
THE  THIRD  AND  FOURTH  COURSES,  consisting  of  Long 

Vowels,  and  all  the  Double  Vowels  in  the  Language.     6d, 

"These  are  admirable  books,  because  they  are  constructed  on  a  principle,  and 
ihat  the  simplest  jprincijite  (m  which  it  is  possibit:  to  learn  to  read  English."—* 
'gPBCTATOXt 
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Taylor.— WORDS  ANJ>  places  ;  or,  Etymological  lUustra- 
tions  of  History,  Ethnology,  and  Geography.  By  the  Rev. 
Isaac  Taylor,  M.A.,  Litt.  D.,  Hon.  LL.D.,  Canon  of  York. 
Third  and  Cheaper  Edition,  revised  and  compressed.  With  Maps. 
Globe  8vo,     6s. 

Tennyson.— The  collected  works  of  lord  tenny- 

SON,  Poet  Laureate.  An  Edition  for  Schools.  In  Four  Parts. 
Crown  8vo.   2s,  6d.  each. 

SELECTIONS  FROM  LORD  TENNYSON'S  POEMS.  Edited 
with  Notes  for  the  Use  of  Schools.  By  the  Rev.  Alfred 
AiNGER,  M.A.,  LL.D.,  Canon  of  Bristol.  \_In preparation., 

SELECT  POEMS  OF  LORD  TENNYSON.  With  short  Intro- 
duction and  Notes.  By  W.  T.  Webb,  M.A.,  Professor  of  History 
and  Political  Economy,  and  F.  J.  RoWE,  Professor  of  English 
Literature,  Presidency  College,  Calcutta,    Globe  8vo. 

[In  the  press. 
This  selection  cont^ns : — "Recollections  of  the  Arabian  Nights,"  "The  Lady  of 
Shalott,"  "Oenone,"  "The  Lotos  Eaters,"  "  UJysses,"  "Tithonus,"  "Morte 
d'Arthur,"  "Sir  Galahad,"  "  Dora,"  "The  Ode  on  the  Death  of  the  Duke  of 
Wellington,"  and  the  Ballad  of  the  "  Revenge." 

Thring.— THE  elements  of  grammar  taught  IN 

ENGLISH.     By  Edward  Thring,  M.  A.,  late  Head  Master  of 
Uppingham.   With  Questions.    Fourth  Edition.  i8mo.    2J. 

Vaughan  (CM.).— WORDS  FROM  THE  POETS.  By 
C.  M.  Vaughan.    New  Edition.     i8mo,  cloth,     is. 

Ward. — ^THE  ENGLISH  POETS.  Selections,  with  Critical 
Introductions  by  various  Writers  and  a  General  Introduction  by 
Matthew  Arnold.  Edited  by  T.  H.  Ward,  M.A.  4  Vols. 
Vol.  I.  CHAUCER  TO  DONNE.— Vol.  II.  BEN  JONSON 
TO  DRYDEN.— Vol.  III.  ADDISON  to  BLAKE.— Vol.  IV. 
WORDSWORTH  to  ROSSETTI.    Crown  8vo.    Each  p.  6^. 

Wetherell— EXERCISES  ON  MORRIS'S  PRIMER  OF 
ENGLISH  GRAMMAR.  By  John  Wetherell,  M.A. 
i8mo.     is.     {Literature  Primers.) 

Woods.— A  FIRST  SCHOOL  POETRY   BOOK.      Compiled 

by  M.  A.  Woods,  Head  Mistress  of  the  Clifton  High  School  for 

Girls.     Fcap.  8vo.     2s.  6d. 
A  SECOND  SCHOOL  POETRY  BOOK.    By  the  same  Author. 

Fcap.  8vo.    4*.  6^. 
A  THIRD  SCHOOL  POETRY  BOOK.    By  the  same  Author. 

Fcap.  8vo.  [/'»  preparation, 

Wordsworth.--SELECTIONS.  Edited  by  William  Words- 
worth, B.A.,  Principal  and  Professor  of  Hbtory  and  Political 
Economy,  Elphinstone  College,  Bombay.  {In  preparation. 

Yonge  (Charlotte  M.).— the   abridged   book   of 

GOLDEN  DEEDS.     A  Reading  Book  for  Schools  and  general 

readers  By  the  Author  of  "  The  Heir  of  Redclyffc."  i8mo,  cloth,  is. 

GLOBE  READINGS  EDITION.     Globe  8vo.    2s.    (See  p.  60.) 

/ 
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FRENCH. 

Beaumarchals.-— LE  barbier  de   Seville.    Edited, 

with  Introduction  and  Notes,  by  L.  P.  Blouet,  Assistant  Master 
in  St.  Paul's  School.     Fcap.  8vo.    3^.  6d» 

Bowen.— FIRST  LESSONS   IN  FRENCH.     By  H.  CouR- 
THOPE  BoWEN,  M,A.,  Principal  of  the  Finsbury  Training  College 
for  Higher  and  Middle  Schools.     Extra  fcap.  8vo.     is. 
Breymann. — Works  by    Hermann  Breymann,   Ph.D.,   Pro- 
fessor  of  Philology  in  the  University  of  Munich.. 

A  FRENCH  GRAMMAR  BASED  ON  PHILOLOGICAL 
PRINCIPLES.     Second  Edition.    Extra  fcap.  8vo.     41.  6d, 

FIRST  FRENCH  EXERCISE  BOOK.    Extra  fcap.  8vo.   ^r.  6d. 

SECOND  FRENCH  EXERCISE  BOOK.  Extra  fcap.  8vo.  zs,  6d. 
Pasnacht. — Works  by  G.  Eugene  Fasnacht,  Author  of  **Mac- 
millan's  Progressive  French   Course,"  Editor  of  "  Macmillan's 
Foreign  School  Classics,"  &c. 

THE  ORGANIC  METHOD  OF  STUDYING  LANGUAGES. 
Extra  fcap.  8vo.     I.  French.     3^.  6d, 

A  SYNTHETIC  FRENCH  GRAMMAR  FOR  SCHOOLS. 
Crown  8vo.     3J.  6</. 

GRAMMAR  AND  GLOSSARY  OF  THE  FRENCH  LAN- 
GUAGE OF  THE  SEVENTEENTH  CENTURY.  Crown 
8vo.  [In  preparatiotu, 

Macmillan's    Primary    Series    of    French    and 
German    Reading   Books. — ^Edited   by  G.  EuoiNE 

Fasnacht,  Assistant-Master  in  Westminster  School.  With 
Illustrations.     Globe  8vq. 

DE  MAISTRE—LA  JEUNE  SIBERIENNE  ET  LE  LlSPREUX 
DE  LA  CITE  D'AOSTE.  Edited,  with  Introduction,  Notes, 
and  Vocabulary.  By  Stephane  Barlet,  B.  Sc.  Univ.  Gall,  and 
London ;  Assistant-Master  at  the  Mercers'  School,  Examiner  to 
the  College  of  Preceptors,  the  Royal  Naval  College,  &c.     u.  6</. 

FLORIAN—FABLES.  Selected  and  Edited,  with  Notes,  Vocabu- 
lary, Dialogues,  and  Exercises,  by  the  Rev.  Charles  Yeld,  M.A., 
Head  Master  of  University  School,   Nottingham.      Illustrated. 

\St     ddm 

GRIMM— KINDER  UND  HAUSMARCHEN.  Selected  and 
Edited,  with  Notes,  and  Vocabulary,  by  G.  E.  Fasnacht.    zs, 

HAUFF.— DIE  KARAVANE.  Edited,  with  Notes  and  Vocabu- 
lary, by  Herman  Hager,  Ph.D.  Lecturer  in  the  Owens  College, 
l^anchester.     zs,  6^. 

LA  FONTaInE— A  SELECTION  OF  FABLES.  Edited,  witfj 
Introduction,  Notes,  and  Vocabulary,  byL.  M.  Moriarty,  B.A., 
Professor  of  French  in  King's  College,  London.     2s. 

PERRAULT— CONTES  DE  F^ES.  Edited,  with  Introduction, 
Notes,  and  Vocabulary,  by  G.  E.  Fasnacht.     if. 

G.  SCHWAB— ODYSSEUS.  With  Introduction,  Notes,  and 
Vocabulary,  by  the  same  Editor,  \In preparation. 
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MaemiUan^s  Progressive  French  Course. — By  G. 

EUG&NE  Fasnacht,  Assistant-Master  in  Westminster  School. 
I. — ^FiRST  Year,    containing   Easy  Lessons     on    the    Regular 
Accidence.    New  and  thoroughly  revised  Edition.     Extra  fcap. 
8vo.     is, 
JI.-^ECOND  Year,   containing  an  Elementary  Grammar  with 
copious'  Exercises,  Notes,  and  Vocabularies.    A  new  Edition, 
enlarged  and  thoroughly  revised.     Extra  fcap.  8vo.     2s, 
IIL — Third  Year,  containing  a  Systematic  Syntax,. and  Lessons 
in  Composition.     Extra  fcap.  8vo.     2s,  6d, 
EXERCISES  IN   FRENCH   COMPOSITION.      Part  L   Ele- 
mentary.    Part  II.  Advanced.    By  G.  E.  Fasnacht. 

[Pari  /.  in  the  press, 
THE  TEACHER'S  COMPANION  TO  MACMILLAN'S 
PROGRESSIVE  FRENCH  COURSE.  With  Copious  Notes, 
Hints  for  Different  Renderings,  Synonymsj  Philological  Remarks, 
&c.  By  G.  E.  Fasnacht.  Globe  Svo.  First  Year  4^.  6</., 
Second  Year  4s,  6d,y  Third  Year  /^,  6d, 

Macmillan's    Progressive    French     Readers.    By 

G.  EuGfiNB  Fasnacht. 
.  I.— First  Year,  containii^;  Fables,  Historical  Extracts,  Letters, 
Dialogues,  Ballads^  Nursery  Songs,  &c.,  with  Two  Vocabularies : 
(i)  in  the  order  of  subjects;  (2)  in  alphabetical  order.  Extra 
fcapb  Svo.  2s.  6d, 
II,  —  Second  Year,  containing  Fiction  in  Prose  and  Verse, 
Historical  and  Descriptive  Extracts,  Essays,  Letters,  Dialogues, 
&c.    Extra  fcap.  Svo.    2s,  6d, 

Macmillan's  Foreign  School  Classics.    Edited  by  G. 

EuG&NE  Fasnacht.    iSmo. 

FRENCH. 

CORNEILLE— LE  CID.    Edited  by  G.  E.  Fasnacht,    is. 
DUMAS— LES    DEMOISELLES    DE    ST.  CYR.      Edited  by 

Victor  Oger,  Lecturer  in  University  College,  Liverpool,  is.  6d, 
LA  FONTAINE'S  FABLES.     Books  I.— VI.     Edited  by  L.  M. 

Mori  ARTY,  B.  A.,  Professor  of  French  in  King's  College,  London. 

[In  preparation. 
MOLlfeRE— L'AVARE.     By  the  same  Editor,     is. 

MOLltRE— LE  BOURGEOIS  GENTILHOMME,    By  the  same 
Editor.     IS,  6d. 

MOLlfcRE— LES  FEMMES  SAVANTES.  By  G.  E.  Fasnacht. 
IX. 

MOLlfeRE— LE  MISANTHROPE.     By  the  same  Editor,     is. 

MOLIERE— LE    MfeDECIN    MALGRE    LUL      By  the   same 

Editor.     IX. 
RACINE— BRITANNICUS.     Edited   by  EuofeNE    Pellissier, 

Assistant- Master  in  Clifton  College^  and  Lecturer  in  University 

College,  Bristol,    zs. 

/a 
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Macmillan's  Foreign  School  Classics  {continued)*^ 

FRENCH  READIl^GS  FROM  ROMAN  HISTORY.  Selected 
from  Various  Authors  and  Edited  by  C.  Colbeck,  M.A.,  late 
Fellow  of  Trinity  College,  Cambridge;  Assistant -Master  at 
Harroiv      aj(  (id 

SAND,  GEORGE— LA  MARE  AU  DIABLE.  Edited  by  W.  E. 
Russell,  M.A.,  Assistant-Master  in  Haileybury  College,     is, 

SANDEAU,  JULES— MADEMOISELLE  DE  LA  SEIGLIERE. 
Edited  by  H.  C.  Steel,  Assistant-Master  in  Winchester  College. 
\5,  6d, 

THIERS'S  HISTORY  OF  THE  EGYPTIAN  EXPEDITION. 
Edited  by  Rev.  H.  A.  Bull,  M.A.  Assistant-Master  in 
Wellington  College.  [In  Reparation, 

VOLTAIRE^-CHARLES  XIL  Edited  by  G.  E.  Fasnacht.  z^,6d. 

%*  Other  volumes  to  follow, 
(See  also  German  Authors,  page  69. 

Masson  (Gustave).— a  compendious  dictionary 

OF  THE  FRENCH  LANGUAGE  (French-English  and  English- 
French).  Adapted  from  the  Dictionaries  of  Professor  Alfred 
Elwall.  Followed  by  a  List  of  the  Principal  Diverging 
Derivations,  and  preceded  by  Chronological  and  Historical  Tables. 
By  Gustave  Masson,  Assistant-Master  and  Librarian,  Harrow 
School.     New  Edition.     Crown  8vo.     6s, 

Moliere. — LE  MALADE  IMAGINAIRE.  Edited,  with  Intro- 
duction and  Notes,  by  Francis  Tarver,  M.A.,  Assistant-Master 
at  Eton.    Fcap.  8vo.    2s.  6d, 

(See  also  Macmillan^s  Foreign  School  Classics,) 

Pellissier.— FRENCH  roots  and  THEIR  FAMILIES.  A 
Synthetic  Vocabulary,  based  upon  Derivations,  for  Schools  and 
Candidates  for  Public  Examinations.  By  Eugene  Pellissier, 
M.  A.,  B.Sc,  LL.B.,  Assistant-Master  at  Clifton  CoU^e,  Lecturer 
at  University  College,   Bristol.     Globe  8vo.     6s, 

GERMAN. 

HuSS.— A  SYSTEM  OF  ORAL  INSTRUCTION  IN  GERMAN, 
by  means  of  Progressive  Illustrations  and  Applications  of  the 
leading  Rules  of  Grammar.  By  Hermann  C.  O.  Huss,  Ph.D. 
Crown  8vo.    $5. 

Macmillan's  Progressive  German  Course.    By  G. 

EuGfeNE  Fasnacht. 
Part  I. — First  Year.    Easy  Lessons  and  Rules  on  the  Regular 

Accidence.     Extra  fcap.  8vo.     is,  6d, 
Part  II. — Second  Year.      Conversational  Lessons  in  Systematic 

Accidence  and  Elementary  Syntax.  With  Philological  Illustrations 

and    Etymological   Vocabulary.      New    Edition,    enlarged    and 

thoroughly  recast.    Extra  fcap.  8vo.    3j.  6d, 
Part  III.— Third  Year.  [/w  preparation^ 
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Macmillan'9  Progressive  German  Course  {continued), 

TEACHER'S  COMPANION  TO  MACMILLAN'S  PROGRES- 
SIVE GERMAN  COURSE.  With  copious  Notes,  Hints  for 
Different  Renderings,  Synonyms,  Philological  Remarks,  &c.  By 
G.  E.  Fasnacht.    Extra  Fcap.  8vo.    First  Year.    4^.  6d. 

Second  Year.    4^.  6d, 

Macmillan's  Progressive  German  Readers.  By 
G.  E.  Fasnacht. 
I.— First  Year,  containing  an  Introduction  to  the  German  order 
of  Words,  with  Copious  Eicamples,  extracts  from  German  Authors 
in  Prose  and  Poetry ;  Notes^  and  Vocabularies.  Extra  Fcap.  Svo., 
2x.  6d, 

Macmillan's  Primary  German   Reading    Books. 

(See  page  66.) 

Macmillan's  Foreign   School  Classics.    Edited  by 

G.  EuG&NE  Fasnacht,  iSmo. 

GERMAN. 

FREYTAG  (G.).— DOKTOR  LUTHER.  Edited  by  Francis 
Storr,  M.A.,  Head  Master  of  the  Modern  Side,  Merchant  Tay- 
lors* School.  [In  preparation, 

GOETHE— GOTZ  VON  BERLICHINGEN.     Edited  by  H.  A. 

Bull,  M.  A.,  Assistant  Master  at  Wellington  College.    2^. 
GOETHE— FAU  ST.     Part  I. ,  followed  by  an  Appendix  on  Part 

II.    Edited  by  Jane    Lee,   Lecturer  in;  German  Literature  at 

Newnham  College,  Cambridge.    4f.  6d. 
HEINE— SELECTIONS  FROM  THE  REISEBILDER  AND 

OTHER  PROSE  WORKS.     Edited  by  C.  Colbeck,  M.A., 

Assistant-Master   at    Harrow,   late  Fellow  of    Trinity   College, 

Cambridge.     2s,  6d, 
LESSING.— MINNA  VON  BARNHELM.     Edited  by  James 

SiME.  [In  preparation. 

SCHILLER— SELECTIONS  FROM  SCHILLER^S  LYRICAL 

POEMS.     Edited,  with  Notes  and  a  Memoir  of  Schiller,  by  E.  J. 

Turner,  B. A.,   and  E.   D.   A.    Morshead,   M;A.     Assistant- 
Masters  in  Winchester  College.     2s,  6d, 
SCHILLER— DIE  JUNGFRAU  VON  ORLEANS.     Edited  by 

Joseph  Gostwick.    2j.  6d. 
&CHILLER— MARIA  STUART.  Edited  by  C.  Sheldon,  M.A., 

D.Lit.,  of  the  Royal  Academical  Institution,  Belfast.     2s,  6d. 
SCHILLER— WILHELM  TELL.     Edited  by  G.  E.  Fasnacht. 

2j.  6d, 
SCHILLER.— WALLENSTEIN.  Part  L  DAS  LAGER.  Edited 

by  H.  B.  Cotterill,  M.A.     2j. 
UHLAND— SELECT  BALLADS.   Adapted  as  a  First  Easy  Read- 

inig  ^odk  for  Beginners.     With  Vocabulary.    Edited  by  G,  E. 

Fasnacht.    \s, 

♦^*  Other  Volumes  to  follow, 
(See  also  J^ench  Authors,  page  67.) 
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Pylddet.— NEW  guide  to  German  conversation  ; 

containing  an  Alphabetical  List  of  nearly  Soo  Familiar  Words ; 
followed  by  Exercises ;  Vocabulary  of  Words  in  frequent  use ; 
Familiar  Phrases  and  Dialogues ;  a  Sketch  of  German  Literature, 
Idiomatic  Expressions,  &c.  By  L.  Fylodbt.  i8mo,  dotk  limp. 
2s,  6d, 

Whitney. — ^Works  by  W.  D.  Whitney,  Frofessor  of  Sanskrit 
and  Instructor  in  Modem  Languages  in  Ysde  College. 
A  COMPENDIOUS  GERMAN  GRAMMAR,  Crown  8vo.  4J.  6^. 
A  GERMAN  READER  IN  PROSE  AND  VERSE.     With  Notes 
aal  Vocabulary.    Crown  8vo,    5^. 

Whitney   and  Edgren.— a  COMPENDIOUS  GERMAN 

AND  ENGLISH  DICTIONARY,  with  Notation  of  Correspon- 
dences and  Brief  Etymologies.    By  Professor  W.  D,  Whitnby, 
assisted  by  A.  H.  Edgrbn.     Crown  8vo.    7^.  6d, 
THE  GERMAN-ENGLISH  FART,  separately,  5J. 

MODERN  GREEK. 
Vincent  and  Dickson.  —  handbook   TO   MODERN 

GREEIC  By  Sir  Edgar  Vincent,  K.C.M.G.  and  T.  G. 
Dickson,  M.A.  Second  Edition,  revised  and  enlarged,  with 
Appendix  on  the  relation  of  Modern  and  Classical  Greek  by 
Frofessor  JsBB.    Crown  8vo«    6s, 

ITALIAN. 

Dante. —  THE   FURGATORY    of   DANTE.     Edited,  with 
Translation  and  Notes,  by  A.  J.  BUTLER,  M.A.,  late  Fellow  of 
Trinity  College,  Cambridge.    Crown  8vo.    12s,  6d, 
THE  PARADISO  OF  DANTE.    Edited,  with  Translation  and 
Notes,  by  the  same  Author.    Crown  Svo.     12s,  6d, 

SPANISH. 

Calderon.— FOUR  flays  of  CALDERON.  Edited,  with 
Introduction  and  Notes,  by  No&man  MacColLi  M.A.,  Fellow  of 
Downing  College,  Cambridge.    Crown  8vo.  [In  (Access, 

DOMESTIC  ECONOMY. 

Barker. —FIRST  lessons   in  the  frinciples    of 

COOKING.     By  Lady  Barker.    New  Edition.     i8mo.     i/. 

BemerS.— first  lessons  on  health.  By  J,  Berners. 
New  Edition.    i8mo.    is. 

Fawcett.— tales  in  political  economy.  By  MiLU- 
CBMT  Ga&rstt  Fawcvtt*    Globe  8vq«    3/4 


DOMESTIC  ECONOMY  AND  ART.  71 

Frederick,— HINTS  TO  housewives  ON    several 

POINTS,  PARTICULARLY  ON  THE  PREPARATION  OF 
ECONOMICAL  AND  TASTEFUL  DISHES.  By  Mrs. 
Frbderick.    Crown  8vo.    is, 

'*  This  unpretending  and  useful  little  volume  distinctly  supplies  a  desideratum 
....  The  author  steadily  keeps  in  view  the  simple  aim  of  '  making  everjr-day 
meals  at  home,  particularly  the  dinner,  attractive/  without  adding  to  the  ordinary 
household  exoenses.** — Saturday  Review. 

Grand'homme.— CUTTING-OUT  and  dressmaking. 

From  the  French  of  Mdlle.  E,  Grand'homme,  With  Diagrams. 
i8mo.  IX. 
Jex- Blake.— THE  CARE  OF  INFANTS.  A  Manual  for 
Mothers  and  Nurses.  By  Sophia  Jex-Blake,  M.D.,  Member 
of  the  Irish  College  of  Physicians  ;  Lecturer  on  Hygiene  at 
ihe  London  School  of  Medicine  for  Women.     i8mo.     is, 

Tegetmeier. — h  ousehold    management      and 

COOKERY.      With  an    Appendix    of  Recipes   used    by    the 

Teachers  of   the  National   School   of   Cookery.      By    W.    B. 

Tegetmeier.    Compiled  at  the  request  of  the  School  Board  for 

London.     i8mo.     ix. 
Thornton.— FIRST  LESSONS  IN    BOOK-KEEPING.     By 

J.  Thornton.    New  Edition.     Crown  8vo.    2s,  6d. 
The  ohject  of  this  volume  is  to  make  the  theory  of   Book-keeping   suflSciently 
plain  for  even  children  to  understand  it. 
A  KEY  TO  THE  ABOVE  FOR  THE  USE  OF  TEACHERS 

AND  PRIVATE  STUDENTS^     Containing  all  the  Exercises 

worked  out,  with  brief  Notes.    By  J.  Thornton.     Oblong  4to. 

los,  6d, 
Wright. — THE  SCHOOL  COOKERY-BOOK.     Compiled  and 

Edited  by  C.  E.  Guthrie  Wright,  Hon  Sec.  to  the  Edinburgh 

School  of  Cookery.     i8mo.     is,  » 


ART  AND  KINDRED  SUBJECTS. 

Anderson.— LINEAR    perspective,     and     model 

DRAWING.  A  School  and  Art  Class  Manual,  with  Questions 
and  Exercises  for  Examination,  and  Examples  of  Examination 
Papers.  By  Laurence  Anderson.  With  Illustrations.  Royal 
8yo.    2s, 

CoUier.^A  PRIMER  OF  ART.  With  Illustrations.  By  John 
Collier.     i8mo.     is, 

Delamotte.— A  BEGINNER'S  DRAWING  BOOK.  By 
P.  H.  Delamotte,  F.S.A.  Progressively  arranged.  New 
Edition  improved.     Crown  8vo.     3j.  6d, 

Ellis. — SKETCHING  FROM  NATURE.  A  Handbook  for 
Students  and  Amateurs.  By  Tristram  J.  Ellis.  With  a 
Frontispiece  and  Ten  Illustrations,  by  H.  Stacy  Marks, 
R.A.,  Mid  Thirty  Sketches  by  the  Author.  New  Editjon,  revised 
and  enlarged.    Crown  8vo.    3J.  6d, 
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Hunt.—TALKS  ABOUT  ART.  By  William  Himr.  With  a 
Letter  from  Sir  J.  E.  Millais,  Bart.,  R.  A.     Crown  8vo.    $s,  6d, 

Taylor.— A  primer  of  pianoforte  playing.   By 

Franklin  Taylor.    Edited  by  Sir  George  Grove.    i8mo.    is. 
WORKS  ON  TEACHING. 

Ball.— THE  STUDENTS  GUIDE  TO  THE  BAR.  By  Walter 
W.  R.  Ball,  M.A.,  of  the  Inner  Temple,  Barrister»at-Law ; 
Fellow  and  Assistant  Tutor  of  Trinity  College,  Cambridge,  and 
Fellow  of  University  College,  London.  Fourth  Edition  Revised. 
Crown  8vo.     2s,  6d, 

Blakiston— THE  TEACHER.     Hints  on   School  Management. 
A  Handbook  for    Managers,   Teachers*  Assistants,    and    Pupil 
Teacheres.     By  j.  R.  Blakiston,  M.A.     Crown  8vo.     2s.  6d, 
(Recommended    by    the    London,    Birmingham,    and    Leicester 
School  Boards.) 
"  Into  a  comparatively  small  book  he  has  crowded  a  great  deal  of  exceedingly  use- 
ful and  sound  advice.     It  is  a  plain,  common-sense  book,  full  of  hints  to  the  teacher 
on  the  management  of  his  school  and  his  children." — Scho;>l  Board  Chronicle. 

CalderwOOd.— ON  TEACHING.  By  Professor  Henry  Calder- 
WOOD.     New  Edition.     Extra  fcap.  8vo.    2s.  6d, 

Cartcr.---EYESIGHT  IN  SCHOOLS.  A  Paper  read  before  the 
Association  of  Medical  Officers  of  Schools  on  April  15th,  18S5. 
By  R.  Brudenell  Carter,  F.R.C.S.,  Ophthalmic  Surgeon  to 
St.  George's  Hospital.     Crown    8vo.     Sewed,     is. 

Fearon.— SCHOOL  inspection.  By  D.  R.  Fearon,  M.A., 
Assistant  Commissioner  of  Endowed  Schools.  New  Edition. 
Crown  Svo.     2s.  6d. 

Gladstone.— OBJECT  TEACHING.  A  Lecture  delivered  at 
the  Pupil-Teacher  Centre,  William  Street  Board  School,  Ham- 
mersmith. By  J.  H.  Gladstone,  Ph.D.,  F.R.S.,  Member  of 
the    London    School    Board.       With  an  Appendix.       Cro^n 

Svo.     3</. 
•'It  isf  a  short  but  Interesting  and  instructive   publication,    and  our  younger 
teachers  will  do  well  to  read  it  carefully  and  thoroughly.     There  is  much  in  these 
few  pages  which  they  can  leara  and  profit  by." — Ths  School  Guardian. 

Hertel.— OVERPRESSURE  IN  HIGH  SCHOOLS  IN  DEN- 
MARK. By  Dr.  Hertel,  Municipal  Medical  Officer,  Copen- 
hagen. Translated  from  the  Danish  by  C.  Godfrey  Sorensen. 
With  Introduction  by  Sir  J.  Crichton-Browne,  M.D.,  LL.D., 
F.R.S.     Crown  Svo.     y.  6d, 

DIVINITY. 

♦<»•  For    other    Works    by    these    Authors,    see    Theological 

Catalogue. 

Abbott   (Rev.    E.    A.)— bible    lessons.     By  the  Rev. 
E.  A.  Abbott,  D.D.,   Head   Master  of  the  City  of  London 
School.     New  Edition.     Crown  Svo.     4^.  6d. 
"Wise,    suggestive,    aad    really   profound   initiation    into  religious   thought.** 
"-Guardian. 
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Abbott— Rushbrooke.— THE  common  tradition  of 

THE  synoptic  GOSPELS,  in  the  Text  of  the  Revised 
Version.  By  Edwin  A.  Abbott,  D.D.,  formerly  Fellow  of  St. 
John's  College,  Cambridge,  and  W.  G.  Rushbrooke,  M.L., 
formerly  Fellow  of  St.  John's  College,  Cambridge.  Cr.  8vo.  ^s,  6d, 

The  Acts  of  the  Apostles.  —  Being  the  Greek  Text  as 
revised  by  Professors  Westcott  and  Hort.  "With  Explanatory 
Notes  for  the  Use  of  Schools,  by  T.  E.  Page,  M.A.,  late  Fellow 
of  St.  John's  College,  Cambridge;  Assistant  Master  at  the  Charter- 
house.    Fcap.  8vo.     4J.  6d. 

Arnold. —A  biblereading  for  schools. —the 

GREAT  PROPHECY  OF  ISRAEL'S  RESTORATION 
(Isaiah,  Chapters  xl.— Ixvi.).  Arranged  an4  Edited  for  Young 
Learners.  By  Matthew  Arnold,  D.C.L.,  formerly  Professor 
of  Poetry  in  the  University  of  Oxford,  and  Fellow  of  Oriel. 
New  Edition.     i8mo,  cloth,     ij. 

Arnold. — ISAIAH  xl.— LXVI.  With  the  Shorter  Prophecies 
allied  to  it.  Arranged  and  Edited,  with  Notes,  by  Matthew 
Arnold.    Crown  8vo.    5^. 

ISAIAH  OF  JERUSALEM,  IN  THE  AUTHORISED  ENG- 
LISH VERSION.  With  Introduction,  Corrections,  and  Notes. 
By  Matthew  Arnold.    Crown  8vo.    4J.  td» 

Benham.— A  companion  to  the  LECTIONARY.  Being 
a  Commentary  on  the  Proper  Lessons  for  Sundays  and  Holy  Days. 
By  Rev.  W.  Benham,  J8.D.,  Rector  of  S.  Edmund  with  S. 
Nicholas  Aeons,  &c.    New  Edition.    Crown  8ro.    4J.  td. . 

Calvert.— GREEK  testament.  School  Readings  in  the.  A 
Course  of  thirty-six  Lessons  mainly  following  upon  the  Narrative 
of  St.  Mark.  Edited  and  Arranged  with  Introduction,  Notes  and 
Vocabulary,  by  the  Rev.  A.  Calvert,  M.A.,  late  Fellow  of  St. 
John's  College,  Cambridge.     Fcap.  iSvo.    4^.  6d, 

Cassel.— MANUAL  OF  JEWISH  HISTORY  AND  LITERA- 
TURE ;  preceded  by  a  BRIEF  SUMMARY  OF  BIBLE  HIS- 
TORY. By  Dr.  D.  Cassel.  Translated  by  Mrs.  Henry  Lucas. 
Fcap.  8vo.     2j.  6d, 

Cheetham.— A  CHURCH  HISTORY  OF  THE  FIRST  SIX 
CENTURIES.  By  the  Yen.  Archdeacon  Cheetham, 
Crown  8vd.  [In  ih^  press. 

Cross,— BIBLE  READINGS  SELECTED  FROM  THE 
PENTATEUCH  AND  THE  BOOK  OF  JOSHUA.  By 
the  Rev.  John  A.  Cross.  Second  Edition  enlarged,  with  Notes. 
Globe  8vo.     2j.  6rf. 

Curteis.— MANUAL  OF  THE  THIRTY-NINE  ARTICLES. 
By  G.  H.  Curteis,  M.A.,  Principal  of  the  Lichfield  Theo- 
logical College.  \In  proration. 


74         MACMILLAN'S  EDUCATIONAL  CATALOGUE. 

Davies. — the  epistles  of  st.  paul  to  the  ephe- 

SIANS,  THE  COLOSSIANS,  AND  PHILEiMON ; .  with 
Introductions  and  Notes,  and  an  Essay  on  the  Traces  of  Foreign 
Elements  in  the  Theology  ot  these  Epistles.  By  the  Rev.  J. 
Llewelyn  Davies,  M.A.,  Rector  of  Christ  Church,  St.  Mary- 
lebone;  late  Fellow  of  Trinity  College,  Cambridge.  Second 
Edition.     Demy  8vo.     p,  6d, 

Prummond. — ^THE  STUDY  OF  THEOLOGY,  INTRO- 
DUCTION  TO.  By  James  Drummond,  LL.D.,  Professor  of 
Theology  in  Manchester  New  College,  London.     Crow  n  8vo.     5 j. 

Gaskoin.— TpiE  children's   treasury  of  bible 

STORIES.  By  Mra.  Herman  Gaskoin.  Edited  with  Preface 
by  Rev.  G.  F.  >fACLEAR,D.D.  Part  L—OLD  TESTAMENT 
HISTORY.  i8mo.  ix.  Part  II.— NEW  TESTAMENT.  i8mo. 
IS,  Part  III.— THE  APOSTLES :  ST.  TAMES  THE  GREAT, 
ST.  PAUL,  AND  ST  JOHN  THE  DIVINE.     i8mo.     is. 

Golden  Treasury  Psalter.— students*  Edition.    Being  an 

Edition  of  "The  Psalms  Chronologically  arranged,  by  Four 
Friends,"  with  briefer  Notes.     i8mo.    3J.  6«/. 

Greek  Testament. — Edited,  with  introduction  and  Appen- 
dices, by  Canon  Westcott  and  Dr.  F.  J,  A.  Hort.  Two 
Vols.     Crown  8vo.     lOf.  6ii,  each. 

Vol.  I.  The  Text. 

VoL  II.  Introduction  and  Appendix. 

Greek  Testament. — Edited  by  Canon  Westcott  and  Dr. 
Hort.  School  Edition  of  Text.  l2mo.  cloth.  4r.  4/.  i8mo. 
roan,  red  edges.  $s,  6d. 
GREEK  TESTAMENT,  SCHOOL  READINGS  IN  THE.  Being 
the  outline  of  the  life  of  our  Lord,  as  given  by  St.  Mark,  with 
additions  from  the  Text  of  the  other  Evangelists.  Arranged  and 
Edited,  with  Notes  and  Vocabulary,  by  the  Rev.  A.  Calvert, 
M.A.,  late  Fellow  of  St.  John's  College,  Cambridge.  Fcap.  8vo. 
4J.  6d, 

THE  ACTS  OF  THE  APOSTLES.  Being  the  Greek  Text  as 
revised  by  Drs.  Westcott  and  Hort.  With  Explanatory  Notes 
by  T.  E.  Page,  M.A.,  Assistant  Master  at  the  Charterhouse. 
Fcap.  8vo,    4r.  6d, 

THE  GOSPEL  ACCORDING  to  St.  MARK.  Beiiig  the  Greek 
Text  as  revised  by  Drs.  Westcott  and  Hort.  With  Explanatory 
Notes  by  Rev.  J.  O.  F.  Murray, ^M.  A.,  Lecturer  in  Emmaaud 
College,  Cambndge.     Fcap.  8vo.  "  \In  preparation. 

Hardwick.— ^Works  by  Archdeacon  Hardwick  :— 
A  HISTORY  OF  THE  CHRISTIAN  CHURCH.  Middle 
Age.  From  Gregoiy  the  Great  to  the  Excommunication  of 
Luther.  Edited  by  wiLLiAiT  Stubbs,  M.A.,  Regius  Professor 
of  Modem  History  in  the  University  of  Oxford.  With  Four 
Maps.    Kew  Edition.    Crown  8yo.    los.  6d. 
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Hard  wick. — Works  by  Archdeacon  Hard  WICK,  continued. 
A    HISTORY  OF  THE  CHRISTIAN  CHURCH  DURING 
THE .  REFORMATION.    Eighth  Edition.     Edited  by  Professor 
Stubbs.     Crown  8vo.     los,  6d, 

Jennings  and  Lowe*— the  psalms,  with  intro- 
ductions AND  CRITICAL  NOTES.  By  A.  C.  Jennings, 
M.A. ;  assisted  in  parts  by  W.  H.  Lowe,  M.A.  In  2  vols. 
Second  Edition  Revised,    Crown  8vo,     lay.  6d,  each. 

Kay.— T.  PAUL'S  two  epistles  to  the  Corin- 
thians, A  COMMENTARY  ON.  By  the  late  Rev.  W. 
Kay,  D.D.,  Rector  of  Great  Leghs,  Essex,  and  Hon.  Canon  of 
St.  Albans  ;  formerly  Principal  of  Bishop's  College,  Calcutta ;  and 
Fellow  and  Tutor  of  Lincoln  College.    Demy  8vo.     9^. 

Kuenen.— PENTATEUCH  AND  BOOK  OF  JOSHUA:  an 
Historico- Critical  Inquiry  into  the  Origin  and  Composition  of  the 
Hexateuch.  By  A.  Kuenen,  Professor  of  Theology  at  Leiden. 
Translated  from  the  Dutch,  with  the  assistance  of  the  Author,  by 
Phillip  H.  WicksteJed,  M.A.    8vo.     14?. 

Tho  Oxford  Magazine  says: — "The  tiroxk  is  absolutely  indispensable  to  all 
special  students  of  the  Old  Testament." 

Lightfoot. — Works  by  the  Right  Rev.  J.  B.  LiGHTFOOT,  D.D., 
D.C.L.,  LL.D.,  Lord  Bishop  of  Durham. 

ST.  PAUL'S  EPISTLE  TO  THE  GALATIANS.     A  Revised 

Text,    with    Introduction,     Notes,    and    Dissertations.       Ninth 

Edition,  revised.     8vo.     I2s. 
ST.  PAUL'S  EPISTLE  TO  THE  PHILIPPIANS.    A  Revised 

Text,    with    Introduction,    Notes,    and   Dissertations.       Ninth 

Edition,  revised.     8vo.     I2J, 
ST.   CLEMENT    OF  ROME— THE    TWO    EPISTLES    TO 

THE  CORINTHIANS.    A  Revised  Text,  with  Introduction  and 

Notes.    8vo.    Sj.  6d, 
ST.  PAUL'S  EPISTLES  TO  THE  COLOSSIANS  AND  TO 

PHILEMON.     A  Revised  Text,    with    Introductions,     Notes, 

and  Dissertia,tions.     Eighth  Edition,   revised.     8vo.     12s, 

THE  APOSTOLIC  FATHERS.  Part  II.  S.  IGNATIUS— 
S.  POLYCARP.  Revised  Texts,  with  Introductions,  Notes, 
Dissertations,  and  Translations.     2  volumes  in  3.     DemySvo.  48^. 

M^clear. — Works  by  the  Rev.  G.  F.  Maclear,  D.D.,  Canon  of 

Canterbury,  Warden  of  St,  Augustine's  College,  Canterbury,  and 

late  Head-Master  of  King^s  College  School,  London : — 
A  CLASS-BOOK  OF  OLD  TESTAMENT  HISTORY.    New 

Edition,  with  Four  Maps.     i8mo.     4J.  6d* 
A    CLASS-BOOK    OF    NEW     TESTAMENT     HISTORY, 

including  the    Connection  of  the    Old   and    New  Testsonents. 

With  Four  Maps.    New  Edition.     i8mo.     5^.  6d. 
A  SHILLING  BOOK  OF    OLD   TESTAMENt    HISTORY, 

icft  National  and  Elementary  Schools.    With  Map.    iSmo,  cloth. 

New  Edition* 
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Maclear. — ^Works  by  the  Rev.  G.  F.,  conHnued. 
A  SHILLING  BOOK  OF  NEW  TESTAMENT  HISTORY, 

for  National  and  Elementary  Schools,    With  Map.     i8mo,  doth. 

New  Edition. 
These  works  have  been  carefully  abridged  from  the  Author's 

large  manuals. 
CLASS-BOOK  OF  THE  CATECHISM  OF  THE  CHURCH 

OF  ENGLAND.     New  Edition.     i8mo.     u.  6d, 
A  FIRST  CLASS-BOOK  OF  THE  CATECHISM  OF  THE 

CHURCH  OF  ENGLAND.    With  Scripture  Proofe,  for  Junior 

Classes  and  Schools.    New  Edition.     l8mo.    6d, 
A  MANUAL  OF  INSTRUCTION    FOR' CONFIRMATION 

AND  FIRST    COMMUNION.      WITH    PRAYERS  AND 

DEVOTIONS.     32mo,  cloth  extra,  red  edges.     2J. 

Maurice.— The  lord's  prayer,  the  creed,  and 

THE  commandments.  A  Manual  for  Parents  and 
Schoolmasters.  To  which  is  added  the  Order  of  the  Scriptures. 
By  the  Rev.  F. Den ison  Maurice,  M.A.     iSmo,  doth,  limp.    if. 

Pentateuch  and  Book  of  Joshua  :  an  Historico-Critical 

Inquiry  into  the  Origin. and  Composition  of  the  Hexateuch.  By 
A.  KUENEN,  Professor  of  Theology  at  Leiden.  Translated  from 
the  Dutch,  with  the  assistance  of  the  Author,  by  Philip  H. 

WiCKSTEED,  M.A.      8V0.      I4J. 

Procter.— A  history  of  the  BOOK  OF  COMMON 
PRAYER,  with  a  Rationale  of  its  Offices.  By  Rev.  F.  Procter. 
M.A.    17th  Edition,  revised  and  enlarged.    Crown  8vo.    lar.  6d. 

Procter  and  Maclear. — an  elementary  intro- 
duction TO  the  book  of  common  prayer.  Re- 
arranged  and  supplemented  by  an  Explanation  of  the  Morning 
and  Evening  Prayer  and  the  Litany.  By  the  Rev.  F.  Procter 
and  the  Rev.  Dr.  Maclear.  New  and  Enlarged  Edition, 
containing  the  Communion  Service  and  the '  Confirmation  and 
Baptismal  Offices.     iSmo.     2s,  6d, 

^  The    Psalms,    with    Introductions    and    Critical 

.  Notes. — By  A.  C.Jennings,  M.  A,,  Jesus  College,  Cambridge, 
Tyrwhitt  Scholar,  Crosse  Scholar,  Hebrew  University  Prizeman, 
and  Fry  Scholar  of  St.  John's  College,  Cams  and  Scholefield 
Prizeman,  Vicar  of  Whittlesford,  Cambs. ;  assisted  in  Parts  by  W. 
H.  Lowe,  M.A.,  Hebrew  Lecturer  and  late  Scholar  of  Christ's 
College,  Cambridge,  and  Tyrwhitt  Scholar.  In  2  vols.  Second 
Edition  Revised.  Crown  8vo.  los,  6d»  each. 
.. Ramsay • — ^THE  CATECHISER'S  manual;  or,  the  church 
Catechism  Illustrated  and  Explained,  for  the  Use  of  Clergymen, 
Schoolmasters,  and  Teachers.  By  the  Rev.  Arthur  Ramsay, 
M.A.    New  Edition.     i8mo.     is,  6d, 

Ryle.— AN  INTRODUCTION  TO  THE  CANON  OF  THE 
OLD  TESTAMENT.  By  Rev.  H.  E.  Ryle,  M.A.,  Fellow 
of*  King's  College,  and  Hulsean  Professor  ojf  Divinity  in  the 
University  of  Cambridge.    Crown  8vo.  [In  ^iparoHoft. 
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St.  James*  Epistle. — The  Greek  Text  with  Introduction  and 

Notes.     By  Rev.   Joseph  Mayor,  M.A.,   Professor  of  Moral 

.  PhUosophy  in  King's  College,  London.        8vo.  •  [In  preparation, 

\  St.  John's  Epistles.— The  Greek  Text  with  Notes  and  Essays, 

I  by  Brooke  Foss  Westcott,  D.D.,  Regius  Professor  of  Divinity 

I  and  Fellow  of  King's  Collie,  Cambridge,  Canon  of  Westminster, 

i  &c.     Second  Edition  Revised.     8vo.     12^*.  6d^. 

St.  Paul's  Epistles. — Greek  Text,  with  introduction  and  Notes. 
THE  EPISTLE  TO  THE  GALATIANS.     Edited  by  the  Right 
Rev.  J.   B.   LiGHTFOOT,  D.D.,   Bfshop   of   Durham.       Ninth 
I  Edition.    8vo.     I2J. 

THE  EPISTLE  TO  THE  PHILIPPIANS.     By  the  same  Editor. 

Ninth  Edition.    8vo.    I2^\ 
THE    EPISTLE   TO    THE    COLOSSIANS  AND  TO  PHI- 

LEMON.     By  the  same  Editor.    Eighth  Edition.     8vo.     I2j. 
j  THE  EPISTLE  TO  THE  ROMANS.     Edited  by  the  Very  Rev. 

I  C,  J.  Vaughan,  D.D.,   Dean  of  LlandafF,  and  Master  of  the 

Temple.     Fifth  Edition*    Crown  8vo.     *J5,  6d, 
THE   EPISTLE  TO  THE    PHILIPPIANS,  with  Translation, 

Paraphrase,  and  Notes  for  English  Readers.     By  the  same  Editor. 

Crown  8vo.     5^. 
THE  EPISTLE  TO  THE  THESSALONIANS,  COMMENT- 
ARY ON  THE  GREEK  TEXT.  By  JohnEadie,  D.D.,  LL.D. 

Edited  by  the  Rev.  W.  Young,  M.  A.,  with  Preface  by  Professor 

Cairns.    8vo.    i2s, 

THE  EPISTLES  TO  THE  EPHESIANS,  THE  COLOSSIANS, 
AND  PHILEMON;  with  Introductions  and  Notes,  and  an 
Essay  on  the  Traces  of  Foreign  Elements  in  the  Theology  of  these 
Epistles.  By  the  Rev.  J.  Llewelyn  Davies,  M.A.,  Rector  of 
Christ  Church,  St.  Marylebone ;  late  Fellow  of  Trinity  College, 
Cambridge.     Second  Edition,  revised.    Demy  8vo.     yj.  6d, 

THE  TWO  EPISTLES  TO  THE  CORINTHIANS,  A  COM- 
MENTARY ON.  By  the  late  Rev.  W.  Kay,  D.D.,  Rector  of 
Great  Leghs,  Essex,  and  Hon.  Canon  of  St.  Albans ;  formerly 
Principal  of  Bishop's  College,  Calcutta ;  and  Fellow  and  Tutor  of 
Lincoln  College.    Demy  8vo.    gs» 

The  Epistle  to  the  Hebrews,  in  Greek  and  English. 
With  Critical  and  Explanatory  Notes.  Edited  by  Rev.  Frederic 
Rendall,  M.  a.,  formerly  Fellow  of  Trinity  College,  Cambridge, 
and  Assistant-Master  at  Harrow  School.  Crown  8vo.  6s, 
THE  ENGLISH  TEXT,  WITH  NOTES.  By  the  same  Editor. 
Crown  8vo.  [/« the  press. 

The  Epistle  to  the  Hebrews.     The  Greek  Text  with 

Notes  and  Essays  by  B.  F.  Westcott,  D.D.   8vo.     \In  the  press. 

Westcott.— Works  by  Brooke  Foss  Westcott,  D.D.,  Canon  of 
Westminster,  Regius  Professor  of  Divinity,  and  Fellow  of  King's 
College^  Cambridge. 
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WeStCOtt.— Works  by  Brooke  Foss,  continued.      " 
A    GENERAL    SURVEY    OF    THE    HISTORY    OF    THE 
CANON    OF    THE   NEW  TESTAMENT  DURING  THE 
FIRST  FOUR  CENTURIES.    Sixth  Edition.    With  Preface  ou 
"  Supernatural  Religion."    Crown  8vo.     lOf.  6d, 

INTRODUCTION  TO  THE  STUDY  OF  THE  FOUR 
GOSPELS.     Sixth  Edition.     Crown  8vo.     los.  6d. 

THE  BIBLE  IN  THE  CHURCH.  A  Popular  Account  of  the 
Collection  and  Reception  of  the  Holy  Scriptures  in  the  Christian 
Churches.     New  Ediliom     i8mo,  cloth.    4jl  6d* 

THE  EPISTLES  OF  ST.  JOHN.  The  Greek  Text,  with  Notes 
and  Essays.    Second  Edition  Revised.     8vo.     12^.  6d, 

THE    EPISTLE    TO    THE    HEBREWS.       The   Greek  Text 

Revised,  with  Notes  and  Essays.     8vo,  [/«  thi  press. 

SOME  THOUGHTS  FROM  THE  ORDINAL.    Cr.  8vo.    ij.  6d, 

WestCOtt  and  Hort.  —  the  NEW  TESTAMENT  IN 
THE  ORIGINAL  GREEK.  The  Text  Revised  by  B.  F. 
Westcott,  D.D.,  Regius  Professor  of  Divinity,  Canon  of 
Westminster,  and  F.  J.  A.  HoRT,  D.D.,  Lady  Margaret  Pro- 
fessor of  Divinity ;  Fellow  of  Emmanuel  College,  Cambridge :  late 
Fellows  of  Trinity  College,  Cambridge.  2  vols.  Crown  Svo. 
los.  6d.  each. 
Vol.  I.  Text. 
Vol.  II.  Introduction  and  Appendix. 

THE  NEW  TESTAMENT  IN  THE.  ORIGINAL  GREEK,  FOR 
SCHOOLS.  The  Text  Revised  by  Brooke>  Foss  WESTCorr, 
D.D.,  and  Fenton  John  Anthony  Hort,  D.D.  i2mo.  cloth. 
4J.  6i     i8mo.  roan,  red  edges.  5j.  6d, 

Wilson.— The  bible  student's  guide  to  the  more 
Correct  Understanding  of  the  English  Translation  of  the  Old 
Testament,  by  reference  to  the  original  Hebrew.  By  William 
Wilson,  D.D.,  Canon  of  Winchester,  late  Fellow  of  Queen's 
College,  Oxford.  Second  Edition,  carefully  revised.  4to, 
fcloth.    25J. 

Wright.— THE  BIBLE  WORD-BOOK  :  A  Glossary  of  Archaic 
Words  and  Phrases  in  the  Authorised  Version  of  the  Bible  and  the. 
Book  of  Common  Prayer.  By  W.  Aldis  Wright,  M.A.,  Vice- 
Master  of  Trinity  CoUegie,  Cambridge.  Second  Edition,  Revised 
and  Enlarged,    Crown  8vo.     p,  6d, 

Yonge  (Charlotte  M.).— scripture  readings  for 

SCHOOLS  AND  FAMILIES.     By  Charlotte   M.   Yonge. 
Author  of  **  The  Heir  of  Redely ffe."    In  Five  Vols. 

First  Series.    Genesis  to  Deuteronomy.    Extra  fcap.    8vo. 

ij.  6d,     With  Comments,  3^.  6d, 
Second  Series.      From  Joshua   to   Solomon.      Extra   fcap.' 

8vo.     is,  6d,     With  Comments,  p.  6d, 
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Third   Series.     The  Kings  and  the  Prophets.     Extra  fcap. 

8vo,    Is,  6d,    With  Comments,  3^.  6r/. 
Fourth  Series.    The  Gospel  Times,    is.  6d,    With  Comments. 

^xtra  fcap.  8vo,  3J.  6d, 
Fifth  Series.     Apostolic  Times.     Extra  fcap.  8vo.     ij.  6</. 

With  Comments,  3J.  6d, 

Zechariah — Lowe. — the  Hebrew  student's  com- 
mentary ON  ZECHARIAH,  HEBREW  AND  LXX. 
With  Excursus  on  Syllable-dividing,  Metheg,  Initial  Dagesh,  and 
Siman  Rapheh.  By  W.  H.  Lowe,  M.A.,  Hebrew  Lecturer  at 
Christ's  College,  Cambridge.    PemySvo.     los,  6d. 


